NO NOTE-TAKIN

* If you think you can leam better by taking notes, you can
- still do that!

by
Ear Dennis
~ and
Austin French

Dr. J. Austin French Dr. Earl Dennis

Dept. of Math/Phys1cs/CSC Mathematics Dept.
Georgetown College David Lipscomb University
Georgetown, KY 40324 Nashville, TN 37204-3951






Scripture taken from the New King James Version®. Copyright © 1982 by Thomas
Nelson, Inc. Used by permission. All rights reserved.

SEE_ LW, O\\(\'GQQQC&L{CO}\;DV\, Com gbr
wSermakion oot Tae Siret ol o

_H'\‘\s ook )&wua\{\‘ on DVvDsg,



TABLE OF CONTENTS

PART I
A NORMAL STYLE FOR A BOOK. FOUNDATIONS FOR LOGIC AND PROOF
0. MATH: Clarity or Confusion.............c.cuiieieeeo... 4
1.  STATEMENT . .« .t i e i et e et et e et e e et ee et ey 9
2. CONNECTIVES. .. i ittt i it e e et e e et e e e e et et eeaaaan 11
3. TRUTH VALUES OF STATEMENTS CONTAINING CONNECTIVES... 19
4. TRUTH TABLES. . & i it i it ittt et e e et et et e ettt ee 25
5. TAUTOLOGY & i v ittt it it i ettt ittt tes ot e o neneaenes 36
6. BEQUIVALENCE. .. ..t it ittt ittt i st seaeeesasansseenan 41
T.  IMPLICATION. & ittt ittt ittt ettt et oeaeaeeasosseeasseas 51
8. LIST OF TAUTOLOGIES. . .. i ittt i i i it ittt it ennns 59
9. VALTID ARGUMENT . . . i ittt it it et e et et et s et easeaeans 60
10. DIRECT PROOF . ... ittt it i ittt it ettt iasan 78
11. INDIRECT PROOF . ... ittt i i i et e ettt 90
12. OPEN SENTENCES. . . . i it ittt ittt ittt s e aes e saean 101
13. QUANTIFIERS. . .ttt e e e e e e e e et e e et ee e 107
14. OPEN SENTENCES INVOLVING TWO OR MORE VARIABIES...... 117
15. TRANSLATIONS TO QUANTIFIERS. . ... ... ... 122
16. NEGATIONS. . . ottt e i e e e e e e e e e e ettt e eeeae e 125

PART II
OVERHEADS FOR THE TEACHER AND NOTES FOR THE STUDENT OVER PART I
0. MATH: Clarity or Confusion........................ 0-131
1. STATEMENT . & et e e et e e e e e e e e e e e 1-133
2. CONNECTIVES. .. ittt it e e et e e e et e e e et et e i e 2-134
3. TRUTH VALUES OF STATEMENTS CONTAINING CONNECTIVES.. 3-137
4. TRUTH TABLES. . @ . i ittt i e e et e e et e aee et e e 4-138
5. TAUTOLOGY . it it it e i e e e e et ettt e et et e et e e 5-143
6. BEQUIVALENCE. . ..t it it ittt ittt ettt et e aeaeeeaans e 6-148
7. IMP LT C AT TON . & i i it e it ettt e et et onesnesneeeeeessnean 7-161
8. LIST OF TAUTOLOGIES. .. ittt ittt et ettt eeeeeaes e 8-167
9. VALID ARGUMENT . . . ..ttt i it ettt st eareaeeansas 9-169
10. DIRECT PROOF . . ... it it e it it et ettt iaasns 10-179
11. INDIRECT PROOF . . . ittt ittt it et ettt eeeseaeaaanan 11-189
12. OPEN SENTENCES. . . ...ttt ittt et e et et eeseaeaae s 12-196
13. QUANTIFIERS. . ..ttt e e e e e e e e e e e et e e 13-200
14. OPEN SENTENCES INVOLVING TWO OR MORE VARIABLES..... 14-209
15. TRANSLATION TO QUANTIFIERS. .. ... ..., 15-216
16. NEGAT TIONS. & &ttt i it e et e et e et e e e e e e e eee et e ean 16-218

PART ITT

OVERHEADS FOR THE TEACHER AND NOTES FOR THE STUDENT OVER MATERIAL
NOT IN PART I. THIS IS ALL THERE IS. IT SHOULD BE ENOUGH FOR
COMPETENT STUDENTS THAT HAVE A COMPETENT TEACHER.

17. DIRECT PROOF OF IF...,THEN... STATEMENTS.......... 17-224
18. DIRECT PROOF OF "EVERY" STATEMENTS................ 18-230
19. DIRECT PROOF OF FOR ALL X IN I, P(X) FORM......... 19-235
20. PROOF OF L <-> R ... ittt ittt i i e iie e 20-244
21 . SUBSET . . . ittt e e et e e e e e e e 21-247
22. UNION AND INTERSECTION. ... ...ttt it iieennnnnn 22-250
23. DIFFERENCE OF SETS AND INDIRECT PROOF REVISITED...23-253
24. AXTOM OF EXTENT. . .. . it ittt it ittt it i et 24-257
25. PROOF BY CASES. .. . ittt i et i i ettt ae e 25-261
26 . DIRECT PROOF OF "THERE EXISTS".........cciiieia... 26-268

27. THE "LET" RULE AND USING "THERE EXISTS"........... 27-272



28. PROPER SUBSET . . .. ittt ittt it ettt ct ittt inneeena 28-278

29. ABBREVIATION OF PROOFS. .. ...ttt it ittt 29-281
30. MATHEMATICAL INDUCTION. .. ...ttt tiuimntnnnennnnnnnn 30-290
31. NUMERATION SYSTEMS. . ..ttt iit ittt ittt ttinnanennen 31-298
32, RELATIONS . & i it ittt ettt ittt et e e enecenenn 32-313
33, FUNCTIONS. . & it ittt ittt ittt i et et et et iineaneensoas 33-330
34. RECURSION. & ittt ittt ittt ottt ensnnesssasseeeneaa 34 3YIB
35. COUNTING TECHNIQUES. .. ... ittt ittt iinitteenonns 35-344
36. BOOLEAN ALGEBRA. ... ... ittt ittt it i i e 36-370
37. GRAPHS AND TREES. . ... . i ittt i ittt iie e e 37-383
38. MORE ABOUT GRAPHS. . . ..ttt ittt i ittt i 38-393
SELECTED ANSWERS. . . . . ittt et ittt it naea

BASIC KNOWLEDBEE QUESTIONS . . .. o0 H37

(Wit ANSwWERS)

TRUTR GEMS (AFTER BASIC KNowLEdsE RUESTOWNS)



DEDICATION:

To the One Who makes things clear

SPECIAIL, THANKS:

To Janet Blankenship: For the excellent
job done in typing this book and for the
patience of Job required to do such an
excellent job.



PART I

A normal style for a book
Foundations for logic and proof

PART II

Overheads for the teacher and notes for the
student over PART 1T

PART III

Overheads for the teacher and notes for the
student over material not in PART I. This
is all there is. It should be enough for
competent students that have a competent
teacher.
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TRUTH GEMS FOR TEACHER AND STUDENT by Dr. J. Austin French.
This micropedia consist of 53 Truth Gems from the Word of God directed at teaching and
learning. Each Truth Gem and its explanation take one page. Since God is the Most
High, this means His teachings are the most high teachings. No one knows better than
the Creator how man was made, what he needs, what is the best way to teach man, and
what is the best way for man to learn. Many of these truth gems start out each teaching
session in the Math by Heart trilogy described below.

ALGEBRA IT BY HEART by Dr. J. Austin French. This collection of two
mighty micropedias consists of a micropedia text, a micropedia of supplementary
materials, and DVDs of 53 teaching sessions. Both micropedias are free on the web or
can be ordered on the web in paper copy or on one CD. The DVDs can be purchased
from the web. This is a College Algebra course, which means it is a strong Algebra IT
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high school) in some colleges.

CALCULUS I BY HEART by Dr. J. Austin French. This collection of two
mighty micropedias consists of a micropedia text, a micropedia of supplementary
materials, and DVDs of 38 teaching sessions. This is a rigorous first course in calculus.
It is a first college calculus course. It can be used for high school students who have
finished Algebra I, Algebra II, and have had some trigonometry (trigonometry is taught
in pre-calculus or advanced math courses in high school). The topic is differential
calculus. Both micropedias are free on the web or can be ordered on the web in paper
copy or on one CD. The DVDs can be purchased from the web. '

LOGIC FOR UNDERSTANDING MATHEMATICS by Dr. J. Austin French
and Dr. Earl Dennis. This collection of two mighty micropedias consists of a micropedia
text, a micropedia of supplementary materials, and DVDs of 31 detailed teaching
sessions. The mystery of how to do proofs is revealed. Logic is taught and then that
connection to math proof is made plain. Proofs are illustrated in the area of elementary
set theory. It is for the advanced high school student through college. Math maturity to
have done excellently in Algebra II is the only recommended prerequisite background.
Both micropedias are free on the web or can be ordered on the web in paper copy or on
one CD. The DVDs can be purchased from the web.




PART I

A NORMAL STYLE FOR A BOOK
FOUNDATIONS FOR LOGIC AND PROOF



0. MATH: Clarity or Confusion?

Much effort is expended by some to produce an ocean
of big, confusing words. This sea of words is designed
to 'explain' concepts or help the fountain of words
prevail. Texts become larger, but does clarity or joy
of learning increase?

One of life's joys can be to see clearly and simply
that which formerly confused or intimidated. Math can
be so clear and there can be joy in experiencing that
clarity. Some goals of this book are for the student
to clearly learn the material covered in this text,
know that they know the material, and have joy in
seeing and knowing.

The second part of this book is designed to be the
lecture notes for the teacher. They are intended to be
made into overheads and used with an overhead
projector. The student is freed from having to make a
choice between taking notes and not following what the
teacher is saying versus following carefully the
teacher and not gettingva good set of course notes.
Freed student, don't complain that the teacher is just
going by the book; rejoice that you have time to focus
to make the concepts clear. Teacher, the overhead
foils are concise enough to allow you to teach.

The second part of the book is handwritten.
Students have said those type of foils were easier to
follow and study than similar computer generated



foils!! For the technically dependent the computer
generated version of the foils is also provided.

Chapters 0 through 16 are like a regular book.
There are foils to teach these chapters in the back.
From that point on the book abruptly changes from text-
with-foils format to a book only of foils for teacher
lectures and student notes..., hence, the name of the
text.

This text is not designed to be an encyclopedia of
discrete math, but the discrete math taught at one
place for math, computer science, and information
systems majors.

The first chapters study logic and proof. Once
this backbone of math is clearly and joyfully learned,
we then press on to other discrete math topics.

Oh yes, fellow human teacher, if you have not
taught someone else's notes before, I have, I survived,
and students learned. Now on to our first topic:
logic and proof.

Have you ever wondered how a person proves a
theorem? Where does he start; once he has started what
is he supposed to do; and how does he know when he 1is
finished? You have probably heard many arguments and
advertisements where you felt like you were being fed
verbal garbage rather than valid reasoning. This book
tries to help you with these problems by telling you
what valid reasoning is and by positively explaining

what 1s expected in a proof.



Many times we try to teach what a proof is not,
rather than positively explaining what a proof is. In
your attempts at presenting a proof at the board, how
many times have you heard, "No, that's not right; you
need to put some more steps in," or " you need to leave
some steps out." We teachers expect students to learn
proof by example. That is, after four or five courses
of watching the teacher put up proofs, the teacher then
says, " Okay, prove this." The student is then
expected to put up the standard abbreviated proof style
most books and teachers use without ever having learned
what it is he is supposed to be abbreviating.

Many math students are scared of proofs and theory
in general, but these same students usually have no
fear of adding and subtracting. Let it be remembered
that for twelve years at least you are drilled on the
rules of adding and subtracting and are called upon to
use them repeatedly. Usually a person 1s never taught
the rules for proof and seldom called upon to prove
things. It is no wonder, then, that students feel
uncomfortable with proof -- the unknown is a little
discomforting. There are rules for proof just like
there are rules for adding and subtracting, and we can
get as familiar with them as with the rules for adding
and subtracting, but we have to be taught the rules for
proof. The purpose of this book is to teach rules for
proof. Some may feel that this material is too easy to
constitute a college course and hence leave it out of
the college curriculum. As a result, the student does



not learn the basic ideas of logic and how it 1is
applied to proof (but we teachers still expect them to
know it even though it has not been taught!). Upon
learning the material in this book, students who have
wrestled with proof previously feel like saying, "So
that is what you have been expecting me to do. Why
haven't you told me before now?" Others say, "Why not
let this be the first math course in college; it sure
would have helped our understanding of our previous
math courses." Since much of this material is easy,
the basics can be mastered 100%. (There is usually no
such thing as 82% proof, it is either a proof or it

isn't.) How would you like to fly in an airplane with
a pilot who had a 95% average -- the 5% he missed being

takeoffs and landings?

This book is designed to be a text for the standard
course in discrete math. You learn what proof is by
practicing on set theory theorems. So, in addition to
learning proof, you learn some set theory as well. If
you have had no previous courses in college math, this
book is still for you. In fact many people not in
mathematics take this course for its interest sake and
the way it trains logical thinking.

Many students will work on a problem for a long
time and then finally "see the light," but they cannot
logically communicate the idea. This happens when
logic 1is the master rather than the servant. Logic is
meant to be the servant of mathematics rather than the
master. There are usually two hurdles involved in



working any problem: (1) seeing the light and (2)
logically communicating the idea once seen. The
purpose of this book is to eliminate the second hurdle.
After completing this book you should be free to work
the math involved in a problem rather than be
terrorized by the logic. (You teachers who know logic
will think we are overstating the case, but the
students who are at logic's mercy will not.)

One final word -- when this book is faithfully
followed, it works with amazing results. This book
gives you a good taste of what theorem proving is all
about. One who completes this book is much better
prepared for the advanced math courses than one who
completes the standard set theory texts. It needs to
be reemphasized that this book needs to be followed
faithfully for best results. The abbreviated proof
style most teachers and books use should not even be
attempted until the chapter, "ABBREVIATIONS OF PROOFS"
You earn the right to abbreviate proofs by being master
of what is to be abbreviated. |

We give our main suggestions for best results.

1) Try to follow the book faithfully.

2) Try to learn the basic philosophy behind the

rules for proof that we state.

3) Do not abbreviate proofs until the chapter,

"ABBREVIATIONS OF PROOFS"



1. STATEMENT

One of our goals in this course is to be able to
tell what constitutes a proof in mathematics. If there
is no standard as to what is wvalid reasoning, then one
person's opinion is Jjust as good as the next in
determining whether a given argument is a proof. This
would be fine if everyone were of the same opinion, but
this is obviously not the case. Therefore, there
should be a standard. One standard we will use for
valid reasoning will be the propositional calculus.
Propositional calculus is the study of propositions.

In this book, the word statement will be used for the

word proposition. In order that we may have common
agreement about the ‘meaning of the word statement, we

state the following rule:

1.1 Example: The expression "Three plus two eguals
seven" 1s a statement because it is a declarative
sentence to which we can meaningfully assign only one
of the values "true" or "false". In this case, we
assign the value "false".#



10

1.2 Example: The expression "One is greater than
zero" 1s a statement because it is a declarative
sentence to which we can only meaningfully assign the
value "true".#

1.3 Example: The expression "Four times five" is not
a statement because it is not a sentence.#

1.4 Example: The expressions "Look at the theorem"
and "Was Sam able to get a proof" are not statements
because we cannot meaningfully assign one of the values

"true" or "false".#

EXERCISE: Which of the following expressions are

statements?
1.5 2+ 3 =25
1.6 6 < 3
1.7 Sam put on the brakes.
1.8 The car stopped.
1.9 We have your size coat.
1.10 We ordered a coat for you.
1.11 Show Sam what a proof is.
1.12 Sam door what it she 5 Sue.
1.13 Why 1s Sam taking this course?
1.14 The set of positive integers
1.15 The set of positive integers is a subset

of the set of real numbers.
1.16 If Sam put on the brakes, then the car
stopped.
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2. CONNECTIVES

From simple statements it is possible to build
other statements using connecting words. The
sentences:

1 is not less than 2.

1 <2 or 6 <3.

1l < 2 and 6 < 3.

1 < 2 implies 6 < 3.
All satisfy our description given in R; for a statement.
The two statements used to build these sentences are
"l < 2" and "6 < 3". Upon careful observation one

should agree to the following rules:

The four following statements have a common property:
2.1 1 <2 or 2 < 3.
2.2 1 <2 o0r 6 < 5.
2.3 1 <0 or 2 < 3.
2.4 1 <0 or 6 < 5.
The common property of these statements (that we
are interested in) is that they all have the same
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pattern. The above sentences are instances of the

statement pattern "p or g". That is, if p is replaced
by "1 < 2" and q is replaced by "6 < 5", then we have
statement 2.2, etc. The expression "p or g" 1is an

example of a statement pattern. "p or gq" is not a
statement but becomes a statement when statements
replace the letters "p" or "g". The letters "p" and
"q" are called statement variables. A statement
variable is a symbol that cawn be Feplaced by any

sTalements hence statements are used as replacements

for statement variables. (Variables do not "vary";
they are simply place-holders.) We alluded previously
that statements 2.1, 2.2, 2.3, and 2.4 are instances of

the statement pattern "p or g." An instance of a
‘statement pattern is a statement that is formed by
replacing all the statement variables of the statement
pattern with statements. A statement pattern is not a

statement; an instance of a statement pattern is a

statement.
2.5 EXAMPLE: Consider the statement pattern "p or g".
If "7 is a positive integer" replaces "p" and "1 < O"

replaces "g", then "7 is a positive integer or
1 < 0" is yet another instance of the statement pattern
"p or q".#

The following statements are instances of the
statement pattern "p and gq".

2.6 1 <2 and 2 < 3.
2.7 1 <2 and 6 < 5.
2.8 1 <0 and 2 < 3.
2.9 1 <0 and 6 < 5.
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The following statements are instances of the
statement pattern "p implies q".

2.10 1 < 2 implies 2 < 3.
2.11 1 < 2 implies 6 < 5.
2.12 1 < 0 implies 2 < 3.
2.13 1 < 0 implies 6 < 5.

The following statements are instances of what
statement pattern?

2.14 1 is not less than 2.
2.15 6 is not less than 5.

The question really asked is, how do we denote the
statement pattern whose every instance is the negation
of a statement? "One is not less than two" and "It 1is
false that one is less than two" are just two ways that
the statement "One is less than two" may be negated.
In order that our logic be clear, we say that all
negations are instances of the statement pattern "not
p." If "1 < 2" replaces the statement variable "p",
then the resulting instance is literally "not 1 < 2";
however, this instance can be rephrased "One is not
less than two" to read more clearly.

One of our desired goals 1s to make certain that
every statement is an instance of some statement
pattern. Therefore,"1l < 2" is an instance of what
statement pattern? The answer 1s so easy that it is
hard. "1 < 2" 1is an instance of the statement pattern
"p". (Note that we could use any other letter for p.)

The preceding discussion on statement variables and
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statement patterns should help us see the reason for

the following rules:
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EXAMPLE 2.16 It has previously been stated that
"o or g" i1s a statement pattern; it will now be shown

why "p or gq" 1s a statement pattern according to rules
for forming statement patterns. Rg tells us that each
of "p" and "g" 1is a statement pattern since each of "p"
and "gq" is a statement variable. R'; tells us that
"p or gq" is a statement pattern since "p" and "g" are
statement patterns.#

Thus far we have stated that "p", "not p",
"p or gq", "p and g", and "p implies g" are statement
patterns. The words "not", "or", "and", and "implies"
are called connectives. For convenience and clarity,
symbols will be used to denote the connectives as shown

on the following chart:

Chart 2.17 not ~
or V
and N

implies |-

Hence "not p" means the same thing as "~p"; "p or gq"

means the same thing as "p V g"; etc.

2.18 "~p" and each of its instances are called
negations.

2.19 "o V q" and each of its instances are called
disjunctions.

2.20 "p A g" and each of its instances are called

conjunctions.
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2.21 "p - g" and each of its instances are called
implications.

For the implication "p - q", p (or any replacement for

p) 1s called the hypothesis and g (or any replacement

for g) is called the conclusion.”

There were two main reasons for introducing the
concepts of a statement pattern, statement variable,
and instance. (1) It will be quicker, easier, and
clearer studying logic symbolically as opposed to
laboriously writing out statements. (2) One of our
main concerns of logic will be the structure (pattern)
of statements rather than the content or meaning of the
Statement.

In everyday language the words "if..., then" are
used in the same sense as the word "implies"™. The

reason for the following definition is therefore seen:

Since "p - q", "p implies g", and "if p, then g"
all mean the same thing, they will be used
interchangeably.

“Other words used for implication, hypothesis, and
conclusion are conditional, antecedent, and consequent
respectively.
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EXERCISES:

2.23 What was our description of a statement
variable?

2.24 What was our description of an instance of a
statement pattern?

2.25 Is a statement pattern a statement?

2.26 Is an instance of a statement pattern a
statement?

2.27 Using the statement variable "p" and "g" and
our symbols for connectives, write down the
five statement patterns we have studied.

2.28 Do all connectives "connect" two statements?

2.29 Assume "p" and "g" are statement variables.
Let "Sam had a 90 average"™ be a replacement for
"p". Let "Sam made an A" be a replacement for
"g". What is the resulting instance in each of
the following statement patterns?
(alp (blg (c) ~p (d) ~g (e)lp V g
(flg V p (g)p A g (h)g A p
(1)p = g (3)a - p

2.30 For each of the following statements, name a

statement pattern for which the statement is an

instance.

(a) One is not less than two.

(b) One is less than two implies six is less
than five.

(c) 6 <5 and 1 < 2

(d) 1 < 2 or 6 <5



2.

2.

31

32
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Are each of the statements in 2.30 instances of
the statement pattern "p"?

Sentences 2.1 - 2.4, 2.6 - 2.15 are statements
according to R,, R;, R,, and Rs. It 1is
therefore meaningful to assign one and only one
of the values "true" and "false" to each
sentence. Using your own intuition, assign a
truth value to each of the sentences.
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3. TRUTH VALUES OF STATEMENTS CONTAINING CONNECTIVES

While working 2.32, the student probably came to
the conclusion that "1 < 0 or 2 < 3" and "1 < 0 or
6 < 5" have different truth values. "1 < 0 or 2 < 3"
and "1 < 0 or 6 < 5" are instances of the same

statement pattern, yet they have different truth

values. One purpose in assigning 2.32 was to convince
the student the truth value for an instance of the

disjunction "p v g" depends entirely on the truth

values of the replacement for "p" and "g". A similar

statement could be made for the negation, conjunction,

and implication.

We now introduce the concept of the truth table. A

truth table is a chart used to show the truth values

for every possible instance of a statement pattern. We

define the truth values for all possible instances of

~p, PV g pPAGg P — g by means of the following truth

table.
3.1 TRUTH TABLE | p | g | ~p|p Valp A qlp = g
Case 1 T T F T T T
Case 2 T F F T F F
Case 3 F T T T F T
Case 4 F F T F F T
(T stand for TRUE... F stands for FALSE)

‘From now on when we ask for a truth value for any
statement, it 1is understood we are asking for the truth
value assigned by truth table 3.1.
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3.2 EXAMPLE: How to read truth table 3.1: Find the
truth value for "1 < 2 or 6 < 5". "1 < 2 or 6 < 5" is
an instance of "p V gq". Since the true (T) statement
"l < 2" replaced the statement variable "p" and the
false (F) statement "6 < 5" replaced the statement
variable "g", we look at case 2. Since "1 < 2 or

6 < 5" is an instance of "p V q", we look at case 2 of
the column for "p V q" and find that "1 < 2 or 6 < 5"
is true.#

Truth table 3.1 had to have four cases in order to
have a case for every possible combination of truth
values. The following charts will show all the
possible combinations of truth values when either one,

two, or three statement variables are under

consideration.
3.3 p P | 4 p | g |«
T T T T T T
F T F T T F
F T T F T
F F T F F
F T T
F T F
F F T
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It is felt that after careful examination of 3.3
one would see the pattern developing and be able to
write down all the possible combinations of truth
values when more than three statement variables are
under consideration.

One probably wonders why truth table 3.1 was filled
in the way it was. Why didn't we define case 1 of the
column for "p A g" to be F instead of T? Since we are
trying to develop a standard for valid reasoning, we
defined the various possibilities in a way that would
not contradict our everyday usage of statements. (We
may have introduced some cases that are not used in
everyday language. In situations like this we do not
have to worry if our definition contradicted everyday
language simply because it is not a part of everyday
language!) A moments's consideration should convince
the reader that we would like an instance of "p A g" to
be true only when both of the replacements of "p" and
"q" are true and false in the other three cases.

Also, in everyday usage an instance of "p V g" is
true if the replacement for "p" is true and replacement

for "g" is false or if the replacement for "p" is false
and the replacement for "q" is true. If both the
replacements for "p" and "g" are false, we say that the
resulting instance of "p V g" is false. 1In case 1 of
the column for "p V g", we chose to define this
instance of "p V g" to be true. This means that we are

thinking of our connective "or" as the "inclusive or"

that we sometimes use in everyday conversations.
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(There is an "exclusive or" used in everyday
conversation.)

The truth values in the column for "~p" are easily
seen to fit our intuitive notions about statements. If
we negate a true statement, we get a false statement.
If we negate a false statement, we get a true
statement.

The truth values in the column for "p - g" may be
seen to be more arbitrary than the ones we have
discussed. It seems reasonable that statement 2.10
‘(l < 2 - 2 < 3) should be considered true and statement
2.11 (1 < 2 - 6 < 5) should be considered false. The
question arises over implications with a false
hypothesis. Truth table 3.1 defined any implication
with a false hypotheses to be true regardless of the
truth value of the conclusion. "If the moon is made of
green cheese, then 1 > 0" and "if the moon is made of
green cheese, then 1 < 0" are both examples of
implications whose hypotheses are false; they are
according to truth table 3.1 true. Defining these

statements to be true may seem strange, but it does not
contradict our everyday language. (Refer back to our

previous statements.)

All of this discussion about truth table 3.1 was to
help convince the reader that we have defined the truth
values "correctly". The logic we are developing will
be useless as a standard for valid reasoning if the

initial definitions contradicted our common usage.

Later on, other reasons will be given to convince the

reader that our definitions are "correct". Now it is
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only claimed that our definitions do not contradict

everyday usage.

An easy way to remember truth table 3.1 is as

follows: The only way "p V gq" can be false is for both

"p" and "g" to be false. The only way "p A gq" can be

true is for both "p" and "gq" to be true. The only way

"p - gq" can be false is for "p" to be true and "g" to

be false.

EXERCISES:

3.5 Compare the truth values the reader assigned to 2.1
- 2.4, 2.6 - 2.15 in exercise 2.32 with the truth
values truth table 3.1 assigns to these statements.

3.6 What are the truth values of the following
statements? Do they have the same truth values as
2.1 - 2.4?2 What is the difference between 2.1 -
2.4 and these statements?

(a) 2 < 3 or 1 < 2.
(b) 6 < 5 or 1 <2.
(c) 2 < 3 o0orl«<aO.
(d) 6 < 50r 1 < 0.

3.7 What are the truth values for the following
statements? Do they have the same truth values as
2.6 - 2.9? What is the difference between 2.6 -
2.9 and these statements?

(a) 2 < 3 and 1 < 2.
(b) 6 <5 and 1 < 2.
(c) 2 < 3 and 1 < 0.
(d) 6 < 5 and 1 < 0.
3.8 What are the truth values for the following

statements? Do they have the same truth values as
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2.1- - 2.13? What is the difference between 2.10 -
2.13 and these statements?
(a) 2 < 3 %mpl%es 1< 2‘%(9 6<5 —» (<2
@ 2 < 3 implies 1 < 0,
(d) 6 < 5 implies 1 < 0.

3.9 List all the possible combinations of truth values
when the four statement variables p, g, r and s are

considered. (See 3.3)
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4. TRUTH TABLES

This section involves learning a way to find the
truth value of every instance of any statement pattern.
So far, the main statement patterns we have considered
are "~p", "p V4", "p A g", and "p - g". However,
rules R, R',, R'5, R',, R's, and R, assure the existence
of many more statement patterns as we will now
illustrate. Since each of "p" and "g" is a statement
variable, then each of "p" and "g" is a statement
pattern, according to R,. R', tells us that the
negation of any statement pattern is a statement
pattern, so "~q" 1s a statement pattern. R'; tells us
that the expression formed by joining two statement
‘patterns with the word "or" is a statement pattern, so
"p V ~g" 1s a statement pattern. By a similar
procedure we see that it is possible to build other
statement patterns some of which are: "p A ~g",

"p » ~¢", "g - p", and "q - ~p".

The notion of component parts of statements and
statement patterns will now be introduced to aid us in
our study of statement patters.

4.1 COMPONENT PARTS: The component parts for either a

disjunction, conjunction, or implication are the two

statements (or statement patterns) joined by the

connective. The only component part of a negation 1is
the statement (or statement pattern) that is negated.
4.2 EXAMPLE: Component parts of statement patterns

The component parts of the statement pattern "p V g"
and "p" and "g". The component parts of the statement
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pattern "p - gq" are "p" and "g". Thus the component
parts of any implication are the hypothesis and
conclusion. The component parts of the statement
pattern "p V ~g" are "p" and "~q". The component parts
of the statement pattern "p - ~g" are "p" and "~qg".

The statement pattern "~g" has only one component part,
and it is "g".#

4.3 EXAMPLE: Component parts of statements

The component parts of the statement "One is less than

two or six is not less than five" are "one is less than
two" and "six is not less than five". The component
parts of " one is less than two implies six is not less
than five" are again "one is less than two" and "six 1s
not less than five". The only component part of "six
is not less than five"™ is "six is less than five".#

Since one of the stated goals of this section 1is to
learn a way to find the truth values for every instance
of any statement pattern, we will begin with the
statement pattern "p V ~q" and find the truth values
for every one of its instances.

Truth values of a particular instance of "p V ~g".

Let "one 1is less than two" be a replacement for "p".
Let "six 1is less than five" be a replacement for "g".
Using these replacements, "one is less than two or six
is not less than five" is the resulting instance of "p

V ~q". "Six is less than five" is false therefore by

truth table 3.1, its negation, "Six is not less than
five" is true. Since "one is less than two" 1is true,
then "one is less than two or six is not less than

five" i1s a disjunction with both of its component parts
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true. Since case 1 of the column for "p V g" in truth
table 3.1 tells that any disjunction with both of its
component parts true is a true statement, "one 1is less
than two or six is not less than five" 1is true.

Truth values for every instance of "p V ~g".

Since we have previously stated that a truth table is a
chart used to show the truth values for every possible
instance of a statement pattern, it i1s natural that we
would make a truth table for "p V ~g". We will make a
truth table for "p V ~g" (and all other statement
patterns) by following the following five guidelines:

It will now be shown how the rules are applied to
"o V ~g". We first put a column under every statement

variable and every connective.
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Column 1 will tell us the truth values for replacements

for "p". Column 4 will tell us the truth values for
replacements for "g". Column 3 will tell us the truth
values for instances of "~g", (It is incorrect to say

that column 3 tells us the truth values for instances
of "~"). Since column 2 1is under the "V" sign, column
2 will tell us the truth values for instances of

"o V ~g".

Since we have only 2 different statement variables
in "p V ~g", there are only 4 possible combinations of
truth values. We consider the 4 possible combinations
with the 4 cases below:

p | V| ~ | g
Case 1 T T
Case 2 T F
Case 3 F ' T
Case 4 F F

The truth table for "p V ~g" can be completed using
truth table 3.1.
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Truth table for "p V ~g".

Case 1 T T F T

Case 2 T T T F

Case 3 F F F T

Case 4 F T T F

We will now explain how all of case 3 was completed.

We first fill in column 3 of case 3, the column for
"~q". Column 4 of case 3 tells us we are considering a
true replacement for "qg", so its negation is false. We
therefore put an F in column 3 of case 3. We now know
from columns 1 and 3 of case 3 that we have a
disjunction with both component parts false. The
disjunction must be false, so we put an F in column 2
of case 3. Cases 1,2, and 4 can be filled in |
similarly.

Let us make sure we know how to read the truth
table for "p V ~g". Column 2 tells us the truth values
for the various instances of "p V ~g". Case 1 tells us
if the replacement for p is true and the replacément
for q is true, then the resulting instance of "p V ~q"
is true. For example, let "1 < 2" be a true statement
to replace "p" and "5 < 6" be a true statement to |
replace "g". So by case 1, column 2, "1 < 2 or 5 is
not less than 6" is a true instance of "p V ~g". Case
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3 tells us if the replacement for "p" is false and the
replacement for "g" 1is true, then the resulting
instance of "p V ~q" is false. We now conclude our
discussion on how to read the completed truth table for
"o V ~g".

GROUPING SYMBOLS: Now that the truth table for "p V
~q" is completed, we would like to look at a difficulty

that arises when considering the statement pattern
"~p V gq". The difficulty is that "~p V g" can have two
meanings: Is "~p V q" a disjunction whose left

compenent part is "~p" and whose right compcnent part
is "g", or is "~p V " the negation of "p V g"? Since
there can be two meanings to "~p V g", we introduce the
use of grouping symbols to make it perfectly clear what
is the intended statement. The disjunction whose left
component part is "~p" and whose right component part
is "g" will be denoted by "(~p) V g". The negation of
"o V g" will be denoted by "~(p V q)".

The truth tables for "(~p) V gq" and "~(p V q)" are
given below. Notice that case 1 of the two truth
tables assign different truth values to instances of
"(~p) V g" and "~(p V q)" when the replacements for
both "p" and "gq" are true. The preceding statement
should illustrate the importance of grouping symbols.
(The reader should not worry if he does not completely
understand how the truth tables are made and read; more

discussion will be given on this matter.)
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(~ p) V. q ~ (p V Qq)
F | T T T F | T T | T
F | T F F F | T T | F
T F | T T F|F | T |T
T |F T F T | F F | F

4.9 EXAMPLE: Let us see how everyday language might

distinguish between an instance of "(~p) V g" and
"~(p Vg)". Let "1 < 2" be a replacement for "p". Let
"4 < 5" be a replacement for "q". The instance of

"{(~p) V g" could be phrased "one is not less than two
or 4 < 5". The instance of "~{(p V g)" in order to be
clear could be phrased "the following statement 1is
false: One is less than two or four is less than
five." For this example we have chosen the
replacements for "p" and "qg" to both be true. Case 1
of the above truth tables tells us that these
statements have opposite truth values.#

We observe that the only grouping symbols used so
far have been parentheses. Many times for clarity
several different types of grouping symbols will be
used on one statement pattern as will now be shown.
4.10 EXAMPLE: Use of different types of grouping
symbols Each of "p" and "p - g" is a statement

pattern, so by R'y, "p A (p - gq)" is a statement
pattern. By R's "[p A (p - g)] - g" is a statement
pattern (it is an implication whose hypothesis is "p A
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(p = gq)" and whose conclusion is "g"). By R', ~{[p A (p
- gq)] - gq} is a statement pattern.#

To make sure we understand grouping symbols and how
to make a truth table we will make a truth table for
"lp V (~q)] A (g - p)".

First, we put a column under each statement
variable and each connective. (Do not have a column

only under a grouping symbol.)

[p \Y (~  q)] A (g -~ p)

1 2 3 4 5 6 7 8

Column 1 is for "p".

Column 2 is for "p V (~g)".

Column 3 is for "~qg".

Column 4 is for "g".

Column 5 is for "[p V (~q)] Alg - p)".
Column 6 is for "g".

Column 7 is for "g - p".

Column 8 is for "p".

We now fill in as many rows as there are possible
combinations of true values. Since "p" and "g" are the
only two statement variables, we have four cases as

Seen below:
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[p \ (~ q)l A (q -~ p)
T T T T
T F F T
) T T )
F ) F )

[p \ (~ q)] A (q ~ p)
T T F T T T T T
T T T F T F T T
F F F T F T F F
F T T F T F T F

1 2 3 4 5 6 7 8
We first filled in column 3 looking at column 4. Next
we filled in column 2 looking at columns 1 and 3. Next
we filled in column 7 looking at columns 6 and 8. Last
we filled in the main column, column 5, looking at
columns 2 and 7. (While filling out a truth table it
is easy to carelessly look in the wrong column -- so be
careful.)



EXERCISES
4,11

[ (p

1 2 3 4

Column 1 1is for

Column 2 is for

Column 3 is for

Column 4 is for

Column 5 is for

Column 6 is for

Column 7 is for

Column 8 is for

Column 9 is for

To fill in column 2 you look at
To fill in column 4 you look at
To fill in column 5 you look at
To fill in column 7 you look at
To fill in column 8 you look at
4.12 Are the truth tables for "p A g"

same 1in every case?
4.13 Are the truth

same in every case?

tables for "p V g"

4.14 Are the truth tables for "p - g" and "g - p" the
same 1n every case?

4,15 Make a truth table for " p V (~p)".

4.16 Make a truth table for "[(p - q) A p] - g"

4.17 Make a truth table for "[(p = q) A (~p)] - (~q)"
4.18 Make a truth table for "(p - gq) A (g - p)".
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4.19 How many different statement patterns can be made
from "p A p - g - gq" by inserting grouping symbols in
different places?

4.20 Tell whether each of the following is a negation,
disjunction, conjunction, or implication. For each of
the following that is an implication name the

hypothesis.and conclusion.

(a) (~p) V g

(b) ~(p V q)

(c) [(p~-qg) A (~p)] = (~q)
(d) (pAg) -p

(e) p A (g~ p)

(£) [~(p Aag)]l - [(~p) V (~q)]
(g) [(~p) V (~q)] - [~(p A q)]
(h) ~[p A (p - q)]

4.21 Let 1 < 2 be a replacement for "p". Let 6 < 3 be
a replacement for "g".
(a) Write out the resulting instance of each of

these statement patterns.

(1) p V (~p)
(2) (~p) - q
(3) q ~ (~p)
(4) ~lp V (~q)]

(b) Each of the following is an instance of what
statement pattern?
(1) If 6 ¢« 3, then 1 < 2.
(2) If 1 € 2, then 6 ¢ 3.
(3) 6 ¢ 3 implies either 1 ¢ 2 or 6 < 3.
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5. TAUTOLOGY

Algebra, as well as logic, uses variables. The
algebraic expression "2x + y = 0" involves the real

number variables "x" and "y". "2x 4+ y = 0" 1is not a
statement, but becomes a statement when real numbers
replace the "x" and "y" respectively. From this brief
discussion one can see the similarity between an
algebraic expression and a statement pattern. Our
variables in logic are called statement variables
because statements are replacements for the variables.
The variables in algebra are called real number
variables (or real variables) because real numbers are
replacements for the variables. We have noted that an
instance of a statement pattern is a statement formed
by replacing all the statement variables with
statements. Algebraic expressions also have instances.
An instance of an algebraic expression is a statement
that is formed by replacing all of the real number
variables of the algebraic expression with real
numbers. Therefore, an algebraic expression is not a
statement but becomes a statement when real numbers are
substituted for all the variables. Similarly, a
statement pattern is not a statement but becomes a
statement when statements are substituted for all the
variables.
CORRESPONDENCE BETWEEN "ALGEBRAIC IDENTITY"™ AND
"TAUTOLOGY"

To solve an algebraic expression means to find all
the real numbers that produce true instances when
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replaced for all the variables. For example, (1, -2)
is a solution for the algebraic expression "2x + y = 0"
because the instance that results when "1" and "-2"
replace "x" and "y" respectively 1s a true statement.
"3x +y = 3(x +vy) - 2y" is an algebraic expression
whose every instance is a true statement; all such
algebraic expression are called algebraic identities.
The counterpart in logic to the algebraic identity 1is
the tautology. A tautology 1s a statement pattern
whose every instance 1s true. Two tautologies were
encountered in the last set of exercises. They were
the statement patterns "p V (~p)" and

"lp AN (p = qg)] - p". Tautologies play a central role

in logic. For easy reference we display the definition

of tautology.

Truth tables are used to show the truth values for
every instance of a statement pattern. To test whether
a statement pattern is a tautology one merely has to
make a truth table for the statement pattern. If the
column for the statement pattern has a "T" in every
case then it is a tautology. It must be emphasized
that a tautology is a statement pattern, not a

statement.
5.2 EXAMPLE: This example serves two purposes.
First, 1t is an example of another tautology, and



second, it is a truth table for a statement pattern
with three statement variables.

A truth table will be made for
"[(p - q) N (g~-1r)] - (p »x)". Observe that
guidelines 4.1, 4.2, 4.4, and 4.5 were followed in
making the truth table.
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(e =~ @ | Al ta]| =~ |21 -] ®|~]=
T T T T T T T T T T T
T T T F T F F T T F F
T F F F F T T T T T T
T F F F F T F T T F F
F T T T T T T T F T T
F T T F T F F T F T F
F T F T F T T T F T T
F T F T F T F T F T F

Note that the column for [(p - gq) A (g » )] - (p - r)

has a "T" in every case, thus making it a tautology.#

THE CONNECTIVE "IF AND ONLY IF"
The new connective "if and only if" will now be

defined in terms of the connectives " and" and

"implies". The connective "if and only if" is denoted

by "e" and is defined as follows:
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The reader made a truth table for "(p - q) A (9 - p)"

n*

in exercise 4.18 of the last section. Since "p o g
means the same thing as "(p - q) A (9 - p)", the column
entitled "(p - qg) A (g - p)" could also be titled

"p » q". Therefore, the truth table for "p « gq" 1is:

p ° q
T T T
T F F
F F T
F T F

From now on the student needs only to refer to the

preceding chart when filling in a truth table for a
statement pattern that contains the connective "o".
5.6 EXAMPLE: Truth table for p « [~(~p)]

"Mp o g" and each of its instances is called a
biconditional.




5.7 Which of the following are tautologies?
truth tables to find out.

(a) [~(p Aag)]l » [(~p) V (~q)]
(b) [~(p Vgl « [(~p) N (~q)]
(c) [{p~»a) A (~p)] - (~p)

(d) [(p»ag) AN (g-1x)] « (p - 1)
(e) (p Ag) =~ (g A Dp)

(f) (p Vaq) « (g V p)

(g) (p = a) < (g~ p)

(h) p -~ (p V q)

(1) (p = q) = (g « p)

(3) (pANq) -p

Make

40



41

6. EQUIVALENCE

Let us consider the following statement:
6.1 "Sam had a date with Jane Friday, and Sam had a
date with Sue Saturday." Are any of the following
statements the negation of the preceding statement?
6.2 "Sam did not have a date with Jane Friday, and Sam
did not have a date with Sue Saturday."
6.3 "Sam did not have a date with Jane Friday, or Sam
did not have a date with Sue Saturday."

In order to answer the question just asked, we

introduce the concept of equivalence.

Is "p" equivalent to "~(~p)"? To answer that
question we look at definition 6.4; we replace "R" with
"p" and "Q" with "~(~p)". According to definition 6.4,
when we ask "Is 'p' equivalent to '~(~p)'?" we are
really asking "Is 'p « [~(~p)]' a tautology?" Since
"p e [~(~p)]" 1s a tautology, see example 5.6, "p" is
equivalent to "~(~p)". To check if two statement

patterns are equivalent, simply join the two statement
patterns with the connective"«". TIf the resulting
statement pattern is a tautology, they are equivalent;
if the resulting statement pattern is not a tautology,
then the two statement patterns are not equivalent.



42

Is "~(p AN gq)" equivalent to "(~p) V (~q)"? in other
words, is "[~(p A g)] = [(~p) V (~q)]" a tautology?
Yes, according to exercise 5.7 (a). Therefore,

"~(p A g)" is equivalent to "(~p) V (~q)".

Is "(p - g) N (g » )" equivalent to "p - r"? In
other words, is "[(p = 9) A (g - )] « (p - )" a
tautology? No, according to exercise 5.7 (d).
Therefore, "(p - q) N (g - r)" 1s not equivalent to
"p - r".

It is easy to verify by a truth table that "[~(~p)]

-~ p" is a tautology. This means "~(~p)" is equivalent
to "p". We previously noted that "p" is equivalent to
"~(~p)" The order in which we say equivalence makes no

difference. This is true for any statement patterns
that are equivalent.

Definition 6.4 defined equivalence for statement

patterns. We will now learn how to form equivalent

statements.

"p" and "~(~p)" are equivalent statement patterns. By
using "One is less than two" as a replacement for "p"
in both statement patterns we see that "One is less
than two" and "It is false that one is not less than
two" are equivalent statements.
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We have previously noted that "~(p A g)" and " (~p)
V (~q)" are equivalent statement patterns. Let "Sam
had a date with Jane Friday" be a replacement for "p
in both the statement patterns "~(p A q)" and "(~p) V
(~q)" and let "Sam had a date with Sue Saturday" be a
replacement for "g" in both statement patterns. Thus

by 6.5, the two following statements are equivalent:
6.6 It is false that: Sam had a date with Jane
Friday, and Sam had a date with Sue Saturday.

6.7 Sam did not have a date with Jane Friday, or Sam
did not have a date with Sue Saturday.

Now 6.6 is the negation of 6.1. Since 6.6 1is
equivalent to 6.7, 6.7 can be considered the negation
of 6.1. To answer the question we raised at the first
of this section, the negation of 6.1 is 6.3 (6.3 and
6.7 are identical.)

We often use the two following expressions
interchangeably:

The negation of "p A g" is "(~p) V (~q)".

"~(p A g)" is equivalent to "(~p) V (~q)".

The above lines tell us, to negate a conjunction simply

negate both component parts and change the "A"™ to "V".
6.8 EXAMPLE: Negate "(~A) A B". We negate the
component parts "~A" and "B" and change the "A"™ to "V"
and get "[~(~A)] V (~B)" ( which is equivalent to
"RV (~B)".)#

6.9 EXAMPLE: What is "~{[~(p V a)] A (s - q)}"
equivalent to? We are really asking, what is the

negation of "[~(p V q)] A (s - q)"? We negate the
component parts "~(p V q)" and "s - gq" and change the
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"A" to "V" to get "{~[~(p Vaq)]} V [~(s - qg)]" (which
is equivalent to "(p V. q) V [~(s - q)]1").#

Let us now see How we can negate any disjunctions.
By working exercise 5.7 (b) one sees that "[~(p V q)] =~
[(~p) AN (~gq)]" is a tautology. This means "~(p V gq)"
is equivalent to "(~p) A (~gq)". Let "Sam made an A" be

a replacement for "p" in both the statement patterns
"(p Vg)" and "(~p) A (~g)" and let "Sue did not make a
B" be a replacement for "g" in both statement patterns.
According to 6.5, we have the two following statements
equivalent.

6.10 It is false that: Sam made an A, or Sue did not
make a B.

6.11 Sam did not make an A, and Sue made a B."

So "Sam did not make an A, and Sue made a B" can be
considered the negation of "Sam made an A, or Sue did
not make a B."

We often use the two following expressions
interchangeably:

The negation of " p V gq" is "(~p) A (~q)".
"~(p V gq)" is equivalent to "(~p) A (~q)".
The above line tells us, to negate any disjunction

simply negate both component parts and change the "V"
to "A". .

6.12 EXAMPLE: Negate "s V (~w)". We negate the
component parts "s" and "~w" and change the "V" to "A"

to get "(~s) A [~(~w)]" (which is equivalent to

*Recall: "Sue made a B" is equivalent to "It is
false that Sue did not make a BR".
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"("'S) /\W".)#
6.13 EXAMPLE: What is "~{A V [~(p A gq)]}" equivalent
to? We are really asking, what is the negation of "A V

[~(p AN gq)]"? We negate the component parts "A" and .
~(p A gq)" and change the "V" to "A"™ to get "(~A) A
{~[~(p AN @ 11" (which is equivalent to "(~A) A (p A

q)u) .#
CONVERSE, INVERSE, CONTRAPOSITIVE

6.15 EXAMPLE: The converse of "p - q" is "g - p"

The converse of "p - (~q)" is (~q) - p". The converse
of "[~(p Va)]l = [s A (~w)]" is "[s A (~w)] - [~(p V
q)]". The converse of "If Sam had a 90 average, then

Sam made an A" is "If Sam made an A, then Sam had a 90

average.#

6.17 EXAMPLE: The inverse of "p - g" is "(~p) -

(~q)"™. The inverse of "p - (~q)" is "(~p) - [~(~q) 1",
[~(p V q)]
11", or

or equivalently "(~p) - g". The inverse of "
= [s A (~w)]" 1s "{~[~(p V @)1} = {~[s A (~w)
equivalently "(p V q) - {~[s A (~w)]}". The inverse of
"If Sam had a 90 average, then Sam made an A" is "If
Sam did not have a 90 average, then Sam did not make an
A."
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6.19 EXAMPLE: The contrapositive of "p - q" 1s

"(~q) - (~p)". The contrapositive of "p - (~q)" 1is
"[~(~q)] = (~p)", or equivalently "gq - (~p)". The
contrapositive of "[~(p V q)] - [s A (~w)]" is "{~[s A

(~w)1} = {~[~(p V q)l}", or equivalently "{~[s A (~w)]}
- (p V gq)". The contrapositive of "If Sam had a 90
average, then Sam made an A" is "If Sam did not make an
A, then Sam did not have a 90 average."#

The chart below will be a summary chart of the
definitions of converse, inverse, and of contrapositive
for the implication "p - g".

6.20 | Given implication Converse
p =4 da - P
Inverse Contrapositive
(~p) = (~q) (~q) - (~p)

It is important to know if an implication 1is
equivalent to either its converse, inverse, oOr
contrapositive; however, it will be left as an exercise
for the reader to find out. Just as a check on our
reader's intuition, we will list a statement followed

by its converse, inverse, and contrapositive: the
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reader is invited to decide if any of 6.22, 6.23, and
6.24 "sound" equivalent to 6.21.
6.21 Given implication: If Sam had a 90 average, then

Sam made an A.

6.22 Converse: If Sam made an A, then Sam had a 90
average. |

6.23 Inverse: If Sam did not have a 90 average, then
Sam did not make an A.

6.24 Contrapositive: If Sam did not make an A, then

Sam did not have a 90 average.
EXERCISES:
6.25 Which of the following pairs of statement

patterns are equivalent? (Check by means of truth
table.)
"o« q"; "(p > q) A (g =-p)"
"p - q"; "(-p) V Q"
"o - g"; "p V g"
"~(p - Q)" "p ~» (~q)"
"~(p - q)"; "p A (~q)"
"o A (g VI)"s "(pAqg) V(pADD"
) " A (gVI)"; "(pVag ApVI)"
6.26 Use the results of 6.25 to negate each of the
following statements:
(a) If Sam had a 90 average, then Sam made an A.
(b) If Sam went to town, then Sam went to the
grocery store.
6.27 Is "p - g" equivalent to its converse? Its
inverse? Its contrapositive?
6.28 1Is the converse of "p - gq" equivalent to the
inverse of "p - q"? The contrapositive of "p - g"?
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- 6.29 Is the inverse of "p - g" equivalent to the
contrapositive of "p - g"?
6.30 Write the converse, inverse, and contrapositive
of each of the following:
(a) g -p
(b) (~p) - (~q)
(c) (~w) = [~(p V q)]
(d) If Sam did not have a positive skin test, then
Sam did not have TB.
6.31 Negate each of the following:
(a) A is a subset of B and B is a subset of A.
(b) Sam's house 1s the third or fourth house on the
left.
(c) I am going to pass logic or die trying.
(d) The car is in the garage or we will not be
going to town.
(e) (~p) V (~r)
(f) (~p) N g
©.32 From working 6.25 (b) it is seen that "p - g" and
"(~p) V g" are equivalent. Therefore, "(p - q) < [(~p)
V gl" is a tautology, so every case of its truth table
is true. Below is an incomplete truth table for
"(p - qg) » [(~p) V gl]". Since we know it is a
tautology, every case is filled in as true. Fill in
the blank column looking only at the columns indicated

by the arrows.
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(p - a < [(~ p VvV ql
T | T | T|T X X X
T | F | F|T X X X
F| T |T]|T X X X
F|lT | F |T X X X

1 1

This illustrates that the truth tables for equivalent
statement patterns must have the same truth values in

every case. This 1s sometimes used as a definition for

two statement patterns being equivalent.
6.34 In working 6.27, the reader discovers some
important facts that must be remembered.
(a) An implication 1s equivalent to its
contrapositive.
(b) An implication is not equivalent to its
converse.
(c) An implication is not equivalent to its
inverse.
6.35 Equivalences applied to algebra: By working 6.25
(f) one finds that "p A (g V )" is equivalent to
"(p Ag) V (p Azr)". We will use a few properties of
absolute values and inequalities along with the fact
that "p A (g V r)" is equivalent to "(p A gq) V
(p A r)" to solve the following inequality:
3 < Ix-5] <4
(l2-51 < 4) and (Ix-5| > 3)
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(-4 < x - 5<4) and (x = 5> 3 or x - 5 < =3)
(1 < x < 9) and (x > 8 or x < 2)
p A (q V r)
(p A Q) Vv (p A 1)

(1 < x <9 and x > 8) or (1 < x < 9 and x < 2)
(8 < x < 9) or (1 < x < 2)

6.36 Solve 1 < |x-3 < 2.
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7. IMPLICATION

One of our stated goals 1is to provide a standard as
to what constitutes valid reasoning. To apply the
logic we have learned so far, one has to translate
everyday language into statements joined only by the
connectives "not", "or", "and", "implies", and "if and
only 1f". The implication appears in everyday language
in various forms, some of which only scarcely resemble
our familiar "if..., then" and "implies" form. The
following chart will show a list of the different ways
an implication can be phrased:

7.1

Different forms of the implication

p =49
p implies g
1if p, then g
q, if p
p only if ¢
p 1s sufficient for g

g 1s necessary for p

7.2 EXAMPLE: "A sufficient condition for Jones to win
the election is for Jones to carry district 2." means
the same thing as "If Jones carries district 2, then
Jones will win the election."#

7.3 EXAMPLE: "Sam had TB only if Sam had a positive
skin test." means the same thing as "If Sam had TB,

then Sam had a positive skin test."#
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7.4 EXAMPLE: "Having 12 cents i1s a necessary
condition for having 13 cents." means the same thing as
"If you have 13 cents, then you have 12 cents."
7.5 EXAMPLE: "Sam got in the football game if and
only if Sam had a ticket." means "Sam got in the
football game if Sam had a ticket and Sam got in the
football game only if Sam had a ticket." which means
"If Sam had a ticket, then Sam got in the football game
and if Sam got in the football game, then Sam got a
ticket."™ This example illustrates that "If and only
if" is expressed in a way that is faithful to the way
it was defined.#
7.6 EXAMPLE: "A necessary and sufficient condition
for one to be less than two is for four to be less than
five." means "A necessary condition for one to be less
than two is for four to be less than five and a
sufficient condition for one to be less than two is for
four to be less than five." which means "If one is less
than two, then four 1s less than five and if four 1is
less than five, then one is less than two." which also
can be said by definition, "One is less than two if and
only if four is less than five."#

A helpful memory device for "necessary conditions™"
and "sufficient conditions" is the following. On any

N

map the arrow always points north (N) 1. On any
implication the arrow always points toward the
necessary(N) condition, - N. So the conclusion of an

implication is always the necessary condition, and the



hypothesis of an implication is always the sufficient
condition.

TWO ARGUMENTS TO SHOW THAT THE TRUTH TABLE FOR THE
IMPLICATION IS DEFINED "CORRECTLY"

First argument: Consider the following statements:

7.7 I am going to town or I would give you a ride.
7.8 If I were going to town, then I would give you a
ride.

7.9 Sam is not finished with the hammer or you could
use 1it.

7.10 If Sam was finished with the hammer, then you
could use 1it.

7.11 Sam did not eat the cookies or there would be
crumbs on the table. '
7.12 1If Sam ate the cookies, then there would be
crumbs on the table.

In everyday language 7.7 and 7.8 are used in an
equivalent fashion; 7.9 and 7.10 are used in an
equivalent fashion; and 7.11 and 7.12 are used in an
equivalent fashion. 7.7 and 7.8 are similar instances
of "(~p) V g" and "p - gq" respectively. 7.9 and 7.10
are similar instances of "(~p) V g" and "p - q"
respectively. 7.11 and 7.12 are similar instances of
"(~p) V g" and "p - g" respectively. Therefore, our
everyday language seems to demand that "(~p) V g" and
"o - q" be equivalent. Since "(~p) V g" and "p - gq"
should be equivalent, they should have the same truth
values in every case of their truth table (see 6.32).
The truth table for the disjunction was defined in an
agreeable way. Therefore, there should be no argument
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when the truth values for "p - q" are defined to be the
same as the truth values for "(~p) V g" in every case.
(Note: 1in working 6.25 (b) the reader verified that
"{~p) V g" and "p- g" are equivalent.)

7131 (~ p) Vg P - q
F T T T T T | T
F T F F T F F
T F T | T FlooT | T
T F T F F T F

Second argument: It is clear that an implication with

a true hypothesis and a true conclusion should be
defined to be a true statement. It is clear that an
implication with a true hypothesis and a false
conclusion should be defined to be a false statement.
In other words, it is clear the way the first two cases
of the truth table for "p - g" should be defined, but
it is not clear how the last two cases should be
defined. Since there is agreement on the first two
cases, there are only four possibilities for the way
the truth table for "p - g" should be defined. They
are as follows:
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A B C D
T.140p - g P - q P~ g P - g
T T[T T T[T T|T | T T|T|T
T|F | F T|F|F T|F | F T|F|F
F|F|T FIT ]| T FIF|T F]T|T
FIF | F F|F | F BT F FIT]|F

If A was chosen to be the truth table for "p - g", then
the truth values for "p - g" and "p A g" would be the
same in every case, making "p - g" and "p A g"
equivalent (see 6.32). This would produce some strange
reasoning if it was allowed to stand as the definition,
so it 1is not allowed. If B was chosen to be the truth
table for "p - g", then the truth values for "p - g"
and "q" would be the same in every case, making "p - q"
and "g" equivalent (see 6.32). This is definitely
undesirable and so it is not allowed as the definition.
If C was chosen to be the truth table for "p - g", then
the truth values for "p - g" and "p » gq" would be the
same in every case, making "p - q" and "p- gq"
equivalent (see 6.32). This too would produce strange
reasoning and is therefore not allowed. Therefore, by
the process of elimination D must be the "correct"
truth table for "p - g".
UNDERSTOOD GROUPING SYMBOLS

Most of us would agree that 6-5+7 = 8. A few
people might think 6-5+7 = -6, because they might think
6-5+7 means 6-(5+7) instead of 6+(-5)+7. Here in this

arithmetic example we see the use of understood
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grouping symbols. The only number subtracted from 6 1is
the number immediately following the minus sign, which
is 5. We will use a similar rule for omitting grouping
symbols involving the‘negation sign in logic (~). We
will observe the following rule:

Anytime grouping symbols are omitted involving a
negation sign, it is understood that only the statement

(or statement pattern) immediately following the

negation sign is negated.
7.15 EXAMPLE: Fill in the understood grouping symbols
on "~p V g". Since the grouping symbols involving the

negation are omitted, the intended statement pattern is
"(~p) V g". One might say that the intended statement
pattern could just as well be "~(p V gq)". This is
incorrect; "p" is the statement immediately following
the negation sign so according to our rule only "p" is
to be negated. Anytime a different grouping
arrangement 1s intended all the grouping symbols must
be put in. There is no way to write "~(p V q)"
omitting grouping symbols without violating our rule
for understood grouping symbols.#

We will now give two columns of statement patterns.
The statement patterns in the left column will have
understood grouping symbols. The statement patterns in
the right column will have the understood grouping
symbols filled in.

7.16 (a) ~p V ~q (b) (~p) V (~q)

7.17 (a) p - ~q (b} p - (~q)
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7.18 (a) ~(p -~ q) Ar (b) [~(p » @)1 A r

7.19 (a)

~(p V ~q) Ar (b) {~(p V [~q])} A

In 7.18 (a), a left parenthesis immediately follows

the negation sign. This means we are to negate the

statement inside the parenthesis, "p - g".

EXERCISES:
7.20 Write each of the following in "if..., then"
form.

(a) 1 > 0 only if 1 is positive.

(b) For the set A to equal the set B it is
necessary that A be a subset of B.

(c) Sam put up the umbrella, if it started raining.

(d) Sam put up the umbrella only if it started
raining.

(e) A sufficient condition for Sam to fill in line
10-b on the income tax return was for Sam to
have made over $10,000.

(f) A sufficient condition for you to get an A is
for you to have a 90 average.

(g) A necessary condition for Sam to be able to
prove a theorem is for Sam to know logic.

(h) Sam will be able to prove a theorem only if he
knows logic.

(i) A necessary and sufficient condition for 0 to
be less than 1 is for 1 to be greater than 0.

(J) A necessary condition for Sam to be a good

mathematician is for Sam to work hard.



7.

21

Fill in the understood grouping symbols.
a, ~p ~ g
) ~(p »q) - -r

g AN

58
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8. LIST OF TAUTOLOGIES

Many tautologies have been encountered in the
reading and the homework. The important ones will be
listed here. A necessary condition for the reader to
excel in the art of proof is for the reader to have
this list thoroughly learned.

T, [(p - g9 Apl - g Modus Ponens

T, [(p - qg) AN (~q)] - (~p) Modus Tollens

T [~(p Ag)] « [(~p) V (~q)] } DeMorgan's

T, [~(p Va)l « [{(~p) A (~q)] Laws

Ts [~(p - q)].ﬂ[p AN (~q)] Law of negating an
implication

Te (p » q) » [(~p) V (] Implication Equivalence

T (p~»q) <« [(~q) - (~p)]. Contrapositive

Ts [(p -9 A (g~-1r)] - (p - r) Syllogism

T (p »q) « [(p~a A (q~-p)]

Tio P« [~(~p)] Double negation

T. (p Ag) - p Law of simplification

)

Tys (P Ag) « (9 p) -

T4 (p Vg) « (g V p) Commutative Laws

Tis (p = q) < (g < p)

T [pA(QVr] »=leAg VipArl } Distributive
T, [PV (gAZI)] « [(p Vg A(pVr)] Laws
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9. VALID ARGUMENT

The reader may not have understood the purpose of
the sections we have studied; all the previous sections

have been the foundation for this and the next two

sections.

The reader should note that an argument pattern

consists of statement patterns while an argument

consists of statements. The reader should also note

that we are now using the words hypothesis® and
conclusion in a new way. It 1s felt that the context
will make it clear whether we are talking about the
hypothesis and conclusion of an implication or an

argument (or argument pattern).

"The word premise is sometimes used for the word
hypothesis.
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9.3 EXAMPLE OF AN ARGUMENT PATTERN AND THE FORM FOR AN
ARGUMENT PATTERN. The argument pattern with hypotheses
"o - gq", "g - r", and "~p" and with conclusion "~r"

will be written in the following form:

p =g
q-r
~p
~T
Three dots stand for the word "therefore". The
argument pattern just diagrammed is read "p implies q,
g implies r, not p, therefore not r". The hypotheses

of the argument pattern are written above the line.#
9.4 EXAMPLE OF AN ARGUMENT AND THE FORM FOR AN
ARGUMENT. The argument with "If Sam had a 90 average,
then Sam made an A," "If Sam made an A, then Sam made
the honor roll," and "Sam did not have a 90 average" as
hypotheses and "Sam did not make the honor roll" as
conclusion will be written in the following form:

If Sam had a 90 average, then Sam made an A.

If Sam made an A, then Sam made the honor roll.

Sam did not have a 90 average.

~ Sam did not make the honor roll.
The diagram is read in a similar fashion to the diagram
in example 9.3. Again let it be noted that the
hypotheses of the argument are written above the line
and conclusion of the argument is written below the
line.#
(Note: The argument given in 9.4 is an example of an
instance of the argument pattern given in 9.3. "Sam

had a 90 average" is a replacement for the statement
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variable "p", "Sam made an A" 1s a replacement for the
statement variable "g", and "Sam made the honor roll"
is a replacement for the statement variable "r".)

Our goal i1s to be able to decide if an argument (or
argument pattern) is valid or not. Valid argument and
valid argument pattern have not been defined yet, but
the reader probably has some intuitive ideas about
valid argument. Before valid argument and valid
argument pattern are defined, we would like to check
how good the reader's intuition is. We will list
several argument patterns along with an instance of
each argument pattern. The reader is invited to guess
which are valid and which are not valid.

9.5 (a) p - ¢
p
- d
(b) If Sam had a 90 average, then Sam made an A.

Sam had a 90 average.

~ Sam made an A.
9.6 (a) p - g
d
. D
(b) If Sam had a 90 average, then Sam made an A.

Sam made an A.

~ Sam had a 90 average.
9.7 (a) p - g

~pP

- ~qd
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(b) If Sam had a 90 average, then Sam made an A.
Sam did not have a 90 average.

~ Sam did not make an A.
9.8 (a) p ~ ¢
~q
. &
(b) If Sam had a 90 average, then Sam made an A.

Sam did not make an A.

~ Sam did not have a 90 average.
9.9 (a) p ~ g
q-r
P - r
(b) If Sam had a 90 average, then Sam made an A.

If Sam made an A, then Sam made the honor roll.

~ If Sam had a 90 average, then Sam made the
honor roll.
Tt will be easier to define what is meant by a
valid argument pattern than it will be to define what

is meant by a valid argqument. We therefore will delay

momentarily our definition of valid argument, and we

will now define the easier concept of a valid argument

pattern.
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Let us examine argument pattern 9.5 (a) to see if it 1is
valid. Argument pattern 9.5 (a) has two hypotheses.
In order to apply definition 9.10, we will replace H;
with the hypothesis that "p - g", and we will replace H,

with the hypothesis "p". The conclusion of argument
pattern 9.5 (a) is "g". So "g" will replace C in our
definition. We have to check to see if "[(p - g) A p]
- q" 1is a tautology. "[(p - g) A pl - g" is tautology

T, of section 8. Thus, argument pattern 9.5 (a) is a
valid argument pattern. Argument pattern 9.5 (a) 1is an
example of the modus ponens argument pattern.

Let us examine argument pattern 9.6 (a) for
validity. By definition 9.10. argument pattern 9.6 (a)
is valid if and only if "[(p - gq) A g] - p" 1is a

tautology. Truth table 9.11 shows "[(p - gq) AN gl - p
not to be a tautology.

9.11 [ - g9 A gl - p

T T T T T T T

Argument pattern 9.6 (a) is therefore invalid.”
Argument pattern 9.6 (a) is an example of converse

MTnvalid" means "not valid".
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reasoning. Any argument-pattern that has the form of

converse reasoning is therefore invalid.

9.7 (a) is not a valid argument pattern. A truth table
could be made to show "[(p - g) A (~p)] - (~g)" not to
be a tautology. Argument pattern 9.7 (a) is an example
of inverse reasoning. All argument patterns that have

the form of inverse reasoning are therefore invalid.
9.8 (a) is a wvalid argument pattern because

"[(p - g) AN (~q)] - (~p)" is a tautology (T,, section

8). 9.8 is an example of the modus tollens argument

pattern. Any modus tollens argument pattern is
therefore valid.

9.9 (a) is a valid argument pattern because
"[(p - qg) N (p~1r)] » (p~1)" is a tautology (T,
section 8). 9.9 (a) is an example of a syllogism

argument pattern. Any syllogism argument pattern is
therefore valid.

The modus ponens, modus tollens, and syllogism
argument patterns are the three valid argument patterns
we have seen. To emphasize their importance we will
list them below.

9.12 MODUS PONENS MODUS TOLLENS SYLLOGISM
| SRS p ~d | SRS |
b ~4d q-7r
Ao so~p LS p -

We are now going to discuss what 1s meant by a
valid argument. The reader may think that in order to
decide whether an argument is wvalid, one simply finds
an argument pattern for which the given argument is an
instance. TIf the argument pattern is valid, then the
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argument is valid. TIf the argument pattern is invalid,
then the argument is invalid. The trouble with this
idea is that the same argument can be an instance of
several argument patterns, some valid and some invalid.
9.13 (a) p (b) p - ¢ (c) p - g

9 r P_

. T | |
For instance argument 9.5 (b) is an instance of 9.13
(a), 9.13 (b), and 9.13 (c). Argument pattern 9.13 (a)

is invalid. Argument pattern 9.13 (b) is invalid, but

argument pattern 9.13 (c) 1is valid. Therefore, it 1is
difficult to decide whether our argument is valid or
invalid. Our goal is to find for any given argument an
argument pattern with these two properties: (1) if the
argument pattern is valid, then the argument is valid;
(2) 1if the argument pattern is invalid, then the
argument is invalid. To do this, we introduce the
concept of prime statement.

Lco ditionél,i

9.15 EXAMPLE: "1 is less than 2" is a prime
statement. "1 is not less than 2" is not a prime
statement because it is a negation. "Sam went home or

to the gym," 1s not a prime statement because it is a
disjunction. "Sam went home" is a prime statement.
"Sam went to the gym" is a prime statement. "If Sam
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had a 90 average, then Sam made an A" 1s not a prime
statement because it is an implication. "Sam had a 90
average" is a prime statement. "Sam made an A" is a
prime statement.

We are now going to see how we can test an argument
for validity.

Let us now apply 9.16 to argument 9.5 (b) and see

if it is a valid argument or not. 9.13 (a) is not the
argument pattern we are after because the statement "If
Sam had a 90 average, then Sam made an A" had to be
substituted for the statement variable "p". So we
substituted a statement that was not a prime statement
for a statement variable. 9.13 (b) is not the

statement pattern we are after because we substituted
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the same prime statement for the statement variables
"p" and "r" in order to produce 9.5 (b) as an 1nstance
of 9.13 (b). 9.13 (c) 1is the desired statement
pattern. If we replace the prime statement "Sam had a
90 average" for the statement variable "p" throughout
the argument pattern 9.13 (c) and if we substitute the
prime statement "Sam made an A" for the statement
variable "g" throughout the argument pattern 9.13 (c),
then the resulting instance will be the argument 9.5
(b). So it is seen that argument pattern 9.13 (c) does
satisfy requirements set forth in 9.16. We have
previously seen that 9.13 (c) is a valid argument
pattern because it i1s argument pattern 9.5 (a).
Therefore, 9.5 (b) is a valid argument.

Let us now look at argument 9.6 (b) A careful
examination of argument pattern 9.6 (a) will show that
argument pattern meets the requirements set forth in
9.16. Since argument pattern 9.6 (a) is an invalid
argument pattern, then argument 9.6 (b) is an invalid
argument.

We will now test the validity of argument 9.7 (b).
A look at argument pattern 9.7 (a) should convince the
reader that it meets the conditions set forth in 9.16.
Since 9.7 (a) 1s an invalid argument pattern, then
argument 9.7 (b) is an invalid argument.

We will now test the wvalidity of argument 9.8 (b).
A look at argument pattern 9.8 (a) should convince the
reader that it meets the requirements set forth in
9.16. Therefore, argument 9.8 (b) is a valid argument
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since argument pattern 9.8 (a) is a valid argument
pattern.

Now let us look at argqument 9.9 (b). Argument
pattern 9.9 (a) meets the requirements set forth in
9.16. Argument pattern 9.9 (a) is a valid argument
pattern. Therefore argument 9.9 (b) is a valid
argument.

Since argument pattern 9.5 (a) was an example of a
modus ponens argument pattern, it will follow that
argument 9.5 (b) is an example of a modus ponens
argument. using similar reasoning 9.6 (b) 1is an
example of converse reasoning; 9.7 (b) 1s an example of
inverse reasoning; 9.8 (b) 1s an example of a modus
tollens argument; and 9.9 (b) is an example of the
syllogism argument.

All the argument patterns we have checked for
validity have had only two hypotheses. The argument
pattern given in 9.3 had three hypotheses. According
to definition 9.10, argument pattern 9.3 is valid if
and only if "[(p - gq) A (g - ) A (~p)] - (~r)" 1is a
tautology. The hypothesis of the implication is
"(p > gq) AN (g->1r) A (~p)", which is the conjunction of
THREE statement patterns. Since our definitions only

deal with the truth values for the conjunction of two
statements, we do not even know how to determine the
truth values for the conjunction of three statements,
much less make a truth table for the conjunction of
three statement patterns.
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9.18 EXAMPLE OF A TRUTH TABLE FOR THE CONJUNCTION OF
THREE STATEMENT PATTERNS. Make a truth table for

"(p »qg) AN {(g-1r) AN (~p)". Our first attempt might
look like this:

9.18 ® - @ A (@ =~ 1 A (- p)
Case 1| 7 | T | T T | T | T F | T
Case 2 T T T T F F F T
Case 3| T F F F T T F T
Case 4 T F F F T F F T
Case 5 F T T T T T T F
Case 6 F T T T F F T F
Case 7 F T F F T T T F
Case 8 F T F F T F T F

1 2 3 4 5 6 7 8 9 10
Since we have no grouping symbols we would not know how
to fill in the two remaining columns and we would not
know what column contained the truth values for the
whole statement pattern. We will therefore complete
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the truth table no further. We will just keep
definition 9.17 in mind to read the truth values on
truth table 9.19. 1In order to tell the truth value for
case 1 we look at columns 2, 6, and 9 of case 1. We
have the conjunction of true, true, and false
statements respectively. Since at least one of the
statements we are conjuncting is false, we see that
case 1 will be false. Case 2 is false since we are
conjuncting one true statement with two false
statements. Case 5 1s true since we are conjuncting 3
true statements.#

A truth table will now be made to check the
validity of argument pattern 9.3.

9.20

(e » @ A (¢ - ) A (~ pll - (~ 1)
T T | T T | T |T F| T T | F |T
T T | T T | F|F F | T T | T |F
T F | F F| T |T F| T T | F|T
T F | F F|T]|F F| T T | T |F
F | T |T T | T|T T F F|F|T
F | T |T T | F|F T F | T | T|F
F | T|F F|T|T T F |F | F | T
F | T|F F|T|F T F | T | T|F
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(In filling out truth table 9.20 remember there is no
column for truth values of the hypotheses of the
implication. You have to look at columns 2, 6, and 9
in order to determine the truth value of the hypotheses
of the implication.)

A look at truth table 9.20 will show that the statement
pattern under consideration is not a tautology:;
therefore, argument pattern 9.3 is invalid. (This also
means argument 9.4 is invalid since its argument
pattern is invalid).

We have been given the argument pattern for every
argument that we have checked for validity. On most
occasions an argument will be given with no
accompanying argument pattern.‘ Therefore, one will
have to find its argument pattern according to 9.16¢ and
check it for validity. We will look at one such
example now.

9.21 EXAMPLE: Check the following argument for
validity:

(a) Sam did not run or Joe walked

Sam ran.
If Joe did not walk, then Sue got mad.
~ Sue did not get mad.

Let "Sam did run" be a replacement of the statement
variable "p". Let "Joe walked" be a replacement for
the statement variable "g". Let "Sue got mad" be a
replacement for the statement variable "r". Thus, the
argument under consideration has as its argument
pattern the following argument pattern (which satisfies
9.106).
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s ~T
This argument pattern is valid if and only if "{[(~p) V
gl ANp A [(~q) - r]} - (r)" is a tautology.

(c)
[(~ p) V aql AN p A [(~ q - I -+ (~ r)
F | T |T]|T T F|lT|T|T|F|F|T
F | T |T]|T T F|lT|T|F|T|T|F
F | T|F|F T T |F|T|T]|T|F]|T
F | T |F|F T T |F|F|F|T|T]|F
T F|T| T F F|lT|T|T|T]|F|T
T | F|T| T F FlT|T|F|T]|T|F
T | F|T]| F F T |F|T|T|T]|F|T
T | F|T]| F F T |F|F|F|T|T]|F

1 2 3 4 5 o6 7 8 9 10 11 12 13 14
A look at the preceding truth table will show that
"{[(~p) Vgl ANp A [(~q) - r]} - (r)" is not a
tautology. Therefore, argument pattern 9.21 (b) 1is
invalid. So argument 9.21 (a) is invalid since 1its

argument pattern is invalid.#
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The reader may probably wonder why valid argument

" (and valid argument pattern) was defined the way it
was. The reason will be discussed in the next section.
For now it is of prime importance for the reader to
understand how the definition for validity is applied.
EXERCISES:

9.22 Tell whether each of the following is modus

ponens, modus tollens, syllogism, converse reasoning,
Oor inverse reasoning. Tell whether each is valid or
invalid. Do not make truth tables; use the information-
you have already learned in this section.
(a) If 0 < 1, then 4 < 6

0 <1

. 4 < 6

(b) If 0 < 1, then 4 < 6
4 is not less than 6

. 0 is not less than 1
{c) If Sam put on the brakes, then the car stopped.
Sam did not put on the brakes.

~ The car did not stop
{d) If Sam put on the brakes, then the car stopped.
The car stopped.

~ Sam put on the brakes.
(e) If Sam did not sleep, then Sam will be tired.
Sam did not sleep.
~ Sam will be tired.
(f) If Sam worked and 1 < 0, then Joe ran.
Sam worked and 1 < 0.

v Joe ran.
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[ (~w) V s] - (~q)
(~q)
(~w) V s
[ (~w) V s] - (~q)
(~w) V s
~o~q
If A is a set and A = B, then B is a set.
B is a set.
~ A is a set and A = B.

(p V q) - (~w)

~(~w)

- ~(p V q)

[(~p) V q] - (r V s)
~(r V s)

- ~[(~p) V ql]

If 1 < 0, then Sam is not tired.
If Sam is not tired, then 2 < 3.

~ If 1 < 0, then 2 < 3.

9.23 Which of the following argument patterns are

valid?
(a) p Vq (b) p V q (c) pAgq (d) p
~p p - r L p ~p
e q-r |
S X
(e) p~-q (f) p (g) p (h) ~(p A q)
p A (~q) p Vg g (~p) - r



(1)

9.24

(a)

(d)
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p Vg
p~r
q - S
. r N\ s
Which of the following arguments are valid?
If Sam gets elected, then labor will not be all
powerful.
If labor is not all powerful, then democracy will

survive.

~ If democracy did not survive, then Sam did not
get elected.

Sam did not go to town or Joe's house is termite
proof.

If the horse did not eat Joe's grass, then Sam went
to town.

If Joe did not spray for termites, then Joe's house

is not termite proof.

. The horse ate Joe's grass or Joe did spray

for termites.

If you take this insurance policy then (you will
feel secure and your family will have money in
case you die.)

If your family will not have money in case you die,

then you do not love your family.

~ If you do love your family, then you will take
this insurance policy.
If Nashville is in Tennessee, then Sam made an A.

. Sam made an A.
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9.25 Complete the following argument pattern so that
it is (a) modus ponens, (b) converse reasoning, (c)
inverse reasoning, (d) modus tollens, and (e)

syllogism. A - (~B)

9.26 Complete the following argument so that it is (a)
modus ponens, (b) converse reasoning, (c) inverse
reasoning, (d) modus tollens, and (e) syllogism.

If Sam had TB, then Sam had a positive skin test.
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10. DIRECT PROOF

Validity depends on structure, not content. It may
surprise the reader that 9.22 (b) is a valid argument.
9.22 (b) is valid because it is an example of the modus
tollens argument. The reéder may be equally surprised
to find that 9.24 (d) is an invalid argument. 9.24 (d)
is invalid simply because it does not satisfy the

definition for being a valid argument, as we will now
see. 9.24 (d) has the following argument pattern, that
satisfies 9.16.
10.1 P - g

. q
10.1 is an invalid argument pattern since "(p - q) - q"
is not a tautology. Therefore, 9.24 (d) is invalid.
If "Nashville is in Tennessee" was added as an
additional hypothesis for 9.24 (d), then it would be a
valid argument (modus ponens). To say that an argument

is valid does not necessarily mean that the conclusion
is true and it does not necessarily mean any of the
hypotheses are true. The validity of an argument is
entirely independent of the meaning of the statements
that make up the argument. The validity of an argument
is entirely dependent on the structure (pattern) of the
argument. Therefore when one reads an argument, if he
wants to decide on its validity, he should not be
distracted by the meaning of the statements that make
up the argument; he should try to discover the
structure of the argument.



79

Since these unusual arguments turned out to be
valid according to our definition, the reader may begin
to wonder if our definition is "correct" and may be
especially curious as to why we defined it the way we
did. We will tell our reasons after some brief
comments on symbolization.

SYMBOLIZATION: Statements are abstract ideas. "One 1is
less than two," "Une est moins que deux," and "Eins ist

weniger als zwei" are all different symbolizations for
the same statement.” How do symbols get started? A
group of people will agree to let a certain symbol
represent a certain abstract idea. They have it within
their power to choose whatever symbols they want, to
denote whatever ideas they want; there is not right or
wrong choice of symbols. The purpose of symbols 1s to
communicate ideas. In different languages 1t takes
different amounts of symbolization to symbolize the
same idea. The mathematician wants to communicate his
ideas as clearly and economically as possible.
Therefore, the mathematician has it within his power to
symbolize any way he chooses in order to achieve
clarity and economy. For example, the mathematician
can say let "p'" denote the statement "One is less than

T

two. Thus "one is less than two," "Une est moins que

‘When we say "Consider the statement 'One is less
than two,'" what we really mean is "Consider the
statement denoted by (symbolized by) 'One is less than
two. '™

“"More precisely, let "p'" denote the statement
denoted by "One is less than two."
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deux," "Eins ist weniger als zwei," and "p'" are
different denotations for the same statement in
English, French, German, and the mathematician's
language respectively. The mathematician's sole
responsibility is to make it clear which symbols denote
what, so the reader can translate from his language to
the mathematician's, and vice versa.
Now let "p'" denote the statement "Sam had a 90

average." Let "g'" denote the statement "Sam made an
A." Let r' denote the statement "Sam made the honor
roll." Thus "p'", "g'" and "r'" are statements,’ not

statement variables, and since they are statements they
can be replacements for statement variables.

"p - g" is a statement pattern. "p' - g'" is a
statement; moreover, "p' - g'" is the instance of the
statement pattern "p - q" formed by letting "p'" be a

replacement for "p" and letting "gq'" be a replacement

for "g". Consider the two following diagrams:
10.2 (a) p - g (b) p' - q'
q-~-rzI g’ -t
~p ~p'
~r o o~r'
10.2 (a) 1is an argument pattern, not an argument. 10.2

(b) is an argument, not an argument pattern.

Furthermore, it is clear that 10.2 (b) is an instance

‘When we say "p'" is a statement, we mean that same
thing as when we say "'Sam had a 90 average' is a
statement." This will be the last time it will be
mentioned, but in actuality "p'" and "Sam had a 90
average" are both symbolizations of statements.
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of the argument pattern 10.2 (a). The reader may
recall that 10.2 (b) is argument 9.4, which was found
to be invalid.

WHY WAS A VALID ARGUMENT DEFINED THE WAY IT WAS?
We wanted a valid argument to have the property that

whenever the hypotheses of a valid argument were

accepted as true, one would necessarily have to accept

the conclusion as being true. We maintain that the

definition given for valid argument achieves this goal,

and we will now explain why, using the following valid

argument (modus tollens) with two hypotheses:

10.3 If Sam had a 90 average, then Sam made an A.
Sam did not make an A.

~ Sam did not have a 90 average.
We will let "p'"™ denote "Sam had a 90 average". We

let "g'" denote "Sam made an A." Now note that 10.4
(a) is another way of writing argument 10.3. Note
also, that 10.4 (b) is the argument pattern for 10.4
(a) that satisfies 9.16.
10.4 (a) p' - q' (b) p - ¢

~q' -9

~ ~p' L P
Keep in mind that we are trying to show that if the
hypotheses of the valid argument 10.4 (a) are true,
then the conclusion 1is forced to be true. So let us
assume the hypotheses "p' - g'" and "~q'" are true and
show that "~p'" must be true. Since 10.4 (a) 1is a
valid argument, 10.4 (b) is a valid argument pattern.
Therefore, "[(p - q) AN (~gq)] - (~p)" must be a
tautology. "[(p' - g') A (~g')] - (~p")" is an
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instance of "[(p - gq) A (~q)] - (~p)" and 1is true since

every instance of a tautology is true. Since "p' - g

and "~q'" are both true, "(p' - g') A (~q')" is true.
Now "[(p' - gq') A (~q")] - (~p')" 1s a true implication
whose hypothesis "(p' - g') A (~q")" is true; so "~p'"

has to be true (if "~p'" were false, the implication
"I(p" - g'") A (~q")] = (~p")" would be false). It 1is
hoped that this argument has convinced the reader that
a valid argument with true hypotheses must have a true
conclusion.
10.5 EXAMPLE: Assume "p' -» g'" and "g' - r'" are true
statements. Under this assumption we are forced to
accept that "p' - r'" is a true statement since "p' -
r'" is the conclusion of a valid (syllogism) argument
whose hypotheses ("p' - g'" and "g' - r'") are true.#
Direct proof. In Section 9 we learned that by

making the proper truth tables we could tell whether an
argument pattern was valid or invalid. This "truth
table method" was good because one could prove every
argument to be either valid or invalid, but for
argument patterns with may hypotheses the "truth table
method" can become very cumbersome and time consuming.
We are now going to learn a different way to prove an
argument pattern valid; this method of proof is called
the direct proof. Unlike the "truth table method" we
will not be able to prove an argument invalid using the

direct proof method. The direct proof method for

showing an argument pattern valid will make
considerable use of the list of tautologies (Section 8)
and our already known valid argument patterns. We will
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now tell how one proves an argument pattern valid by
direct proof; next we will give a specific example of
an argument pattern proven valid by direct proof; and

then we will explain why a direct proof does indeed

prove an argument pattern to be wvalid.

(Note: We may use the fact that a valid argument

with true hypotheses must have a true conclusion.)
10.7 EXAMPLE: Prove the following argument pattern
valid by direct proof.

p - q
(~x) - (~q)
<
r
0. Assume "p'", "q'", and "r'" are arbitrary

statements that are replacements for "p", "q",
and "r" respectively.
p' - q' Assumed for direct proof

2. (~r') - (~q") Assumed for direct proof
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3. p' Assumed for direct proof
4, q' - r' 2, Contrapositive

5. p' - r' 1, 4, Syllogism

6. r' 5, 3, Modus ponens

Every direct proof will be written in the above

form. The column on the left is a list of true

statements. The column on the right tells the reason
why the statements are true. Let us note how
directions 10.6 were followed. Lines 0, 1, 2, and 3
satisfy 10.6 (a); we are assuming "p'", "g'", and "r'"
are arbitrary statements that are replacements for "p",
"g", and "r" respectively, that make all the hypotheses
true. Our goal according to 10.6 (b) is to show that
the conclusion must be true. Since "r" 1s the
conclusion of the argument pattern and "r'" is a
replacement for "r", then "r'" i1is the conclusion of the
argument, and our goal is to show that "r'" must be
true. line 2 1is the contrapositive of line 4. A
statement that is an implication and its contrapositive
are equivalent statements, so they have the same truth
values. Since statement 2 is true, statement 4 must be
true and 1s added to the column of true statements ("2,
T." could also be used as a reason for 4 being true,
since T,, tautology 7, tells us that an implication and
its contrapositive are equivalent). Statements 1 and 4
are true statements that are hypotheses for a syllogism
argument. Statement 5 1s the conclusion for this
particular sylloglsm argument. Statement 5 1is
therefore true and 1is added to our list of true

statements. Statements 5 and 3 are true statements
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that are hypotheses for a modus ponens argument.
Statement 6 is the conclusion for this modus ponens
argument. Statement 6 i1s, therefore, true and is added
to our list of true statements. Statement 6 is the
statement we were trying to show must be true, so our
proof 1s concluded.

The reader may wonder how do you know what
statement to put next in a direct proof? You have to
"see the light"! The best way known to "see the light"
is first, to have the tautologies, known valid
arguments, and truth table 3.1 learned, memorized, and

absorbed -- this cannot be over-emphasized. Second, on
a sheet of scratch paper write down the hypotheses that
you have assumed true. Third, as you diligently think

on the problem, write down on the scratch paper other
statements that have to be true because of the
tautologies, known valid arguments, and truth table
3.1, and try to get the conclusion to be one of them.
Fourth, once the conclusion is added to the list of
known truths, then write down your direct proof leaving
out all the statements on your scratch paper that have
no part in showing the conclusion to be true. So you
"see the light" after hard work.

But the reader may wonder what happens if you try
all of this and are still unable to show the conclusion
true; does that mean the argument pattern is invalid?
No, not necessarily. Just because the reader is unable
to get a direct proof does not mean that it is
impossible to get a direct proof. The only way we know
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to prove an argument pattern invalid is by the truth
table method.
The reason why a direct proof proves an argument

pattern to be valid: The only way a statement that 1is

an implication can be false is for the hypothesis to be

true and the conclusion to be false.

10.9 (a) p - g (b) p' - q'
(~r) - (~q) (~r') - (~q')
P p'
r L r!

In example 10.7 we claimed we had proven 10.9 (a)
valid because we had followed the procedure outlined in
10.6; we will now see why procedure 10.6 proves 10.9
(a) valid. If we can show "[(p - q) A (~r - ~q) A p] -
r" to be a tautology, then we have proven 10.9 (a)

valid. "[(p - gq) A (~r -~ ~q) A p] - r" is a tautology
if and only if everyone of its instances is true. Let
us assume "[(p' - q') A (~r' - ~q') A p'] » r'" is an
arbitrary instance of "[(p - q) A (~r - ~q) A p] - r".

Since "[(p' - q') A (~x'" = ~q') Ap'] - r'" 1is

arbitrary, 1f we show it to be true, then we have shown

that every instance of "[(p - q) A (~r - ~q) A p] - "

is true. According to 10.8, if we assume "(p' - g') A
"l

(~r' - ~q') A p'" true and show "r'" true, then (p' -
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q') AN (~x'" - ~q') AN p'] - r'" must be true, making "[(p
- q) N (~r - ~q) A p] - " a tautology, making 10.9 (a)
valid. So when we assume 10.9 (b) to be an arbitrary
instance of 10.9 (a) whose hypotheses "p' - g'", "~r' -
~q'", and "p'" are true and show "r'" true, we are not
only following directions 10.6, we are also following
the procedure described in the previous sentence that
proves an argument pattern valid. (If the reader did
not follow the preceding discussion, 1t is unimportant.
it is important for the reader to be able to prove an
argument pattern valid by direct proof.)

10.10 EXAMPLE: Prove the following argument pattern
valid by direct proof.

= ~(p V q)
0. Assume each of "p'", "g'", "r'", and "s'" are
arbitrary statements that are replacements for

llp"’ llqll’ llrll’ and "s" respectively.

1. p' - ¢! Assumed for direct proof

2. q' - s Assumed for direct proof

3. (~r') A (~s') Assumed for direct proof

4, ~r' 3, Truth table definition
of conjunction

5. ~p' 1, 4, modus tollens

~s' 3, Truth table definition
of conjunction

1. ~q' 2, 6, modus tollens
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8. (~p") A (~q") 5, 7, Truth table
definition of conjunction
9. ~(p' V. gq') 8, T, (DeMorgan's Law)
Statement 4 and statement 6 are true because they
are the component parts of the true conjunction
statement 3.
10.11 EXAMPLE: Prove the following statement pattern.
valid by direct proof:
~[p - (~q)]
(p Aq) = [(-r) Vs]
. T - S |

0. Assume "p'", "g'", "r'", and "s'" are arbitrary

statements that are replacements for "p", "q",

"r", and "s" respectively.
~[p' = (~q")] Assumed for direct proof
(p'" A gq'") - [(~r'") V s'] Assumed for direct
proof

3 < [~(~q")] 1, Ts

4. p' A q' 3, T

5 (~r') V s' 2, 4, modus ponens

6. r' - s' 5, Ts

EXERCISES:
10.12 Everyone of the following argument patterns that

is valid try to prove valid by means of direct proof.
Everyone of the following argument patterns that is
invalid is to be proven invalid by means of a truth
table.



(~r) = ( ~p)
q
. I

(c) p ~ ¢
~(p - r)
(g Vs) -w
W

(h) ~[p V (~r)]
qga-p
. ~(g V 1)

(k) p - ¢
~(p » r)
~ ~(q = r)

10.13 Prove each of 9.24
means of direct proof.
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r - (p A g
~r
(p - q) - Ww
~(r - s)
r -~ [{~p) V q]
W
(p Agq) = (g) p -~ (~9)
~q r - q
~T ~ ~(p A 1)
P - q (3) p Vg
(p - q) - w p~-r
(9 - p) = s q-r
. w A s o r
q V (~p)
~[a A (~r)]
~p T

(a) and 9.24 (b) valid by
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11. INDIRECT PROOF

The indirect proof is a third way one can show an
argument pattern valid. Just like the direct proof,
the indirect proof cannot be used to prove an argument
pattern invalid. The truth table method is still the
only way we know to prove an argument pattern invalid.

One way to prove a statement true is to assume the

statement false and by means of valid reasoning arrive

at a contradiction. Since we do not allow

contradictions in mathematics, if there is nothing
wrong with the reasoning, then the assumption that the
statement was false must be wrong. Since it is wrong
that the statement is false, the statement must be
true. This type of argument is the basis of all

indirect proof.”

‘We probably have been using indirect proof without
realizing it. We usually use it to answer this
question: If p is true and p - g is true, then why
can't g be false?
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11.1 (a) is really saying "assume the argument pattern
invalid." (We well convince the reader of this
momentarily.) So when one arrives at a contradiction,
it means the assumption that the argument was invalid
is wrong. Therefore the argument must be valid.

Let us look at an arbitrary argument pattern™ and
show that when one assumes 11.1 (a), he is assuming the
argument pattern to be invalid.

11.2 (a) H; (b) A,
Hy_ By
~ C ~ B
Let us assume 11.2 (b) is an instance of 11.2 (a) for

which the hypotheses are true and the negation of the

conclusion is true. "(A; A A,) A (~B)" must therefore
be a true statement. By Ts, "(A; A B,) A (~B)" is
equivalent to "~[(A; AN A,) - B]" is therefore true.
This means "(A; A A,) » B" is false. "(A;, A A,) - B" 1is

““For convenience sake, we will consider an
argument pattern with only two hypotheses.



92

a false instance of "(H; A H,) - C". Therefore, "(H, A
H,). - C" 1s not a tautology since every instance of a
tautology must be true. Thus, 11.2 (a) is invalid
since "(H, A H,) - C" is not a tautology. By similar
reasoning one can show that if 11.2_(a) 1s assumed
invalid then there is an instance of 11.2 (a) for which
the hypotheses are true and the negation of the
conclusion is true. Therefore, when one assumes 11.1
(a), one is really assuming that the given argument
pattern is invalid.

11.3 EXAMPLE: Prove 10.12 (j) valid by indirect
proof. (This argument pattern is called "proof by

cases". It plays a very important role in proof and
should be remembered.)

10.12 (3) p Vg
p - r
q-r
. T
0. Assume each of "p'", "g'", and "r'" is a
replacement for "p", "q", and "r" respectively.
1. p'" V qg' Assumed for indirect proof
2. p' - r' Assumed for indirect proof
3. qgq' - r' Assumed for indirect proof
4. ~r' Assumed for indirect proof
5. ~p' 2, 4, modus tollens
6. ~q"' 3, 4, modus tollens
7. (~p') A (~q") 5, 6, truth table definition
of‘conjunction
8. ~(p' Vaq') 7, T

9. p' Vq' Contradiction 1
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Lines 0, 1, 2, 3, and 4 fulfill the requirements of
11.1 (a). Lines 0, 1, 2, 3, and 4 really say that

pl v ql
pl - rl
qv - !
. r'!

is an instance of the argument pattern for which the
hypotheses are true and the negation of the conclusion
is true. 1In all indirect proofs it is good to write
the two contradictory statements together as we have
done in statements 8 and 9 to make the contradiction
clear.

This example of an indirect proof shows clearly the
power of an indirect proof. The reader was probably
unable to get a direct proof for 10.12 (j), but the
indirect proof is relatively easy.

Note that the procedure for writing up an indirect
proof 1s the same as that for a direct proof. The left
column is a list of true statements and the right

column tells the reason each statement is true.
11.4 EXAMPLE: Prove 10.12 (g) valid by means of an
indirect proof.

10.12 (qg) p - (~q)
r - g
» ~(p A )
0. Assume each of "p'", "g'", and "r'" are

statements that are replacements for "p", "qg",
and "r" respectively.
I. p' - (~q") Assumed for indirect proof

r' - q' Assumed for indirect proof
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3. ~[~(p" A r")] Assumed for indirect proof
p' A r' 3, Ty

5. p' | 4, truth table definition for
conjunction

6. r' 4, truth table definition for
conjunction

7. ~q'} 1, 5, modus ponens

8. q' Contradiction 2, 6, modus ponens

The reader might have gotten the wrong impression
from example 11.3 that in order to get a contradiction
for an indirect proof one had to prove the negation of
one of the hypotheses to be true. In example 11.3 we
proved by step 8 that the negation of "p' V g'" was
true and "p' V gq'" was one of the hypotheses. A
purpose of example 11.4 is to show that any
contradiction whatsoever will satisfy the requirements

set forth in 11.1 for proving an argument pattern valid
by indirect proof. 1In example 11.4 the contradiction
is that both "g'" and ~g'" are true; neither "g'" not
"~q'" is one of the hypotheses.

During the discussion of direct proof the following
question was asked; "If one is unable to get a direct
proof that an argument is valid, then does that prove
that the argument pattern is invalid?" The answer was
"no". Let us consider a similar question for indirect
proof. If one tries to prove an argument pattern valid
by means of an indirect proof, but cannot arrive at a
contradiction, then does that prove that the argument

pattern 1s invalid? The answer again 1s "no". Just
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because one person cannot arrive at a contradiction
while attempting an indirect proof does not mean that
another person with different insights will not be able
to arrive at a contradiction. But i1f a person with
good insights into logic is unable to get either a
direct or indirect proof for an argument pattern, then
one should consider the possibility that the argument
pattern is invalid.

Since the last three sections have been the main
purpose of all we have been studying, then let us
review some important things we have learned. We have
learned three methods to prove an argument pattern
valid. They are: (1) truth table, (2) direct proof,
and (3) indirect proof. We have learned only one way
to prove an argument pattern invalid and that is by
means of a truth table.

11.5 EXAMPLE: Prove 9.24 (b) to be a valid argument
by truth table, direct proof, and indirect proof.

Sam did not go to town or Joe's house is termite proof.
If the horse did not eat Joe's grass, then Sam went to
town.

If Joe did not spray for termites, then Joe's house is
not termite proof.

~ The horse ate Joe's grass or Joe did spray for
termites.

Let "Sam did go to town" be a replacement for the
statement variable "p". Let "Joe's house is termite
proof" be a replacement for the statement variable "g".
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Let "The horse did eat Joe's grass" be a replacement
for the statement variable "r". Let "Joe did spray for
termites" be a replacement for the statement variable
"s". Therefore, argument 9.24 (b) has as its argument
pattern which satisfies 9.16 the following argument

pattern:
(~p) V g
(~r) - p
(~s) - (~9)
- r Vs

The preceding argument pattern will now be shown valid
by each of the three designated methods. Argument 9.24
(b) 1s therefore valid since its argument pattern
according to 9.16 is valid.

a) The argument pattern proven valid by truth table
(shown on following page):
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Therefore our argument pattern under consideration 1is a
valid argument pattern.
(b) The argument pattern proven valid by direct proof:

0. Assume each of "p'", "g'", "r'", and "s'" is a

statement that is a replacement for "p", "q",

"r", and "s" respectively.

(~p') V q' Assumed for direct proof

(~r') - p' Assumed for direct proof
s') - (~q") Assumed for direct proof

¢ Ts

, Contrapositive

4, Syllogism

~

5, Syllogism

T

r Tao

(c) The argument pattern shown valid by indirect proof:

~

~

W O 3 o O = W DD
1
)]

1
3
) - q' 2
' 6
;
8

0. Assume each of "p'"™, "g'", "r'", and "s'" is a
statement that is a replacement for "p", "g", -

"r", and "s" respectively.
)

(~p') V q' Assumed for indirect proof
(~r') - p' Assumed for indirect proof
3. (~s') - (~q") Assumed for indirect proof
3a. ~(r' V s'") Assumed for indirect proof
4. p' - qg' 1, T,
5. g' - s' 3, Contrapositive
6. (~r') - q' 2, 4, Syllogism
7. (~xr') - s 6, 5, Syllogism
8. [~(~r')] V s 7, T
9. r' V s' } 8, Ty
10. ~(r'" V s')) Contradiction 3 (a)
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11.5 (b) and 11.5 (c) illustrate that if one can
get a direct proof, then one can always get an indirect
proof. If one is able to get a direct proof, that
means that he is able to prove that the conclusion 1is
true. Since one of the initial assumptions of an
indirect proof is that the negation of the conclusion
is true, one would always be able to arrive at the
contradiction that the conclusion and its negation are
both true. Note that steps 1, 2, 3, 4, 5, 6, 7, 8, and
9 are identical in 11.5 (b) and 11.5 (c¢). The indirect
proof 11.5 (c) contains the direct proof 11.5 (b) in
order to prove the conclusion "r' V s'" true in step 9;
this automatically contradicts that the negation of the
conclusion "~(r' V s')" is true (step 3a).

11.6 EXAMPLE: The following argument is a valid
argument.

Sam went to town.

Sam did not go to town.

~ Jack has a car.
Let us examine the reason why this strange-looking
argument is valid. This argument has the following
argument pattern:

p

P

- g
This argument is valid since "[p A (~p)] - gq" is a
tautology. "[p A (~p)] - q" is a tautology since every
instance of this implication will have a false
hypothesis, thereby making every instance a true
implication.
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This example illustrates that every argument with

contradictory hypotheses
EXERCISES:
11.7

is a valid argument.#

Attempt an indirect proof for every valid

argument pattern in 10.12 for which the reader was

unable to get a direct proof.

11.8
is valid is to be proven
proof. Every one of the
that is invalid 1is to be
truth table.
(a) p ~ ¢

~(p » r)

~ ~(q = 1)

Every one of the following argument patterns that

valid by means of an indirect
following argument patterns
proven invalid by means of a

(b) p - [(~q) A (~r)]
q A r
2 D
(e) p -~ Qg
p - (~q)
p
(~p) - (9 V p)
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12. OPEN SENTENCES

CONSTANTS, REPLACEMENTS, AND VARIABLES. During our
discussion of the propositional calculus, we used

variables very extensively. On one occasion we briefly
mentioned real number variables, but for the most part
we have talked about statement variables. We are now
going to broaden our discussion to talk about variables
in general. A variable is a symbol that is a place-

holder for any element of a given class. We stated

previously that a statement variable is a symbol that
is .a place-holder for any statement. We see that what
we have been calling a statement variable fits our
description for being a variable, because the given
class whose elements can replace the variable is the
class of all statements. A real number variable is a
symbol that is a place-holder for any real number. We
see that a real number variable fits our description
for being a variable, because the given class whose
elements can replace the variable is the class of all
real numbers. By a replacement for a statement

variable, we mean a statement. By a replacement for a

real number variable, we mean a real number. In

general a replacement for a variable 1s any element

from the given class for which the variable is a place-

holder. On some occasions in mathematics we will use
two or more words to mean the same thing. For
instance, "set" and "collection" are two words that
mean the same thing. A reason for using two words to
mean the same thing is to make sentences more readable
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that use the same concept over and over in one
sentence. It seems more readable to talk about a
collection of sets than a set of sets. The preceding

reason is one of the reasons why we will use the word
"constant" to mean the same thing as the word

"replacement" throughout the remainder of this book.

It seems clearer to say "constants replace variables"”
than to say "replacements replace variables." When we
talk about letting a constant replace a statement
variable, the context demands that the constant be a
statement since statements are replacements for

statement variables. When we talk about replacing a
constant for a real variable (real number variable),
‘the context demands that the constant be a real number

since real numbers are replacements for real variables.
Due to the reader's probable background in algebra and
elementary calculus, he/she has probably encountered
the word "constant" only in the sense of a constant
being a real number. This because the only variables
used in algebra and elementary calculus are real
variables.

OPEN SENTENCES. The following expressions are
examples of open sentences.
12.2 x 1s less than 2.
12.3 y had a 90 average.
12.4 p if and only if [~(~p)].
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12.5 X is a set and y is an element of X.
12.6 x + vy < 10
We can think of an open sentence as an expression

involving variables that is not a statement, but

becomes a statement when constants replace all the

variables. A statement that is formed by replacing

constants for all the variables in an open sentence is

called an instance of the open sentence. We will take

a closer look at open sentences 12.2 through 12.6 and
some of their instances in the following examples:
12.7 EXAMPLE: Open sentence 12.2 is "x is less than

2." The only variable in this expression is "x". From
the context we see that "x" is a real variable, thus
"x" is a place-holder for any real number. If we
replace "x" with the constant "1" we get "1 1s less

"o,

than 2" as a true instance of 12.2. If we replace "x
with the constant "3%" we get "3% is less than 2" as a

false instance of 12.2.#
12.8 EXAMPLE: Open sentence 12.3 is "y had a 90

average." The only variable in this expression is "y".

From the context we see that "y" is a place-holder for
any person. If we replace "y" with the constant "Tom
Smith" we get "Tom Smith had a 90 average" as an
instance of 12.3.#%

12.9 EXAMPLE: Open sentence 12.4 is "p if and only if
[~(~p)]." The only variable in this expression is "p".
From the context we see that "p" is a statement
variable; thus, "p" is a place-holder for any
statement. If we replace "p" with the constant "Sam
had a 90 average," we get "Sam had a 90 average if and
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only if it is false that Sam did not have a 90 average"
as a true instance of 12.4. It should be clear to the
reader that every instance of 12.4 will be true since
12.4 is a statement pattern that is a tautology.#

12.10 EXAMPLE: Open sentence 12.5 is "X 1s a set and
y 1s an element of X." Open sentence 12.5 involves the
two variables "X" and "y". If we replace "X" with the
constant "{1,2}" and "y" with the constant "2" we get
the true instance "{1,2} is a set and 2 1s an element
of {1,2}." If we replace "X" with the constant
"{1,2,3}" and "y" with the constant "5" we get the
false instance "{1,2,3} is a set and 5 is an element of
{1,2,3}."#

12.11 EXAMPLE: Open sentence 12.6 is "x + y < 10."
12.6 involves the two real number variables "x" and

"y". If we replace "x" with the constant "-3" and "y"
with the constant "16" we get the false instance "-3 +
16 < 10."#

We have seen that one way to make a statement from

an open sentence 1s to replace constants for all the

variables in the open sentence. In the next section we

will study yet another way to make a statement from an

open sentence.
12.12 EXAMPLE: Let I = {1,2,3,4} and let "P(x)"
denote the open sentence "x + 5 < 10."™ Does every

replacement for "x" from "I" make a true instance of
"P(x)"? If "1" replaces "x" then we get the true

instance "1 + 5 < 10." If "2" replaces "x", then we
get the true instance "2 + 5 < 10." If "3" replaces

"x" then we get the true instance "3 + 5 < 10." If "4"
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replaces "x" then we get the true instance "4 + 5 <
10." Thus every replacement for "x" from "I" makes a

true instance of "P(x)".#

EXERCISES:
12.13 Assume P(x) 1is the open sentence "x is an even
positive integer and x is less than 10." Name 3 true

instances of P(x) and name 3 false instances of P(x).
12.14 Assume P(x) 1s the open sentence "x is a
positive integer implies x is a real number."
(a) Does P(x) have a true instance? If yes, then
name one.
(b) Does P(x) have a false instance? If yes, then
name one.
12.15 Let A = {3,5,7} B = {5,6,7,8}
c=4{1,2,3,4,5,6,7,8,9}
(a) List all the replacements for x that make true
instances of "x € A or x € B".
(b) List all the replacements for x that make true
instances of "x € A and x € B".
(c) List all the replacements for x that make true
instances of "x € C and x ¢ B".
12.16 Tell the truth value of each of the following
statements. (Assume A, B, and C are the sets in
12.15.)
(a) Every replacement for x from A makes a true
instance of "x € A implies x € B".
(b) There is a replacement for x from A that makes
a true instance of "x € A and x ¢ B".
(c) Every replacement for x from C makes a true
instance of "x € B implies x € C".
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There i1is a replacement for x from C that makes
a true instance of "x € B and x g C".

Every replacement for x from C makes a true
instance of "x € A or x £ B".

There is a replacement for x from C that makes
a true 1instance of "x € A and x € B".

Every replacement for x from C makes a true
instance of "x € B and x g C".

There is a replacement for x from C that makes

a true instance of "x € B implies x € C".
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13. QUANTIFIERS

In Section 12 we learned that one way to make a
statement out of an open sentence is to replace all the
variables with constants. In this section we will
learn another way. Exercise 12.16 is designed to
introduce this section which we are now studying.
Problems 12.16 (a), (c), (e), and (g) are designed to
introduce the universal quantifier "for every". "V" is
a symbol for "for every". The expressions "for each"

and "for all" are alternate ways of writing the

universal quantifier "for every".

13.2 EXAMPLE: This example refers to exercises 12.6
(a), (c), and (e). Recall that in exercise 12.15, A =
{3,5,7}, B = {5,6,7,8}, and C = {1,2,3,4,5,6,7,8,9}.

12.16 (a) reads: Every replacement for x from A
makes a true instance of "x € A implies x € B". Using
the symbolism introduced in definition 13.1, 12.16 (a)
could be written "V x € A, x € A implies x € B". If we
let R(x) denote the open sentence "x € A implies x €
B", then 12.16 (a) could read "V x € A, R(x)". It
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should be noted that A is our class of replacements for
"x".

12.16 (c) reads: Every replacement for x from C
makes a true instance of "x € B implies x € C". Using
the symbolism introduced in definition 13.1, 12.16 (c)
could be written "V x € C, x € B implies x € C". 1If we
let S(x) denote the open sentence "x € B implies x €
C", then 12.16 (c) could read "V x € C, S(x)". It
should be noted that C is our class of replacements for

"x",

12.16 (e) reads: Every replacement for x from C
makes a true instance of " x ¢ A or x ¢ B". Using the
symbolism introduced in definition 13.1, 12.16 (e)
could be written "V x € C, x g A or x £ B". 1If we let
T (x) denote the open sentence "x ¢ A or x ¢ B", then
12.16 (e) could read "V x € C, T(x)". It should be

X".#

In our previous statements we said we were going to

noted that C is our class of replacements for

learn a new way to change an open sentence into a
statement. We should note that in the preceding
example, all that was needed to change the given open
sentence into a statement was to prefix the open
sentence with the universal quantifier. For example,
in example 13.2, "x € A implies x € B" is an open
sentence; it 1s not a statement. When we prefixed it
with the universal quantifier, we came up with "V x €
A, x € A implies x € B" which is a statement (a false
statement). In example 13.2 we were considering the
open sentence "x € B implies x € C." This is not a

statement. But when we prefixed this open sentence
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with "V x € C," we formed the statement "V x € C, x € B
implies x € C" (a true statement). In example 13.2 we
were considering the open sentence "x € A or x £ B."
This is not a statement. But when we prefix this open
sentence with "V x € C," we form the statement "V x €
C, x A or x £ B" (a false statement).

We are now going to study another quantifier: the
existential quantifier. The existential quantifier 1is
"there is". Another way of saying the existential
quantifier is "there exists" or "for some". A symbol
used to denote the existential guantifier is "d".

Therefore, "d", "for some", "there is", and "there

exists" may all be used interchangeably.

13.4 EXAMPLE: 12.16 (b), (d), (f), and (h) are all
used to introduce the existential quantifier;
therefore, we will look at some of them in this

example. The sets A, B, and C, are as defined in
12.15.
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12.16 (b) reads: There is a replacement for x from
A that makes a true instance of "x € A and x Z B".
Using the symbolism introduced in definition 13.3,
12.16 (b) could be written "I x € A 2 x € A and x & B".
If we let P(x) denote the open sentence "x € A and x ¢
B", then 12.16 (b) could read "d x € A 3 P(x)". Note
that A is the class of replacements for "x".

12.16 (d) reads: There is a replacement for x from
C that makes a true instance of "x € B and x & C".
Using the symbolism introduced in definition 13.3,
12.16 (d) could be written "d x € C 3 x € B and x g C".
If we let Q(x) denote the open sentence "x € B and x ¢
C", then 12.16 (d) could be written "d x € C 2 Q(x)".
Note that C is the class of replacements for the

variable
12.16 (f) reads: There is a replacement for x from

X

C that makes a true instance of "x € A and x € B".
Using the symbolism introduced in 13.3, 12.16 (f) could

be written "d x € C 2 x € A and x € B". If we let M(x)
denote the open sentence "x € A and x € B", then 12.16
(f) could be written "d x € C 2 M(x)". ©Note that C is

the class of replacements for the variable "x".#

Let us now notice how the existential quantifier is
used to make statements out of open sentences in
example 13.4. 12.16 (b) considers the open sentence "x
€ A and x € B"; it is not a statement. But when "3 x €
A" i1s prefixed to the open sentence "x € A and x ¢ B",
we formed the statement "d x € A 2 x € A and x € B" (a
true statement). 12.16 (d) considers the open sentence
"x € Band x € C"; it is not a statement. But when "3
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x € C" is prefixed to the open sentence "x € B and x ¢
C", we formed the statement "3 x € C 2 x € B and x & C"
(a false statement).

The universe of replacements: In definitions 13.1

and 13.3, the class I of replacements for x is called

the universe of replacements for x. In example 13.2,

we noted that the universe of replacements for 12.16
(a) 1s the set A. In example 13.2 we noted that the
universe of replacements for 12.16 (c) is the set C,
and we noted that the universe of replacements for
12.16 (e) again is the set C. 1In example 13.4 the
universe of replacements first for 12.16 (b) is the set
A. For 12.16 (d) and (f) the universe of replacements
is the set C. On many occasions we will not
specifically state the universe of replacements. It
will be understood. For example, let's consider the
statement "V x, if x is a positive integer then x is a
real number." Here 1t i1s understood that the universe
of replacements for x contains at least all of the
positive integers and at least all of the real numbers.
In the statement "V x, x € B implies x € C" the
understood universe of replacements for x contains at
least all the elements in B and it contains at least
all of the elements in C. For the statement "V x, x is
a positive integer, if and only if x is a natural
number" the understood universe of replacements for x
contains at least every natural number. Two things
should be noted in our discussion about understood

universes. First of all, the only examples given where

the universe of replacements for x is not specifically



112

stated following "V" are statements involving

implications and biconditionals. Usually this will be

the only time the universe of replacements for x will
be understood. When the statement under consideration
involves a conjunction, disjunction, or negation, the
universe of replacements for x will almost always be
specifically stated, if the quantifier under
consideration is "V". Secondly, it should be noted
that when we were naming the understood universe of
replacements for x, we used the words "at least". When
we talked about the understood universe of replacements
for x for the statement "V x, x € B implies x € C", we
salid that it contained at least every element in B and
at least every element in C. We do not have to worry
about replacements for x with elements other than those
from B and C because they will make the implication "x
€ B implies x € C" true, because the implication would
have a false hypothesis. This may sound confusing at
first but it will be very helpful later on. So a
general rule would be that any time there is an
understood universe of replacements for x, the
understood universe should contain at least every
element of every set in the open sentence that is
associated with the wvariable x. The context usually
makes the understood universe clear.

There is no magic about the variable x. Any symbol
may be used as a variable. "V x, x € B implies x € C"
and "V y, y € B implies y € C" both mean the same
thing. So in review "V x, P(x)" means "every

replacement for x from the understood universe makes a
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true instance of P(x)." Also "d x 2 P(x)" means "there
is a replacement for x from the understood universe
that makes a true instance of P(x)." Usually, when the
quantifier "V" is used and the universe is understood,
the open sentence following the quantifier "V" will be
either an implication or biconditional. (This will not
necessarily be the case when "dJ" is used and the
universe is understood).

This still leaves the question unsettled as to what
are all of the elements in an understood universe. We
know "at least" which elements are in an understood
universe. A good rule to go by is the following:

Unless the context demands differently, the universe of

replacements for "V x, P(x)" and "d x, P(x)" are

precisely those elements that are meaningful

replacements for x. The following example will

illustrate this rule.
13.5 EXAMPLE: Let A = {3,5,7}.
Let C = {1,2,3,4,5,6,7,8,9}

(a) The universe of replacements for "4 x, x < 1"
would be the set of real numbers, since any
replacement for x other than a real number
would be meaningless ({1} < 1 is meaningless.
(2,7) < 1 is meaningless.)

(b) The universe of replacements for "V x, x.€ A
implies x < 10" would be the set of real
numbers. Even though 20 ¢ A, it is meaningful
to say "20 € A implies 20 < 10." So notice
that the understood universe contains "at
least" the elements of A.
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(c) The universe of replacements for "V x, x € A
implies x € C" 1s the class of all elements
that can be an element of some set. For
instance " (2,7)" can be an element of a set, so
"(2,7)" is an element of the understood
universe. Notice that "(2,7) € A implies (2,7)
€ C" is a true instance of "x € A implies x €
C" since "(2,7) € A" 1s a false hypothesis.
Notice also that the understood universe
contains at least all of the elements of A and
at least all of the elements of C.

(d) The universe of replacements for "d x, x € A
and x € C" is the same as the universe
described in 13.5 (c).#

EXERCISES: Let N denote the set of positive integers
and let R denote the set of real numbers. ' Tell whether

each of the following statements is true or false.
Write out what eadh statement means according to
definitions 13.1 and 13.3. If the universe of
replacements is an understood universe, then name an
acceptable universe.
13.6(a) dx € R2x+ 7 # 10 (Answer: According to
definition 13.3, 3 x € R 2 x + 7 # 10 means:
There is a replacement for x from R that makes
a true instance of "x + 7 # 10." This is true.
4 is one such replacement.)
(b) V %, x € N implies x > 0. (Answer: This
means: Every replacement for x from the

understood universe makes a true instance of "x

€ N implies % > 0." This is true. The



13.

13.

13.

13.

13.

13.

13.

13.

13.

13.

13.

13.

13.

7

8

10

11

12

13

14

15

16

17

18

19

o v O O O N O N O N O o8N o o oo

115

universe contains at least every element in N.
The universe is the set of real numbers since
real numbers are the only meaningful
replacement for x in "x > 0".)

dx eR, x +7 =10

R, x + 7 # 10

R 2x <5

R, x < 5

R, X € N

R, x €N

N>n+1§¢N

N, n+ 1 €N
R, x + x = X
R 2 x + x # x°
R 3x + x = x°
R, X + x # x ?

Q

2

R, X € R implies x € N
R 2x €R and x € N
R, x € N implies x € R
R 2x €N and x € R
N, n-1 €N
N, n-1¢N

€ N implies x € R

€ N and x € R

€ N implies x + 1 € N
Xx €ENand x + 1 €N
@ denote the empty set.

S8 X X X X X X X X B 3 X X X X X
M M M M MM M M M @ M Mm@ M- M MM M M M

w

w
XX X

Xy

W << W << W <<W<<W<<CWWwWw<<CWwWw

gy
0]
ct
X

(a) V X, X € o implies x € N
(b) 4 x, X € @ and x € N
(a) V x, x € {1,2} implies x € N
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(b) 3 x 3 x € {1,2}) and x € N

13.20 Let E denote the set of even positive integers.

(a) Vn, n € E if and only if
a factor of n)

(n € N and 2 1is

(b) d n 2 (n € E and
factor of n]) or

of n] and n € E)

[n € N or 2 is not a

([n € N and 2 is a factor
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14. OPEN SENTENCES INVOLVING TWO OR MORE VARIABLES

We continue to let R denote the set of real numbers
and N denote the set of positive integers. We have
previously noted that "x + y = 10" is an open sentence.
This open sentence involves two variables, x and y.

One way to make a statement out of this open sentence
is to replace constants for both variables. For
instance, is x is replaced with 7 and y is replaced
with 3, we get the true instance "7 + 3 = 10". When we
were discussing open sentences involving only one
variable, we noted that there were two ways we could
make a statement out of that open sentence. The first
method was to replace the variable with a constant, and
the second method was to precede the open sentence with
the quantifier "for every" or the quantifier "there
exists". Let us note what happens when we prefix the
open sentence "x + y = 10" with "d y € R". The
expression formed 1is “H'y €ERIx + vy =10"; upon
careful observation the reader should note that this is
not a statement. " dy € R 2 x + y = 10" is an open
sentence; the variable y is "covered" but the wvariable
¥ 1s still "free". Any time we replace the free
variable x with a real number, we will make a
statement. When x 1s replaced with 5, we get the
instance "3y € R 2 5 + y = 10", which is true. When
we replace x with the real number -1, we get the |
instance "d y € R 2 -1 + y = 10", which is also true.
The reader should note that no matter what real number

we replace x with, we will make a true instance of "d vy



118

€ER 2x +y=10". It is therefore true that: Every
replacement for x from the set R makes a true instance
of "dy e R3>x + y = 10". According to definition
13.1, this means that "Vx e R (dy eR3>x +y=10)"
is true.

The question now comes up, does the order in which
we prefixed the quantifiers make a difference? That
is, does "V x € R (dy e R232x + vy =10)" mean the same
thing as "3y e R 2(Vx € R, x+y=10)"2 "dy €R
2(Vx € R, x+ y =10)" means: There is a replacement
for y from the set R that makes a true instance of "V x
€ R, x +y =10". Let us examine a few instances of "V
Xx €R, x+y=10". If y is replaced with a constant
7, then we get the false instance "V x € R, x + 7 =
~10". If we replace y with the constant -10, then we
will get another false instance, namely "V x € R, x +
(=10) = 10". The reader should note that no matter
what replacement we make for y from the set of real
numbers, we will always get a false instance.
Therefore, there cannot be a replacement for y from the
set of real numbers that makes a true instance of "V x
€R, x +y =10". This means that "dy € R 3(V 2 € R,
x +y =10)" is false. It is vital to notice, then,
that the order in which we prefix the quantifiers makes
the difference.

14.1 EXAMPLE: Notation for quantified open sentences

involving two or more variables. Let us assume

"P(x,y)" 1s an open sentence involving the free
variables x and y. "V xz €I, 3y €J 3 P(x,y)" means
the same thing as "V x € I(dy € J 2 P(x,vy))".
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Therefore, "Vx € I(dy € Jd 2 x +y = 10)" could be

written "V x € I, d y € J 2 x +y =10". Similarly, "4
x €I 2Vy €eJd, P(x,y)" means the same thing as "d x €
I 3 (Vy €J 3 P(x,y))". Thus, "dy € R 2 (Vx € R, x
+ y = 10)" could be written "dy € R, VX €R, x + vy =
10". Also, "Vx €I, Vy € J, P(x,y)" means the same
thing as "V x € I, (Vy € J, P(x,y))". "dx eI, dy €

J 3 P(x,y)" means the same thing as "d x € I, (dy € J
> P(x,y))". Let us now assume "Q(x,y,z)" denotes an
open sentence involving the three free variables x, vy,
and z. "V x eI, dy €Jd, Vz €K, Q(x,y,z)" means the
same thing as "V x € I, [dy € J, (V z €K,
Q{x,v,2z))]". It is felt that from these examples, the
reader should be able to understand what 1s meant no
matter how many quantifiers prefix an open sentence.#
INTUITION AND RIGOR. If we were to ask, "What is the
limit of 2x - 1 as x approaches 5?", most people would

correctly answer "9" even though they did not
rigorously understand the limit concept. Once one's
intuition says 9 is the answer, he can then see if 9
satisfies the rigorous definition of limit. 1In
mathematics one needs a good intuition to lead you in
the right direction and give you good ideas; then one
must be able to rigorously defend or reject his
intuitive ideas. For instance, most people who have
never heard of the word quantifier would probably agree
"For every x € R, x € N" is false (provided they knew
what R and N were). It is important to be able to back
up that intuition with rigor. "For every x € R, x € N"

rigorously means "Every replacement for x from R makes
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a true instance of 'x € N'". This 1is obviously false
since " € N" is an instance of "x € N". Since we
first think on the intuitive level and then examine our
intuition with rigor, a good intuitive idea of what is
meant by "V x € I, P(x)" and "d x € I 3 P(x)" is needed
as well as knowing how it is rigorously defined.
EXERCISES: TRUE OR FALSE

14.2 (a) VxeR, dy €R, x <y
(b) 3 x e R3VyYy ERZX 2y
14.3 (a) dx e N3IVyeN, x <V
(b) Vx eN3ITy eNIx>y
14.4 (a) dx e R2Vy €eN, x <y
(b) Vx €R, dy €N 3x 2y
14.5 (a) Vx eR, dy e R 3xy =1
(b) dx € R, Vy eRxy =20
(c) VyeR, dx €R 3 xy =20
(d) 3y eR, dx € R 3xy =20
14.6 (a) VxeR, Iy €eERIx+y =
(b) dx €eR, Vy ERIx +vy =20
(c) dx eR, dy eR 32+ vy =
(d) Vx€eR, Vy €eERx+vy =20
14.7 (a) Vx €R, Vy € R xy = yx
(b) dx € R, Vy € R xy = yx
14.8 (a) VzxeR, VyeRx -y =y - x
(b) dx €R, I3y €ERIXx -y =y - X
(c) dx €R, Vy ERX -y =y - X
14.9 (a) Vx €eR, d3n €N 3 n > x
(b) dn €eN, Vx €eRn 2> x
14.10 (a) Vx€eR, Vy €R, Vz €R, x(y + 2z) = (xry)
+ (x2)



€ER, dz €eR,

EN, Vz €N
€ER, Vz €eR,

x + (yz)

(x + y) <

(x + v)

121



122

15. TRANSLATIONS TO QUANTIFIERS

We have previously mentioned that one of our
purposes 1is to find a standard for valid réasoning. If
we want to apply everyday language to this standard,
then we must translate everyday language into our logic
language. The main reason for section 7 was to be able
to translate everyday language into our logical
language we had learned to that point. Everyday
language uses quantifiers, but it is not used in the
same form that we have been discussing. Therefore,
this section will study how we translate everyday
sentences involving quantifiers into properly
quantified open sentences. It should be emphasized
that this section is very important, so learn it well.
15.1 EXAMPLE: Translate: Every person secretly likes

math. Let P denote the set of all people. A way this

sentence could be translated is "V x € P, x secretly
likes math." Another way of translating this sentence
is "V x, if x is a person, then x secretly likes
math."#

15.2 EXAMPLE: Translate: This course is easy for

some students. Let P denote the set of all people. A

way to translate this sentence is "3 x € P 3 this
course is easy for x."#

15.3 EXAMPLE: Translate: Every person should take
some math course. Let P denote the set of all people.

Let C denote the set of all math courses. A way to
translate the sentence under consideration is "V x € P,
dy € C 3 x should take y." "V x € P, x should take
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some math course" 1is not a preferred translation since
the open sentence "x should take some math course™
still contains a quantifier.

15.4 EXAMPLE: Translate: There is a math course that
everyone should take. Let P denote the set of all

people. Let C denote the set of all math courses. A
way to translate this sentence is "dy € C 2V x € P, x
should take y." (Observe the difference between the
translation under consideration in this example and the
translation in example 15.3.) "3 y € C 3 everyone
should take y" is not a preferred translation since the
open sentence "everyone should take y" still contains a
gquantifier.#

EXERCISES: Translate to properly quantified open

sentences.

15.5 Every element of A is an element of B.

15.6 Some dogs have fleas.

15.7 X + 2 =2 + x is true for any real number.

15.8 All angles are right angles.

15.9 All married men have someone as a wife.

15.10 The square of any counting number is a counting
number.

15.11 The sum of any two positive integers 1is a
positive integer.

15.12 "@" is a subset of every set.

15.13 Someone likes math.

15.14 Everyone likes math.

15.15 No one likes math.

15.16 Someone does not like math.
15.17 Everyone likes someone.



15.
15.
15.
15.
.22

15

15
15

15.

15.

15.

15.

15.

15

15.

15.

15.

18
19
20
21

.23
.24

25

26

29

.30
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Someone likes everyone.

Nobody likes everybody.

Someone likes someone.

0 times any number is 0.

The product of any two nonzero numbers 1s never
Zero.

1l times any number is that number.

The order in which two numbers are added makes
no difference in their sum.

Every number has a number that can be added to
it to get 0.

Every element of M is less than some element of
K.

Some element of M is less than every element of
K.

Every element of M is less than every element
of K.

Some element of M is less than some element of
K.

Ihere—i-s—a—ragtiormat LLulllUCJ—Wll Sy two—raa l
; Betureen an o distinct real Wumbers

' there 18 a \:ﬁ ationel num

Every open set containing p contains a point of

K that is not p.

Every open set containing p contains a point of

K and a point not in K.
IMPORTANT: Negate 15.5, 15.8, 15.25, and 15.30
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16. NEGATIONS

Most math students have a very poor understanding
of how to negate statements. Many are at a loss as to
how to negate relatively simple sentences and would
have no hope of negating such a formidable-looking
statement as "W x e R, 3y eNIOVzeN x+y<z."

We will now look at a simple example to give us
some insight into negation. Let A = {3,5,7} and let B

= {5,6,7,8}. It is not true that every element of A is

an element of B. Thus, there must be an element of A

that 1s not an element of B. We see that each of the
two following statements is the negation of the other.
16.1 Every element of A is an element of B.

16.2 There is an element of A that is not an element
of B. When we translate the two preceding statements
into properly quantified open sentences, we get the two
following statements.

16.3 V x € A, Xx €B

16.4 I x €A >x £B

If we let P(x) denote "x € B", then the preceding
statements become:

16.5 V x € A, P(x)

16.6 d x € A 2 ~P(x)

If we let Q(x) denote "x ¢ B", then 16.3 and 16.4
become:

16.7 V x € A, ~Q(x)

16.8 4 x € A 2 Q(x)

Examples like 16.5 through 16.8 cause us to make the
following rule:
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We see that the way to negate an expression
prefixed by the quantifier "for every" is to change the
quantifier to "there exists" and negate what follows.
We see similarly that the way to negate an expression
prefixed by.-the quantifier "there exists" 1s to change
the quantifier to "for every" and to negate what
follows. This simple technique will give us great
power in being able to negate statements. We will now
give a few examples to illustrate.

16.10 EXAMPLE: Negate "d x € R 2 x + 7 = 10." We sece
that this is an expression prefixed by the quantifier
"there exists". Therefore, we change the quantifier to
"for every" and negate what follows. Thus, the
negation is "V x € R, ~(x + 7 = 10)," which can be
rewritten "V x € R, x + 7 # 10."#

16.11 EXAMPLE: Negate "V x € R, x ¢ 5." We see that
this is an expression prefixed by the quantifier "for
every". Therefore, we change the quantifier to "there
exists" and negate what follows. Thus, our negation is
"3 x € R 3 ~(x € 5)", which can be rewritten "3 x € R 3
x < 5."§
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16.12 EXAMPLE: Negate "V x € R, 3y € R I3x +y=0.""
This is an expression prefixed by the quantifier "for
every". Therefore, we change the quantifier to "there
exists" and negate what follows. Thus far we have: "4
X ER I[~(dy €eRI2x + vy =20)]." The expression in
the brackets consists of the negation of an expression
prefixed by the quantifier "there exists". We
therefore will change that quantifier to the quantifier
"for every", and negate what follows. We get: "d x €
R>Vye€eR, ~(x+y=0)", which can be rewritten "4 x
ERDJDVY ER, x +y # 0".%
16.13 EXAMPLE: We will see by this example that there
is no difference in negating an expression where the
universe is understood. Negate "V x, x € N implies x +
1 € N." This is an expression prefixed by the
quantifier "for every". We now change the quantifier
to "there exists" and negate what follows. We have:
"d x O ~(x € N implies x + 1 € N)" which can be
rewritten "3 x 3 x € N and x + 1 ¢ N."#
16.14 EXAMPLE: We will now negate the formidable-
looking sentence that we stated at the start of this
section. Negate "V x € R, d y €N I3V z €N, x +yc<
z." We will now demonstrate a step-by-step
demonstration of the process of changing the quantifier
and negating what follows.

~(Vx €R, dy€eENS3Vz€eN, x+vy< z)

dx €eR, ~(dy eN>3VzeN, x+vy < z)

dx eR, VyeN, [~(Vz €eN, x+vy < z)]

dx€eR, VyeN, 2z eNI3M~(x+vy < z)]

dx €R, VyeN, dz€e6N3I3x+y2z #
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Up until now every example that we have talked
about has a nonempty universe of replacements. For
instance, does the expression "V x € @, x € N" have any
meaning? To some people such an expression may have a
meaning yet to others it may have no meaning. We
define that statement to be true. In general the
expression "V x € o, P(x)" is defined to be true no
matter what the open sentence P(x) is. Let us see why
we define this to be true. According to our rules, 1its
negation should be "d x € @ 2 ~P(x)." The assertion "3
X € @ 2 ~P(x)" 1is obviously false since it implies that
the empty set has an element, namely a replacement for
®x that makes ~P(x) true. Since "d x € ¢ 2 ~P(x)" 1is
false, it is very reasonable to see why we defined its
negation "V x € @, P(x)" to be true, no matter what
open sentence P(x) denoted. So we must be careful to
observe that "V x € o, ~P(x)" is not the negation of "V
X €0, P(x)". "Vx €0 ~P(x)" and "V x € @, P(x)" are
both true. The negation of "V x € g, P(x)" 1is "d x € @
5 ~P(x)". For emphasis we will display clearly the

important fact of this preceding paragraph.

EXERCISES: NEGATE EACH OF THE FOLLOWING STATEMENTS:
16.16 Vx €eR, x € R implies x € N

16.17 V x, x € N implies x € R

16.18 4 x, x € o9 and x € N
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(E denotes even positive integers) V n, n € E
if and only if (n € N

and 2 is a factor of n)

dx € C 32x € Aand 2 € B
VxxeC 2 €Aor x €B

Vx€eR, dy eR xy =1

dx eR3Vye€eR, xy =20

VxeR, VyeR, Vz €R, x(y +z) = (xry) +
(xz)

(Let R" denote the positive reals.) V e € R,
40 e R"R 3V x €R, if x is 1in the domain of £
and |x - c¢| < §, then |f(x) - f(c)]| < e.

vV M,

EM O3V x €M, k < x.
R, dn € N3V zx €N, if x > n, then

Ve e
1/x <

e.

if M is a subset of N and M # @, then 3 k-

VeeR, 36e€eR 3VxeR, Vye€eR, if x is
in the domain of f and y is in the domains of £
and |x - y| < 8, then

l£(x) - £(y)| < e.
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6. DEF: pLGEBRAIC

IDENTITY : AN
ALEEBRAIC ExPeEssion | P STATemenT
WHoSE E VERY PATTERN WHose Eveny

TNSTANCE [5 TAUE INSTANCE IS Tryge

6. DEF - 7'/40{701.067/.

C. TEST For 7TAUTOLo6Y: MmAKke A

TRUTH THBLE AND See [F THe
MAIN CorLumN 15 ALL TRUE
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Do PV ~p IS A TAutoloey
PV ~p

T|T[FIT
Skila

E.- (p—>9)— ((vp) V%) /s A TAuToLo&y
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. BICONDITIONALS

[ e I AND ONLY |F @
2 pEPg (s A BiConudiTion AL
3. DEF: /Dé——)«% MEANS (p—P%)/\(%-—zf))

4. 2 C,OAJDIT/D/\)ALS/ HeENCE THe MAmEe
BlcowozT/oluAL,

S. TRUTH TABLE For P29 (see
SECT/ON F PRECGD/N@)

Eargs

/_:r“ FlF
FF

o

T
Rl

WHREN THe CompoNenvT PAPTs HAYE
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A TAUToLo6¥ 7
A TRUTH TAGBLE WITH = STRTEMENT
VAR IABLES.

—_—

[(P—'}%)r/\ QD-«ar‘> <> ?P___?V__
TIrlT)77T T T [TITT
T\ | |FlT|F LT - |TIF|F
T F|F|IF\ el T T [ L TIT T

TFFFIFIT|F | T |TIFIE
Yl 7|77l T LT

TE T TIEITIFIE L F R

CEITFTIRTIE T OFT

NOT A TAuTOLoGY !

> HON\GUJOEK: DO 5'7 atblc’jdle—)g:

QN4 g AT THE END OF cHppTER S
IN PART T OF THE€ Book
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[CH&PTER @:)
E QU IVALEI\/CE

A . /\/_OT(;SDE RAN ANVD gye H/T)

WHICH (5 EQUIVALENT Tp A ABove?
B or C Berow

B. SO0E DID NOT RUN AwD sue DD NoT HIT

C. S0€ Dip woT Pun OB sue DIy noT HIT
WE STUdY EQuivALences To

D. DEF:"STATemenT PATTERN L, s

EQUIVALENT To STATEMENT PATTERN
R meavs " Le>R Is A TAUTOL0GY

FND OuT

E. I5 p EQUIVALENT To ro(~p )7
CHECK |E P-«L—)[f\l(w,@)\JlS ATAL{T@LoéY‘

ro(np)
ﬁ?['r <F)ﬁ] VES, IT 1S A
HT'F TIF| TAuTooGY

YES, p 15 EQuivacenT To ~(~p)




k. IS ’V(P/\cb\ EQUIVALENT
To (up) v (~9) 7

N ]

| ~Cpag) | < [ pvi~g)

LelThT ] T [FrlelF|T
Fl T [ FMIT{TIE

T FlEfF| v [7FfrlF ]

YES, A TAuTocLoeY. YES, EQUIY.

G.1s NCP'\O@ EQUIVALENT

v

~ |

|
—"‘
s hariny

NoT A TAUToLOGY .
NOT EQuivALenT
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H. EQUIVALENT STATEMENTS - REPLACE

THE SAME STATEMENT VARIABLES IN

EQUIVALENT STATEMENT PATTERNS W ITH
THE SAME STATEMENTS

N( PA %X IS EQUIVALENT To év]o) V(’VC())

P: ;)"Dsikﬁl\) %: SuEe H IV

NOT ( IDE RAN AND SUE HIT) /s
egowualen't o

Soe Dio~NnoT Ruv OR Sue DD NoT HIT

PAg AP
pve ‘%VP

J. NEXT WeE STUDY THINGS PossIBLY
EQUIVALENT To p-aq[y
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K. CONVERSE, INVERSE, CoNTRAPDSITIY g

G\EN IMPLICATION CONVERS e
P4 3
/INVERS E | CoNTRAPOS I TIVE
S adat (~9—>(7)

L. EXAMPLE .
GWEN  IF SAM HAD /2¢ ,THeEW sAM HAD I[4,

COMVERSE : TF SAM HAD |[¢, THeN SAM HAD (4.

INVERSE :TF SAM DD NoT HAve /24, THEN
SAM DID NoT HAVe [a.

CONTRAPOS ITIVE L TF SAm pip mor Have Id
hi Tive )

THEN SAM DID NoT HAve 124

M. TS AN IMPLILCATION EQRQUIVALENT To ITS
CONVERSE ?
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N. ANV IMPLICATION /5 NOUT EQuIVALENT
To IT5 |MNVERSE SINCE

CPa%) é_aﬂ(wf)_acw%)] /s NoT A
TAQ'TO LOGY.

O. AN IMPLICATION [5 EQUIVALENT To
TS COMNTRAPOS |ITIVE Sivce

(p—9) <= [(~9)=CP)] 15 4 TauTorpsy

P. NoTe: P—>% I5 €auiaLenT To (ru,o)v%
(p=>9)s—|(~pIvq]

_ TTT | TIE[TITT

TIFIF | T {T|TIF

FITIm T A

T EE.

FITIF T
(V. ExAmpLe OF p—a% 15 EQUIV. Tp Gvfb)\/%

(. TF SAM ATe THe CooKtESJ"H-\EN THERE
WouLkb BE CRUMBS ON THE TABLE o
SAM DID NoT EAT THE Cook es OR THERE
WouLd BE CRUMBS on THE TABLE,

2. IF SOMETHING WAS WwRonG WiTH THIS CHR,
THEN I WouLd Teie NYou.,

THERE /5 NOTHING LRDNG (o T4 THis CAR
OR L WwouLrp TELL Vou. ’

A

\
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R 5 BI6 EQUIVALENCES : LEARN WeLL
. DEMORGAN'S L AwWS
~p 1) (~Pv (~g)
~(pvg) (P Alg)

A. CoNTRAPOS ITIVE

3. IMPLICATION EQUIVALENCe
P9 (~PIva

H. NESATION OF [IMPLICATION
~(p->4) P A (rv%)
S. WRITING [N DIFFERENT EQUILU. FORM

~(A A (N5>) Ay (o (vB))
~ Ay B

~ (G A) v (0 B)) A A B

N(@vm V(E,\(N;m A A (N (EA(~F5)>
An(CEVF)
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DifFerepnT EQuIv. Foem CoNTIN Ve

B""CNEJ E— (~B)
(~8)v (vE)
~(BAE)
~[B(~e)] BAE
NKNBX\/ (E>(w) ] R /\[N(E—a(ww))]
| Brn (EAwW)

T. HOMEWOoRK : TN PART T oF TH Boo k.

DO £.25 a,fng ) 6.30, 6,33, ¢.35

AND &.3¢ . ALSO) EACH oF THE ForLowng
5 IN ONE OF ThE FoRkms r~(pAq)

rv(Pvq), NCP‘;%B) Ok P29 . weiTe
IN A DIFFERENT EQUIVALENT Form
. ~Cpag)

A. ~(ANE)

3. ~(MAB)

4. (A NBY)

5~ [(“A)AB]

Lo~ M A (AJEZZ]

7. ~[vA) A (~E)]
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3. ~L(~pA(~g)]
T ~CAan(BveY]
[0~ [(rA) A (Bye) ]
[l ~ [ ANCBACY]
2.~ § (vBIA [~ (Ave)] )
/3. N(Pvcé)
l4. ~ ( AvB)
|5 ~ (Av(~B))
/6. ~ L MV (~D)]

[7. ~ [ (vi)y (vB)]
/3. ~ LAv(BAC)]
/9. ~ L(~A) v (BACY]
20 ~ { (~A)V [~(BUCO)]]
2.~ (p—=>g)

22, ~ (A-38)

23, ~ (M\->8)

4t~ [(~8)> 8]

5. ~[ M-s(~Dy]
2.~ C{vpY—(~vB) ]
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2. /VEA_;(BV(A?
3.~ [(~h) 5 (BACY]
2L~ [A—a(ﬁa@]
3o, P -ac%(

3. A->B

32. A-(~B)

33. (~A)s(~B)

3¢ (~R)—=(ByC)

35 (~A)— ((~D)v CL))

U. OBSERVATION FRom HomEwork PROBLEM ¢.33

INSTANCES OF EGQUIVALENT STATEMENT
PATTERNS HAVE THE SAME TRUTH VALUE
IN EVERY CASE

B T I T IXX] /
TR LT XIX] [ X)
FITF T KX [ x|

SO (N A PROoF You cCourp SAY...

28 xEA — x<¢B

T x¢hA v xeB LINE 2% IMF. EQUIVALENCE
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V. TWO OPPOSITE CONCEPTS
[. WRITE v DIFEERENT EQUIVALENT foRm,
THE PROBLEM /5 GIVeEN IN ONE OF

THE FORMS OF THE 5 B|6G ECQU/VALENceg
WRITE v (TS EQuivALENT FORM |
Glven : w(F\/c())

ANSWE/Q: C/\./)D) A Q\/%)

L NEGATING (THis (5 THe OPPOS IT€
OF WRITING [N DIFFERENT EQUIVALENT
FOR M {({{) THE STePs ARE :

Yo  ARE Given THE THING
NEGCATED P\/%

PUT A Ao SIEN IN FRONT oF THE
WHoLE THNG?

THE TRWIBL NEGATION 7 ( PV%)
WRITE TH1S (N DIFFERENT
EQUIVALENT Foe M p) A (/uaD)

THE mMmibpLe STEPR (5 QS(,(A/_L\/ DoNE
MEVNTALLY  Anp ABBREVIATEp BY

70 Be
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W. DRILL ON NEGATING -

THE TRIVINL NEGATI0,

THING THINK:
To BE WHAT IS ANSwep
NEGATED EQUIVALENT
ToO et
PVY ~CPvg) | Ep)alg)
A->R ~(A->B) \ A AB)
<(UE>/\U NKNE)/\U}] E vV (/UW>
M>(~vE) | ~M>(ne]] M E

X. D0 NOT MAKE THE FoLLowine
MASOR ERROR /v A FPROOF -

28. xcA or x £ B
2. X éﬁHAND 7(#,9 Live 23, DEMoRGAN's (AW

R PrRooF I1s 70 pe A LIST OF TRUE

STATEMENTS (SugTeer o ASSUMPTtoNS )
LINVES 2% AnD 29 CANVO T PBoTH BE

TRUE , SINcE THEY Ale THE NEGAT /o
OF EACY OTHER



6-/59

kl). A WORD OF CAUT/DN ABouT How
<> /5 READ, <> /5 ReAD " IF AND

ONLY IE" | 45 15 MoT ReEAD M g
EQUIVALENT Tp

I~ pvd ) ssleaeg)]

(P 2 (N%) “.oUT 8 NOT 4 s-stMgm-

BUT A sSTATEMewT PATTERN . |
INSTANCES OF |IT PRe STATEMENTS

(ALL TRUE, IN THIS CASE).

W\

~(pPVq) Is EQUIVALENT To
C’VP)/\CN%X ! __/_§ A STATEMENT |, T
MERNS P (pvg) ] <5 [vp)alvg)]
!$ A TAuToLogY "

SOoME Books USE SPECIAL SYMBOLS
FoR “1s EQUIVALENT To Like

OR &> . IV THAT CASE)

N(EDV%) = (mp) N (rv %) woyLp

I
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MeAN ”N@vqo\é-? (N;@/\(N@ /5 A
TAuToLoGY " AND 15 READ " n(pygq)

I5 EQUIVALENT TO Lop)A(ng)" SIMILARLY,
pé[w(mp)] WOoULD MEAN

“p [ (~p)] is A TAuTOLOGY " ANp
/5 READ " p /5 EQUIVALENT 70 ~(rp)"
WE tite NoT USE THE SYMEoLS |

Sp——

= AND & /M THIS BooK EXCEPT RARELY

Z. HomeworK. Do ¢.31 IV PART I

OF THIS BookK . ALSO, NEGATE EACH
OF THE ¥oLLOWING

(. Av(~B)
Q- (NEB*Q
3. Av (B=E)
“4. (~BYNE
5. (~A) =>(~B)
b. (~EYV(~P)
7. A-[(~BINE]



[CHAPTER '\,J 7-leél
TIMPLICATION

A. AN InPLicATION P9 CAV BE EXPRESSEQ
IN OUR LANGURGE /N mANY (wAYS. THE

CHART BELOW CAN Be usep T TRANS L ATE
BACK TO p-—a% FoRm

ALL IN THe FoLLowwG LisT meEAN
THE SAME THING

F=9
() IMPLIES %
IE p, THeN %
%\IF p
P- ONLY TF C{r
p 1S SUFFICIENT FoRr %,
% 1S NECESSARY For 70

B. EXAMPLES OF TRANSLATING BACK
To "IF p,THEN 9" Form

l. A SUFFICIENT CoNDITION For Toe To
RUN IS FoR Sue 7o win.

IF SUE WinS, THeEN ToE Runvs
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A mempoRY DEvice -TfaE NECESSARY
AND SUFFICLENT LANGUAGE: ONV A

N\A/\?’ THE ARROW ALWAYS #oinTs NORTH

T NE CESSARY STARTS wiTH N
MR |

£ 5 SN
S THe ARROW PoINTS To THE

NECESS ARY ConDITIioN

A. 5 BEING LESS THAN 6 /S SUFF/(ClenT
FOR 2 To BE AN ELEMENT o©F E.

lF 5 <6, THew 2 ¢ E

3. B NECESSARY ConDITIORN FoR 5
TO BE AN ELEMENT 6F E < FoR 4
TO BE AN ELEMENT oF TJ.

IF S EE |, THEN YU

L{, SAM RUMNING 15 NECESSARY For
J0E To WIN.

I[F J0E WINS, THEN SAM RUNS
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5. SAM WINS ONLY |F J0E Ruws }

lE SAM WINS,| THeN Joe RUNS .

L. BOR LAUGHS , IF SUE SIGHS.
I[F SUE SIGHS, THEN ROBR LAUGHS.

. A NECESSARY AMD SUFFICIENT
CONDI1TION FOR “4&W IS FoR 5T,

O. STEP | P NECESSARY ConDLITIpN

FOR 4& W 1Is FOR §¢ T

AND
A SUFFICIENT CONDITION FoR

He (J 18 FoR 58T

b. STEPA: F 4z (), THEN 5T
A ND

I'FE 5T ,THen Y& W
C. $TEP3: #E(J\) /FF SE:T

MORAL: NECESSARY AND SUFFICIEMT
CoNDITIONS PRE |FE
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C . Forwmeely You MIGHT HAVE p—>
BALKED AT THE TRUTH 7711
TABLE fFoOR p—;% BE ING ﬁg F
DEFINED THE WAY IT Wis, | F(TIT
ARGUMENT 1 THAT IT WAS FIT F
DEF(NED CORRECTLY.

TN EVERYDAY LANGUAGE WE USE
p—>q AND Cvpd v 1 EQUIVALENTLY !

lF S0€ RATE THE CooklES,THEN THERE WOULD
BE CRUMPS ON THE TABLE.

S0E DD NOT EAT THE Co0KIES OR THERE
woukd BE CRUMBS ON THE TABLE -
SINCE WE WANT p->q AND (NP)V%
To BE EQUIVALENT THE MAN CoLumMpNS
OF THEIWR TRUTH TABLES SHouwD BE THE
SKME. THERE was NO QuESTION ABouT
THE TRUTH TABLE Fo R C’VF\V%

} i S50 THE My
7. w\ CoLUMNS  SHouLp

L
H

| AT ey
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P ARGUMENT & THAT P—=9q TRUTH
TABLe /S CoRREC T,

P->7% ITT 123 PROBABLWY CLEAR
FTAITV THAT TRE FIRST Two LivES
T IF(F| ARE CORRECT. THAT LEAVES

,I F (T OVMLY 4 CHoices For THE
LELZ{F] MmiddLe CorLumN
| 2 3 o
T T T T.
F t F t
F T F T
- - F T T

| 15 BAD. THAT WOULD MeAn p—s
wourd BE EQUIVALENT To pPAg .

A /5 BAD. THAT WOULD MeApy ]D_}%
WOULD BE EQUIVALENT To %
3 15 BAD. THAT wouLD mean
WoULD BE EQuivALenT T
4 15 THe onNLY ONE LEET.
EMBRANCE |T As TRUTH

p=q
Ps2q.
We
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E. UNDERSToop GROUPING SYMBoO (S

FOR ~ ¢ WHEN GrRoUPING
SYMBOLS ARE LEFT OFF
INNOLVING ~, IT IS UNDERSToop
TRAT THE onLY THING NEGATED /S

WRRKT IS IMMED I ATELY To THE RIGHT
OF THE ~ S|N.

UNDERSToOD FILLED N
L vpveg bplv(~nvg)

1 m(pva%\Alo [N(FVEN%E\]/\L)
NOTE ; NC/:—a@\/b s A
DISSUNCTIoN

F. HOMNEWORK. ", DO .90 AND 7.2 |
IN PART I OF THE B oot
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[CHAPTER 8]

LIST OF TAUTOLOGIES
KNOW These W E L (.

T, ECP—’@/\P_J—;'% Modus PoNENS

T, [(F“’%)A (N%ﬂ__, ~vp MDDUS ToLLews
T, N<PA%\H(NPVN%\ DEMIREAN'S LAy
T, ~(pva)es (mp_/\mp DEMDRGAN'S Law

T, ,\,(P_a@e—;(p/\ N%) NEGATION OF
IMPLICART IO

'Té OD#%BQ(NPV%) IMPL)CAT/D/\)
»EQL(H/A LENCE

T, 6‘3"@@ (m%-—gN)D) COVTRAPOSITIVE
T Kppinlyrl] o) Sicssn
T (POPS (o> (g—p) ]

T, p<> N(NP) DOUBLE NEGATION

T, (P,\Cp_:,fo | Ssz\PqucAT/o/\)



o p—=Cpvy)

T:3 (P/\Cpe-ﬁ(%,tf) CON\MUTATIVE

Tw (pvq)e(qvp) CommuTaTive
T.e ( p@%\e—; <%ﬁ70) COMMUTATIVE
Tis [Pr\(abvrﬁe[(p/\@v(p@/\ﬂ]

DISTRIBuUTIVE

T, [P\/(%m—-\jw[(gv%)" (erﬂ

DisTPIBUTIVE

Tis |p /\(%l\ﬂ]é—ﬁ [(PA@“'] |

ASS OCIATIVE

T [PV(%VV“)]H[CPV%BV v}
ASSOC IATIVE



[cHRPTER g | T

VALID ARGCUMENT
. ARGUMEMT PATTERN

pP—9 PREMiIse (or HYPOTHESIS)
/\/qo PRe mise (OR HYPoTHESIS)
e NF B cConvlCLUSION
THE THREE DOTS ARE ReAp ”THE/QEFO/&&':
PREMIsSES = HYPOTHESES

B. ARRGUMENT

[F SAM HAS [d¢, THEN SAM HAS (|4
AN DOES NoT HAVE ] ¢,

T gy

. SAM DoES NOT HAve /24

THIS RRGUMENT 15 AN |NSTANCE
OF THE ARGUMENT PATTERN ABoyc

C.DEENITION OF VALID ARGUMENT PATTERN-

BN RRGUMENT PATTERN IS VALID /FE THE
CONTUNCTION OF THE PREMISES [IMPLN NG
THE ConvcLusSion 15 A TAUTOLOGY
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D. LATER You wite Be ToLd wWHY
VALIDITY IS DEFinve p THS (WAY

E p=2q
~q VALID or wvaLip
:'oNP (INVHL:D: NoT VAz.w)

[P—1)
| b

T |

13

miama

-
} [T ~/T FIF]

o
DL S

‘1’1*“"1"‘—‘
-
B
EIEIRuIEE

SR

FIT
F|T
F
TAUToL 06Y

o[ ]
YES I VAL IpH

E PVN% VALID OR INVA LD

7l — N[?f NoT A

F
| T I E.T | TAuToLoGY |
cTEl
T|F | VYRR

hauti i
ki i

!

T

—
pmrmnrbi——
-1~
~ =i
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G. THE CONTUNCTION oF Ay MUMBER oOF
 STATEMENTS (S TRUE [FF ALL THE STATEMENTS

ARE TRue (AT LEAST ONE FALSE MEAS
THE WHOLE CoNTunvcTION 45 FAz_se)

H ARSUMENT PATTEERN WITH 3 PrRemMsE

p—=1 VALID oR INVALIp
%—a Ll
(a
% p
[[P—P%>‘ A (45-9\’“) A r*\j
ATl T |
RITTIT| |TIFf |
B|TIFIF | [EIT IT/)
$lTIFIFE| F (T |F
STerr (FL 7 (T (T4 0]

NO MAIN CoLumpN For [(p-a%)A (%—9»")/\ ,rj(
KEEP IT (N YouR HEeAD !
Row I L Cotumns b §, L ALL TRUE .,
ANTE CELENT TARUF
TRUE —5 TRUE (Coe.un/wj.) /5 TRUE




9172
ROwW ¢ AT LEAST oNE OF CoLumwnS b, L
/5 FALSE. So TRE ANTECEDENT
[(p=>g)N(q—r)A [ INSTANCE (5 FALSE .
FALSE —> TRUE (COLUMM‘S\ /s TRUE

T VALID ARGUMENT VS VALID
ARGUMENT PATTERN :
THE ARGUMENT:

Tf SAM HAD 124, THen SAM HAD | 4¢
SAM HAD /2 ¢

o SAM RAD I1¢
I5 AN |INSTANCE OF EACYN OF THESE
() Q) (3) |
p—=>q P P29
3 —
- q o . %
VALID INVALID INVALID

THE outose OF ARGUMENT PATTERY (1)
DETERMINED THE FATE OF THE ARGUMENT
NOTE . BEING AN INSTANCE OF AN

INVRLID PRGUMENT PATTERN DoOES NOT
MAKE AN ARGUMENT INVALID .

THIS ARGUMENT /s VALID.
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J NEED © GWEN AN ARGUMENT, FIND AN
AR@uMEI\}T PATTERN WHOSE DUTCOME

co_LchDES WITH THE OQuTcomE OF THE
ARGUMENT DETERM |NE (WHETHER
THE ARGUMENT PATTERN /5 VAL ID OR

NOT; You THen Kwow THe OUTCOME OF
THE CORRESPINDING ARGUMEeENT, TO

FIND SucH An ARGUM ErT PATTERY
" WE NEEDL TO0 Know ABouT Pé/sme STATEMENTS,

K. PRIME STATEMENT : A STATEMEnT
THAT 15 NEITHER A NEGATwON |

DISSUNCTION CONU‘UMC'T‘/D/\) , IMP L CAT/D/\/
NOR BLCOMDIT/DMAL—

| 42 NoT PRime
[LA OR SAM WS VOT PRIME
[ <L AND IAM NS . NOT PRIME

[ LA IMPLIES SAM (Wms. NOT PRI/ME
[ <& /FF 5Am s,

/< PR/ME
SAM  (UINnS FPRiIimg

NOT PRIME
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L. ARGUMENT  VALIDITY/INVALIDITY
GET AN AReUmMEnT PATTERN So THAT

l. THE ARGUMENT /5 A INSTANCE OF
THE ARGUMENT PATTERN

L. ONLY PRIm¢ STATEMENTS WERE
SUBST/TuTED ¥op STATEMENT z/,q,e/,qu\esl

3. THE same PR Ime STATEMEAT Py NoT

REPLACE 2 DIFFecenT STATE meg i
VARIABLES -

‘ AV e com}nou FATE
N Examere: 1da op SUE Runs |

[ €3

s sy

P FITITT |1 | F JE
T TIETITiFIF] 7 |F
TIFITFIE R 7 | 1 :

INVARLID ARGUMENT P/_é)

_______ TeRp
SO INVALID A/QEUMENT./
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N. ARGUMENT - VALLID OR

IMVAL 1D 7

SAM D/D NOT RUN ©OR JOE WALKED.
SAM RAN

IF S0€ DIp NoT WALK, THeN SUE eoT MAD.

o

oS SUE D/p NoT Ge-r MAD

CorrREspPONDWN G ARG UMENT PATTERN -
/\JP \/%
P

/\/%——)Yv

PV o

MKe A TRUTH TABLE For °
[(/VPV%)/\ p A(’\/%—ar]]_;;. ALY
T0 (D IT IS NoT A TAuTOCLOGY
HeNCE INVAL.zD_Ak’GamsArr

& Homeop Ko
v—‘\—“\_’

Do 9,23 Awnp
1.24% WV PART T oF THys Boo
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P wHen PEOPLE. REASON THeY
Do NgT SToP EVERY FEW SENTENCES AND

mAke TPUTH TABLES . SOME FAmMmous VALl
ARGUMENT PATTERNS ARE LEARNEDL ONCE AND

THEN USED REPEATEDLY,

6 FAmous ARGUMENT PATTERMNS |

S T (G SUVI R SE

P A TAuTolLoGY

%

VALID . MmobDus PONEANS =NODE THAT

| AFEIRMS
L P9 [CP*?%B/\C%’]-%,D s
9 M A TAuToLOGY

INVALID @ CONVERSE REA SONING
| Do ANoT USE

3. P29 [pegdang]—2p IS
™% A TAUTOLOEY
"g NP -

VALID © MoDus TolLENS IR

CoNTRRAPOS | TIVE REASONING
MobDus TOLLENS = MODE THAT DEVIES |
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4 F—QZ [GD_‘?%>/\ NF—]——)/\/% (S
~r NoT A TAuTOLo6Y
//VV/V»ID . /NVERSE REASINING

Do nrnoT USE

s p2q (P2g)alg=r)]=(pn)
2 /S5 A TAUTOLOGY
—T;F;r' |

VALID ¢ SYLLOG!Sm

L EARN THESE ST7TRUCT URES, UUSE THE
VALID onvES. Do NoT USE WNVALID ONES

R. B DPRILL ON RE CooN/ZINE THESE
STRUC TURES

. YA-=58 VAL LD
iﬁmm | Mobus Ponens
. B

. ~A—=~E VAL 1D

2 Mmoous ToOLLENS

A oR. CONTERAPOSITIVE
o o REASOMING
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3. ~E—=> ~vWw VALID
W —> F SYLLOGISMm
S NE>F
. ~(AvB)—>~C o IVVALID
AvB 5
Ave INVERSE REASON (NG
o, C
5 ~A—(BvE) VALLD
~BANE Mopus ToLLENS
A
6. (A—8)— ~C VALLD
c MooUS Tol LEAS
. AA~B
7. IF SAM RAN,THEN INVAEID
SUE DID NOT WALK . CONVERSE
fff DID NVOT WALK. REASON ING
SAMm RAN.
3. A—> ~B NONE OF THe
B FAMOUS NAMED onEs.
W7W¥mew/ MARKE A TRUTH TABLc

76 D&Ec/DE

S, glgmewmeK D0 7.22,9.35,9.26 PART T~
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[CHAPTER (O]

DIRECT PROOF

Q. DOES THis Souwp Like A UVALID
ARGUMENT ?

I[F #>3 | THEN Q+2:=Y

A N
LET'S CHECK ( )
| P—og ) —>

__fji TT'? T $/

c*% TIEIF ] 17| F ]
FlrlT | 717 ]
HITIF] P[]

INVALID NOT A TAuToLOGY

B.VALIDITY DEPENDS ON smuémee)

NOT CONTENT. LooK ¥oR A CERTAN
FORM | DO NOT BE SWAYEH BY CONTEAT |

C. WHY VALID ARGUMENT (JAS DEFINED
THE WAY (T WAS?: VAL D ARGUMENTS

ARE “TRUTH PRESERVING "(R. RRUSCHWITZ ) |
THAT 15, IF THe PREMIscs of 2 VALID
—_—— . \
ARGUMENT ppe TRUE THEN THE
CONCLUS 1ON  myoT Be TRUE = WHEN
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AN ARGumenT /5 VALID, IT DoEs NoOT
NECESSARILY meAd THE PREmiIses ARE
TRUE, !T DOES NOT NECESSALILY MEAN

THE CoNCtuSioN 15 TRUE. IT 15 SIMmpPLY
“TeuTH PRESELVING". For ExAMPLE

IF (=2 | THeENM 3= VAL (D
/=2
W 3¢

VALID , YET FALSE Comnctusion #wmp
ONE FAcse PRemise,

MODws PoNEAS

[F 3< o, THen /<23 VALID
I RS-

VALID, AND PREMISES ALL TRUE

THERE FORE | THE Cope L USION MUST Be TruE,

VALID DoES NIT mean THE SAME As TrRUE

D. SYMmBoLism STUDIED wngy . THEN

SYMBOLISM WILL BE USEn —To EXPLA(IN
WHY VALID WAS DEFiNep <o THAT
[T WouLD BE TRUTH PRESERVING
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E. DIFFERENT SYMBOLIZATIONS Fop
THE SAME STATE mewnT :

| < Q.
ONE |5 (. Ess THAN Two.
UNE EST moins QUe DEUX . (FREnCH)
EINS IST WENIGER ALS ZWET. (GerRmAw)

MATREMATICIANS HAVE THE PowER —T»
CHOOSE 3SYMBOLS To DENOTE TH(NGS, So...

LET /o’ (READ "p PRIME“) DENOT €
t\
THE STATEMENT SYmBoL| 72z€p BY /<Q':

S0, P’ /5 A sTATEMENT, MoT A
STATEMENT VARIABLE, HENCE p’ COULYD
REPLACE STATEMEMT VARIABLE p

pV P &~ STATEMENT PATTERN
NOT A STATEMENT

P/V’VP/ < STATEMENT | A Trye
ONE. AN (NSTANCE
OF pv ~p
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F. ARGUMENT PATTERNS AMD ARGUMENTS
LET p’ PENOTE “sAm RAn"
LET %’ DENOTE “SuUE _FLE(A.)”,

F—=9
ARGUMENT PATTER M.

P mAbe ur oF sTaTEmMENT
7 PATTERNS.

SAM RAN IMPLIES SUE FrLEw, ARGUMENT

SAM RAN MADE UP OF
% SUE FLEW STATEMENTS
plsg’ ARGUMENT

P/ | MADe UP OF

o % / STATE MEI\JTS‘

G WHY THE DEFINITION o©OF VAL 1D /TY
ForCceES A VALID ARGUMENT W TH
ALL PREMISES TRUE To HAve A
TRUE CONCLUSION: AN /LLUSTRATIVE
EXPLANATION FolLCowws
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ASSUuUmMEe THE VA LD Mobus ToLLENS
ARGUM ELT P'—’%/ HAS ALL TRyUE

N%/ | PREMIsES
S P! |
SHow ~p' musT BE TRUE
A VAL
pi—a’ /s AN Vg e 0
g’ INSTANCE /‘“i UMENT
_i_—— OF Y PATTERN
",/U/\), oo

S0, [@ >4 )N~ %7‘9 nvp 15 A TAUTOLOGY,

EVERY INSTANCE /5 TRUE , So
L(P’—-?%’)/\ N%’]——»w,@’ /S TRUE
[(P/—%:&’)/\ N%’j /5 TRUE SINCE BoTH

P/";%/ AND N@’ ARE TRUE . SINCE

THE TRUE IMPLICATION | |
E(,O/-—ﬁ%’)/\/u%’]——’?’u'p/ HAS A TRUE
'HNTECED'E/\/'T)'THE CONS EQUENT rup !

MUST BE TRUE. THIS (5 uHAT
WwE WANTED To SHow,




lo-/80]) o
H. DIRECT PROOF Is Comiveg. A DRILL
TO HELP IV DIRECT PROOFE:

SUPPOSE  PY, gl -/ ARE STATEMEnTS
AND WE ARE N THE MIDDLE oF A PRoof

SUPPOSE LINES T AND S ARe TRUE Fop.
SOME MNNSTER JOwUS REASON

7. p’_aﬁf MYSTERIDUS REASH N
- /D/ MNYSTER 1Dy 5 REASDN

NOW 77 AMND ¥ ARE THe 7pvEe FREMISES
OF A VALID ARGUMENT s, THE
CONCLUSIpnN MUs7T Le TRUE

7. g / 7/, ¥, hodus Pornens

TRY some MpRE

R0, ~r"s ~/o/ MY7sSTERIDUS REASOA
21, /o’ MYSTERIVUS REASON

22, 20,21, Mmopus TOLLEN &

76 3= MY¥sTerpus R EASoN
77 /0’ MYSTERI0Us REASOA
79 p = MYs7Terous REAsoN
7T pls 7%,7¢, SYVLLo & 1S m
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SuPPos€ A’ 8, E’ Are STATEMENTS, ALgp |
I'4 /
M. ~A' = (8 VNE’) MYSTERIOUS REASON

T 3. P'/"B v MYS TERIDUS REASHN
9G4. ~B'nE’ MYSTER /pus ReEhson
97, A’ G4 G4, MoOUS ToLLENS

L. DIRECT PRooF To PrROVE AN BRGUMENT
PRTTERN VALID , (PREV jous LY STUDIED

WAS THE TRUTH TABLE METHID FoR.
PROVING AN ARGUMENT PATTERN VALILD
CR JNUVALID)

1. ASsume You HAVE AN ARBITRARY
INSTANCE OF THE ARGUMENT PATTEECN
WITH TRUE PREMISES

2. SHow Twve CoNLusiopny musT BE TRUE

USING TAUTOLODGIES |, KNoww VALID

AREUMENTS | AND TRUTH TABLE
DEFIMITIONS .

(NOTE . B DIRECT PROCE 15 noT USED

To PROVE AN ARGUMENT PATTER A
JMVALID, JUST VALID | ,QL50/ LATER Yoy
Wit BE Totb WHY | AND 3 PRoye
VAL O 1 TY, SUusT Do IT ON FA TH /\/DW_B
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- P4 PRove vALID BY
v g DIReECT PRDOF
p
A

0. ASSUME p’) g’ AvD ' pre STATEMENTS
THAT REPLACE p, 2, AND 1~ ResPECTIVELY

l. p'—sqaf RSSUMED TRUE FoR DIRECT fRoog
R U _/..,.> roq’ RSSUMED TRue Foe DIRECT PRODE
3. P ! ASSUMED TRUE FDR DIRECT PRoDF
(sHow ¥’ |5 TRUE)

1, %Lar’ 2, CONTRAPOS ITIVE
5. pls ¢ [\ #, SVLL oG 15m
6. ! 5, 3,M0DUS PoNENS

Li1sT OF REASONS

TRUE

STATEMENTS
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K. 69—‘9\" PROVE VAL ID BY
q—° DIRECT PRoo F
~ A N.i
oo~ pvg)

O. ASSUME p’ 9’ v/ s’ ARE STATEMENTS THAT
REPLACE Pp, G, T s RESPECTIVELY,

[ P’—ar’ ASSUMED TRUE For DIRECT PRooF

Ll
Y 1 i 1

) CI';/—;S/
3. vr/pan~s’ H
( $How N[P/V%/) Teve)

) T, 1 tl

$. ~r’ 3, TRUTH TABLE DEFmvITION OF A
5. ~s’ 3, TRUTH TABLE DEFW (Tion OF A
6. ~p’ /) %, MopUS TOLLENS

/. ~q’ R,5, MODUS ToLL ENS ‘

8. ~piArvg! 677, TRUTH TRELE DEF OF A

9 N(,D/v%/) €, DEMDRGAN'S LAW

VALID BY DIRECT FPROOE
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L. ~(p—~q) PROVE VALID BY
(pr\c@——;(mrvs) DIRECT PRODF

L4 ‘L Vf"""f; .:S

O. ASSUME P’,%’) ri s’ ree STATEMENTS THAT
REPLACE P, %' - 5 RESPECTIVELY

[- N(Pl—é N%’) AssumeD TRUE FoR DIRECT PRooF

(pPrg) = (vrve)

( sHow +'—= s’ TRUE)

W W \\

O

3. pAq’ LNEGATION OF INPLICATION

. ~r'ys’ 2,3, ModUS PONENS
5 /55’ 4 IMPLICATION EQUIVALENCE

N\, How Do You KNow WHAT To PUT NEXT
N B DIRECT PROOF 7

|. HAVE 5 BIG EQUIVALENCES, MoDUsS FONENS
MIOUS TOLLENS | SYLLOGISM | AND TRUTH TABLE
DEFinN ITIONS LEARNED UNTIL NOMN-MNERVOUSLY
INSTINCTIVE .

2. USE SCRATCH WORK FIRST ASSymME
PREMISES TRUE ., BRAINSToRMN . HAUE A
LoGlchL FEEDING FRENZY |

3 CREATIvELY PICK ouT THE PRooF. TRY HARD
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N. PRILoSOPHIZING: AT THE MomenT we kvow
X WAYS OF PRovimne AN ARGUMENT PATTELWN
VALLD |, TRUTH TABLE

Q. DIRECT PROOF
WE KNOW ONLY ONVE WAY To PRoye
(NVALID © TRUTH TABLE

& QUEST/ON . WHAT IF T ASSume THe
PREMISES TRUE AND CANNOT SHoWw THE
CONC L US DN TRUE , DOES THAT PROVE /T
INVAL 1D 7

NO. SOMEONE ELSE MIGHT BE ABLE To
Do 1T ., |F You HAD TRICO HARDEL You
MIGHT BE RBLE To Do [T Howeveer |[F
You HAVE TRIED HARD, |T courr BeE
INDICATION OF;INW%LzDsz THeN TRY THE
TRUTH TABLE METHOD.

PP HomEwork : po 10.12 Avo s, /3 In
PRRT T OF TH /S Book .

CHALLENEE =« FEW PEOPLE ARE ABLE

To GET A DIRECT PROOF 0fF /0.2 (§) Usivg
OUR CukpenT TAUTOLD &
THEY GET A DIRECT pp / TAINS
CIRCULAR REASDMM{é OF usiveg sp, (2¢ 4
TO fROVE /0./2(3). 0
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Q OPPORTUNITY For (vNER 5ATLSFACT/D,\/

(0TS5) + You HAVE | EXPERIENCED THE
oy OF GETT(NG FROOFS . poznG DIRECT
PRoo ¥ ENCAPSULATES mucH oF THe NATURE
DF ALL MATH, DISCOVERY © HOMEWORK HAs
ReEed MISNAMED, T SHouLDd BE;

OPPORTUNITY FOR IJNER SATISFACTION
HENCE EorRTH DENOTED BY OIS /

R. WAY THe DIRECT PRooF PRocCess PROVes
AN ARGUMENT PATTERN VALID

. NOTE . A WAY TO PRovE [ —>R TRUE

s To RSSUME [ TRUE AND ShoW

R MusT BE TRUE, THIS SHowsS THe
IMFOSSIBILITY OF TRUE — FALSE , THE
ONY WAY AN ImpPLICATION CouLp BE FALSE

4. IN PART T OF Twis

P9
CHAPTER'S NOTES, A

DIRECT PRooOF wﬁS M3 ~ G
G\WEN FOoR THe P
ARGCUMENT PATTEERN -

AT THE R\GHT ., |T
Ll BE USED 7o sHow WHY DIRECT
PRocF PRoVED IT VALID.

32 NEED To SHow _

r‘~ ™ ~ g ) - Y

L({_).__y%>/\<f\/t“’—-3’“~§)/\f3_\x*3(”
A TAUTOLOGY
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4. NEED To sHow! EVERY (INSTANCE oF

[Cp’a%w (’VV""“N%X’\P]—?\‘ TRUE

5. S0, AssumEeE |

Kp’—a%’ )’/\(rvr-’——;/v%’)/\p’:,-g\r" /5

AN ARBITRARY INSTANCE OF

[Cpoa)r(~reng)ap]=>r Aus

SHOW THAT IMPLICATION /S TRUE.

L. BN sTepdt of R, Assume
[-CP/_.;%/)A(NPL_;w%’)/\P/j TRVE
AND SHow YT ' TRUE. Now THIS IS
WHAT THE DIRECT PROOF DID S IMCE
IT AsﬁotMED EAcH OF fb—;%
’Vr“""’% AND P’ TRUE aup sHowep
! TRUE . THEREFoRE, THe GI\VEN

AREUMENT PATTERN (5 VALID SINCE
THE HASSOCIATED /MPLICATION |5 A

TAUTo LOGY .
S . LOGVCAL MISTAKES! some
"ROOKIE MISTAKES WlLL BE SHoww,
AvoID THESE (/!
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| RooKIE MisTAKE | °

.7é P’—a% ’ TRUVE ForR SOME GO0 REASON
77, p’ 76 |
PAD © IUST BECAUSE AN IMPLICATION /5 TRUE

THAT DOES NOT FOoRCE THc ANTECeDEMVT T
BE TRUE .

4. Rookie MmisTAke

i /
76 ,D -—3% ‘ TRUE FOR Sope CO08 REASOM
77 46/ 76

BAD: TuUST BecAuse an IMPLICATION IS
TRUE THAT DOES NOT Foece THE CONSEQUENT
TO BE TRUVE,

3. RoOKIE MisTAKE 3: MaTor MISTAKE

76.'P’v%’ TRUE For Some GooD REASoA
77 upinrg! 76, DEMORGAN'S LA

NERY BAD: =25 /s THE NEs
R PRoOF /(5 p Lys7T OF
[F 7¢

ATION OF 76
TRUE STATEMENTS
(5 Tzeue—‘) 77 MusT pE FALSE

l. TRUTH TABLE

ONE WAN —To PRov e
TABLE

FRove VAL
. DIRECT PRoof

IMVACIO & TRUTH

MNEXT Comes A THIRD (WAY
To teove VAo
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INDIRECT PROOF

A. SUPPOSE Nou Know ENP /5 Thye

AND You KNnOW ALso E /s TRVE , TS5

P TRUE OR FALSE?7 OF Course, P
[S TRUE S INCE

|F P WERE FALSE)

WE WOoULD HAVE TRVE A FALSE
WHIcH 5 FALSE BUT -The
STATEMENT E AP IS TRUE

|F You BELIEVE THE ABove REASONING
LIKE THE AUTHoRs Do, You BELIEVE [N ..,

INDIRECT PRooF !

E. To PrRove A STATEMENT P Teue By
TINDIRECT FROOF:

[‘ ASgUME N/D TRUE (I.E. ASSUME P-FA(_sg)
2. USE VALID REASONING

3. GET ANY CONTRADIcT o

NOTE . THESE (WERE THE 3 =7eps |
LSED IN PART A ABove To ConNVINCE
You P whAs True
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C. INDIRECT PRocfE of pve

AN ARGUMENT PATTERA/‘ pP—syr
ASSUME THERE |5 AN gD—-av"
(INSTANCE W ITH TRV E -~ —
PRemises HAND NEGATION s T
OF TRE CoNnCLUSION TRUE . GET ANY
CONTRADICTION, I

O.ASSUME P’ @7 ' ARE sTATEmens THAT

REPLACE p, %, ResPecTivery.
/ .
| D' v %’ ASSumen ¥or INDIRECT PR oOF
R pPlesv’ ASsSumed FOR INDIRECT PpooE
/ _
I 2=\ pssumen FoR INDIRECT Proof
4 o ! ASsumep Fop TNDIRECT PRooF
(GET AMY  ConTen DicTion)
~p ! L, 4, MODus ToLLens
N%’ 3, 9, Mobus ToLLenc

N(P’v@’) 7, DEMORGAN'S | pw
pive’ 1

. CONTRADICT 10N L IN€ES T, 7

WE USE FE To Dewore CoNTRABICTION

NV 0 N & v
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D WHAT WE MeaN BY 4 CONTRADIC Tiop

1S A STATEMENT AND ITS NEGATION
BoTH SHOWN TRUE = Your PRooF (5 NoT

CONSIDERED COMPLETE UNTIL SOME

STATE MENT AND [T NEGATION ARE
LISTED ONE RIGHT AFTER THE OTHER

(kS IN ST€EPs T ,9 OF PRECEDING P@O(ﬂ:)

E. NOTE: THE PrRecebpmne PROBLEM WAS
GIWEN FoR DIRECT PRoODF HOME WoRK
IT IS VERY HARD To po BY DIREcT
PROOF. AN INDIRECT PRooF 15 MueH Edsier

F. WHY DID The PRECCO IV E PRove THe
ARGUMENT PATTERA VALip 7

PV WHEN These (epe ASSUMED
R plesvr TRVE, ALL THAT wouro Have
3 CB'__‘,;T.,/ BEEN NEECDED To HAve A
DIRECT PROOF Woutd HAve Beea To
PROVE V' TRUE . WE IN EsSewce
FROVED ' TRUE USING INPIRecT PROOE -

ASSUME A/ V! TRVE . WE GoT A
CoNTRADICT/0 N,
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&. GWE [INDIRECT PRODF * ]D—%/u%
[LLUSTRATE (T CAN BE

| —=

ANY  CONTRADIC Ty, 6 —
— o~p )
' Are STATEMewTs
THAT REPLACE p, g, RESPECTIvELY

/. p’——a zv%/ ASSUMED FOoR IMDIRECT PRoOOFE

0. Assume p’, Q’,

X . ‘FL} %/ ASSUMED Fpe INDIRECT PROOF

3. PN ASSumeDd For IvpipeceT PROOF
(GET ANY CONTRADICTION)

t. p! 3, TRUTH TABLE DEF oF A

5. ¢! 3, TRUTH TR8LE DEF. oF A

6. N%’ [\ 4, MODuUs pPowens

7 C%,’ ) 5, MODUS PomnENS

H CONTRADICTION : LINES 6,7

IN THE FIRST INDIRccT PRooF THE

CONTRADICTION INVOLYED CONTRADICTING
ONE QOF THEc€ PREMISES  TH/(¢ EXAMPLE
ILLUSTRATES THAT |T Does NoT HAVE

TO BE A PREMISE THAT r5 CONTEADIC TED .
NEITHER g’ MoR g ' /s 4 ppemise

/T cAN BE  AnY CC?NT@*’(D{C‘T!ON‘
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3 WAYsS 72 PrRove AN ARGUMENT PATTERN
VALID: |. TRUTH TABLE

X. DIRECT PRooF
F. [NDIRECT PRoof

1 wAY To PRove INVALID ;' TRUTH TABLE,

AN P\RGuMéA/‘T WiLL Be PRoveD VALID
2 WAYS

SOE WINS IMPLIES Sug SITS P —=
nvoT (BoB Runs OR Sue s (1s) )

_ /v(v-v%)

Q0E D1D NOT (ipN o

o', ’L/)D

|. VALID BY TRUTH TABLE

(]
3
J
9
/
>
<
CT\
<
=Q
1
|
Q
— -0

~ -n'?'gnﬁf—ﬂ—i

FIETT
B P

———— e

FIF|T/F P
T T
F
F.

—
b
i A

FiT

TAUTOLOGY : THEREFORE, VALID
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2. VVALID BY DIRECT PROOF :

0. AsSUME p', gl v/ pre sTATEMeEWTs THAT
REPLACE D, 2, RESPECTIVELY

. P’—adb’ ASSUMED FoR DIRECT PRoof

2. NC\{-/\/%’) ASSUMED For  DiPecT PROOF
(SHOW ~ p! Teye )

3ol ang’ A DemoreAn's Law
by N%’ 3) TRUTH TABLE DEF. oF A
5 . P/ /)Lf) Moous TollLenS

J. VALID BY INDIRECT PROOF
O Rssume p/ g ¢/ pre STATEMENTS THAT

REPLACE p,(@, - RESPECTIVELY
/
[. p/—s ff / ASSUmMED #or INDIRECT PRpor
v /\/(r‘/\/%’) ASSMMED FOR /qu/ﬁgc'r /3;{?(957;**
AR, P ’ ASSumen For INDIRECT Froe £
3 o , CGjéT ANY CONTQAD/C“T/OA/)
NNY L DEmorgans La,

(R 3, TRUTH TABLE Def. oF A
c NID / /) ./7[7 MOHUs Todl.l ENS
6 p’ A

# CoNTRADICTION : L INES 5,6
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T. DIREcT PROOF —> IMDIRECT PROOF
NoT VICE VERSA,

NOTEZ (N THE LAST DiRECT AND INDIRECT
PROOF LINES [/, 2, 3,4 5 (VERE ESSENTIALLY
THE SAME. |F You CAN Do A DIRECT
PROOF Nou CAN PROVE THE Conct-USION
TRUE . IN ANY TINDIRECT PRUOF You

ASSUME THE NEGATION OF THE (onvCLUSION
HEnCE AN AUTOMATIC CONTRADICTION L/ (TH
THE PROVEN TRUE CONCLUSIONS,

J Do NOT USE AN ZINDIRECT PRoOF ATTEMPT
To PROVE NVALID . |F You CANNOT DeLUCE
N CONTRADICTION, P255I1BLY SOMEONE ELSE
CoulnD. |

K. HOME woek (OIS = OPPOETUN ITY FoR
INNER SATISEACTION ) Do /).7 AND

1.8 (N PART T OF THIS Book_
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OPEN SENTENCES

A . TW\S STUDIES : PREDLCATE CALCULUS
SUST FINISRED: PROPOS ITTIONAL CALQULUS

“For EVERY ' & “THERE EX[$TS" Witk BE STUDIED

B VARIABLES [N GENERAL
m N

-

TYPE REPLACEMENTS
STATEMENT STRTEMENTS
VARIRELE S SIS .
VARIABLE S NUMBE R

- DEFINITION: —

VARIABLE o PLACE-HOLDER Fok ANY
ELEMENT OF A GlveN CLASS,
| CLASS = SE€T

2 STATEMENT VARIABLE ¢ PLACE-HoLDER

FOR ANY ELEMENT FRom THE CLASS
OF STATEMENTS
2 REAL VARIABLE “ PLACE-HOLDER FOR

ANN ELEMENT FRoMm THe CCLASS
ODF REAL NUMBERS
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L/‘.__P_E@_S_QN VARIABLE : PLACE-HOLDER FoR ANY
ELEMENT FrROM THE CLASS ofF PEoPLE

X DELIGHTS Iv MATHEMATICS |
X /2 N PERSoN VARIABLE
REPLACE X wITH SAM.

SAM DELIGHTS IN MATHREMATICS

C . REPLACEMENT = ConNSTANT
SO CONSTANTS REPLACE VARIASLES

ALGERRALC EXPRESS 1D -

VARIAB LE - e CONSTANT ¢+ 2
REPLACE X wiT

H CoNsTAnT ol
INSTANCE A <G o

D. OFEN SeNTENCE:

e e e et

[ AN EXPRESSION (UiTH VARIABLES
2. NOT B STATEMENRT

A~

3. BEComeEs A STATEMENT (WHEMN
ConsTAnTS RepLAcE VARIABLES
E. TNSTANCE OF OfEN gepnTepce -

THE STATEMENT FoRmeD BY

REPLACING VARIABLES (N AN OPEN
SENTENCE
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P EXAMPLES
[. Ofen SeEN TeENCE

X+ £ /D
INSTANCES - T+l < |D TRUE
KX0t] <« O FALSE

X 1s A REAL yArk1ApLE

A OPEN SENTENCE ¢

# HAD A 9gp AV6/€H6€,
INSTANCE -

SAM HAD A 90 AvERAGE.
0&_ IS A Percor VAR IA& (L F
3. OPEN SENTEeNCE : p—>
INSTANCE °© ZJoe RAN 1mPLIES Sue SITS

p)? ARE STATEM e T VARIABLES
't OfEN SenNTence -

’)c#-é = /0
INSTANCE A+3 = /D FALsE
X ANMD 7 ARE RE A/, VARIABL ES
GC. RecaLL:

OPEN SENTENCE TNOT A STATEMENT

INSTANCE oF AN OPEN SENTENCE: STATEMENT
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H."EVERY" AND “THerE /5" ASSOCTATED
W1TH OPEN SENTENCES © LET J=§54,91

|, TRUE OR FALSE : EVERY REPLACEMENT ¥op

X FROMN T MRKES A TRUE INSTANCE
\ \\
OF " &x+l <0 .

FALSE . 9 15 A REPLACEMENT FoR x
FRoMm 3 THAT MAKES A FALSE
INSTANCE OF “a4i1¢ci0, (g+1<iD F)

A. TRUE OR. FALsE: THERE /5 A
REPLACEMENT Eor = FRom 3 THAT
Mhkes A TRUE INSTANCE OF v 4+ ¢ 1"

TRUE b6 S A REPLACEMen T FoR. x FRom
S THAT MARKES A TRUE INSTANCE OF

Txtl <o (étl <o T

3.TRUE orR FALse ' EVERY REPLACE MENT

FOR X FRoMm T makes A TRUE INSTANCE
OF “"x<ap—>x /s opp "

FALSE ¢ 1S A REPLACEMENT FoR X FROM
S TAAT MAKES A FALSE nuSTANCE OF

"< A0 >k 15 0pD”. (6<520-——96 /s ODD ¥ ).
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4., TRUE OR FALSE: THERE Is A
REPLACEMENT FoR x FRom T THAT MAKES
A TTRUE INSTANCE OF “x <Q0o AMD X Is
NoT oDb ", (REcALL T= $5,6,9 z )

TRUE : & 15 A REPLACEMENT TEoR %
FROM T THAT MAKes A TRUE INSTANCE OF
" X<QD AND X 15 NoT opo ! (é<;zo AND & IS
NOT 00D T)

1. Romework (oTs) Do /2.3 THRoUGH
[2.16 IN PRRT T OF THIS Book

LC-HHPTER 13]
QUAN TIFIE RS

A Y s reap " Fop EVERY " "For ALL"
\\Fo& EAC_HII) OK \\'FOR ANV I ’

B. OIFFeRreNnCE BETweEN THE WAY
SOMETH(ING IS READ AND How IT
DEFinvED .

. LS R ISREAD "L |5 B <uRseT oF R"

[ C R CAN BE DEFINED “EVERY
ELEMENT IN L /S AN ELEMENT OF R

IS




/3 -0

<. FOR THoGE wHo HAVE HAD CALCYLUS :

Qi CQ)H‘l IS READ "The LT
x—> 3

AS X APPRoACHES 3 OF 2x+( 45 7"
Nk Qg =7 s DEFINED ™ Fog.

x> 32
EVERY £ >0, THERE /5 A S0 SucH

THAT FoR ALL Renps x, IF 0<[x-3]<S
J
THEN /(2x+/)—'7/ EL\

C. THE WAY SomeTH NG /S READ CAN
Re | INTUITIVELY Like THE DEF/A//T!OM
BuT |7 1< NOT THe DEF{/\//T/DU

QENTENCE-,, P(x)‘
LET P(x) DenvoTe | Yx < IO ”‘
P(z) woutd ge ‘oo 5

/_ET P(K) DENOTE 1\ X RA/\/ T
P(EJ'OE) louLtb BE “JDE Rﬁ/\/ 1{.
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E. READ: ¥xe T, Plx) 15 fenp
“For AL v (NI, PoFx " o
VPR EVERY k IV T P oF x !

[ YaxeI, x<T 15 ceap “roe AL
X T, xe7",

A, Vgi'g) ytl=10 15 Reap " For ALL
4 NI, yri=/0"

F. DEFINED: VeI, Pcx) Is DEFINED
"EVERY REPLACEMENT roR x FRom T
MAKES A TRUE INSTANCE oF P(x) "
. YxeTl, x<7 s PEFNED “EVERY

REPLACEMENT £y x FRom I MAKES
A TRUE INSTANCE %

a. v§€ I, 4yt =10 s pEFvED “EverY
LACEMENT Fop
A TRUE INSTANCE

G. ACADEMIC TRou BLE:IF You cHoose NoT

TO0 LEARN How Ve, Pcx) 15 READ
AN D PEFINED | ACADEMIC TRgLe AWAITS




/8 —-203
R. DRILL : READ, DEFIVE, TELL TRUTH VALUE
. LET T = ES/éJ?’}
l. GWEN: ¥ xeT, 2t/ < /O .
READ : ForR EACH x (M J, x+l« /o

DEFINITION: EVERY REPLACEMENT FOR X
FRom T mpkes A TRUE INSTANCE OF x+|<|p.
TRUTH VALUE: FAls€ (Rerace % w Tn 1)

L. GWEN: \/?CZEY)(X<20—>7< /S oDD)
READ © Foe eacH K IN T, X<20 IMPLIES ¥ Is opp,

DEFINITION Every REPLACEMENT For o FROM
3 MAKeES A TRUE tvsTAnvc e ©FE
KLAO0 — X s opy

TRUTH VALUE = FALSE (Rerrpce X WITH ¢ )
\WEN :
3. G\VEN Vée:y)éaza
READ: Foer piy

WVERSAL  QUANT 17 1cp = Y
T. = IS5 READ "THere ("

, ' THere
{ n
EX1sTS ', OR  FOoR some "
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K 3 = EXISTENTIA L QUﬁMT/F/E,Q

L. PREDICATE CALCULUS STupi€s THE
QUANTIFIERS /' T

M. READ: FxeT Fix) /s READ "TherE
IS AN X IN T sycs THAT P OoF x
OR " FOR Some x« ,n T, Per x "

[, > 1S rean "SUcH THAT". /7 /s
ONLY THere 7o MAKE THE EncLIsH

FLow smooTHLY, 7T CAN BE LEFT ouT
o dxel > xe7 4 READ "THeRE /5
AN X IV T such ThaT 27"

3. dxeT 3y x+=%
SOMeE ¥ N T

/S READ “MFEpR
y X+l =¢g"

N. DEEINED: Jx¢ Ty Fx) 1s DEF(NED

"TRERE IS A REPLACEMENT Fop x
FROM L1 THAT makes B TRUE
INSTANCE OF prx) |
. dxel > xe7 15 DEFINED "THERE |3

A REFPLACEMENT FoR x From T THf\’T
MAKES A TRUE [NSTANCE ©F %< 7.
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2. JxeT 3 xt+| =8 /5 DEFWED Thee
/S A REPLACEMENT For x TROM T
THAT makes A TRUE /NSTANCE OF x+|<§,

E. ACADEMIC TROUBLE PREVEN T(ON o LEARN

THOROUGHLY How Jzxelsr Px) IS
RKEAD AND DEFINED,

P THESE Two mean THeE SAME:
. JxeZ > Flx)

2 dxel, P(X)

HOMEWOoRK (©TS) DO /3.6 THeoueH
[3.17 IN PART T OF THIS BookK.

I

S. BuiLDur To UMDERSTOOD UNIVERSE

l\ IN THe STATemer\/Tu\/xel )7(<'7 i
T IS5 THE UNWERSE OF REPLACEME/UT)S
For THE VARIAB LE x .

2 IN THE STATEMeENT “_:33 £ P> ytl=¢ )

P IS THE UNIVERSE oF REPLHCEMENTSJ
Fok THE VARIABLE ,
3 IN THE STATEMEN T Vi, x>0

THE UNIVERSE OF REPLﬁCCﬂ\fN'TS FOoR THE
VAR IRBLE A 15 AN UNDERSTo0D ONIVERSE
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4 NoTAT/ON : T, /5 THE (WDERSTZ0H
ONIVERSE FOR THE VARIABLE =«

SIMILARLY I?’ /S THE UNDER STooD
UMNIVERS € For THE VARIABLE é/

5 PDEFIM|ITIONM: Vx|, Pex)y means
Vxel,, Fo). FxyPo) Meavs

AxeIxy Px).

T. CONTEXT HELPS CLARIFY T
(LT R DENOTE THE SET OF
PEAL NUMBERS. )

[ THE CQCENE ! You ARE (N A (CLAsSS

WHERE TTHE ONLY NUMBERS THAT ARE
TALKED ABouT ARE REAL NUMBERS.

2. A THEDREM |5 givey - Vx, x*z0
THE MEANING VxeR %2 %, |

THUsS 1L,= R,
3 EXAMPLE: W (ReBo> e E) Meus
VaeLe (xeB —>x € E) WHERE
I,C—??%/gsB OR gaEf,




/3~ 20"
T. EXAMPLE \/z) (ze Wes =< ﬂ MEAN S
Veel, (zeWes2<7) WHeERE

Te=7x]xeW or xeR ¢

L. IN GENERAL, I,  THE UNDERSToop
UNWERSE For = N Y, P/

(OR N TFAFPIx)) Is THe SeT
OF ALL ELE MENTS THAT ARE v AN Y

SET REFERRED To IV P(x)
- GENERALLY, [N ReAL LIFE, THC
CoNTEXT WILL MAKE T, CLERR ;

ALsSO UNDERST20D UNIVERSE 1S
MOSTLY USED WiTH Y QUANTIFIER

WiTH AN IMNPLICATION o BICONDITIonA[
YoLLow NG .

U. NOTAT(oN : UNLESS CONTEXT

DEMAUDS OTHERWISE R DENOTES

THE SET OF REAL NUMBERS AnNp
N=S$1,33..1 DENOTES THE seT of
POSITIVE INTEGERS (T-£. THE SET oF

1 rocarom = e

NATURAL  NVYMBERS )
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VOEXAmPLE: LeT B=11,27 AwD E={334]
. GIVEN * x  (x €B - %€E).
2 E&UIVF\LE/\/T To:VxeT, (xeﬁ—-;sz)
WHERE T, = 112,342,

3. DEFWlT/a/\J. EVERY REPLACEMENT
FOR X FRom T, mpkes A TRUE
INSTANCE OF xeB—>xeE .

H TRUTH VALVE: FALse ( Sivee
|eB—2£E€ 15 A FALse INSTANCE. )

WL Two WAYS To CHANGE Ap OPEN
5emrewce INTo A STATEMENT
LET B=1/27 Awp E=14.3, o ¢

OPEN SENTENCE - XCB—>X€E (NEITHER

TRUE NOR FALSE \pT A STATEMENT ),
l. MAKE AN [NSTANC €

XEEBE - 2 F STATEMENT - TRUE
. PREF/M WITR QUANTIFIER(S)
\f;q(%le-%)dlE) STATEMENT 1 FA/LSE

X Homewore (OoTS). pp /3.1%
THROUEH /3,20 /& PART T OF THe boog
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OPeN SENTENCES (NMVOLVING TwWO OR
MoRE VARIABLES

A FREE Anp QOVERED VARIABLES
{. OPenN SENTENCE, A FREE VAR |ABLES
?C+a = /0

. OPEN SENTENCE , [ FREE VARIABLE K
| coveRED VARIABLE Y (CovereD BY 57%76/2 )

5’3 cR > Kty = |0 NOT A STATemerT

3. [NSTAN CES BY REPLACING X

AR o e e

TRreprace EtANCE | TRun
aladlis L VALUE
5 Jyc Ry 5+ y = 1D ] T I
= 386@3-—{{—8:/0 T
L Hy € Ry I+ V = [0 / T

L EVERY RCPLACEME/VT Foe 7.8 F/eom N
Wil MAKE A TRUE [NSTANCE OF
dyeR Yy x+y =10 . HENCE

Vx e R(Fyek> xty=I0) IS TRUE BY DEF



B NOTE ] X+

Two FREE

ONE FREE

It-240

= |0 OPEN SENTEWCE

)

VA LI ABLES , NOT A STATEMENT
2. Elazfi& x+y = [0 OPEN SENTENCE (N
VACIABLE , NOT AR STATE MENMT
.3~V@1ﬁ{63332%-X+%:/O) STﬂT€MENT3
TRUE , NOT AN OPEN SENTENCE

C. ORDER OF QUANTIF IERS CANV MAKE
A DIFFERENCE,

CONSIDER E%ER%(VXQR Xty = /D)

Y+y =/0 OPEN SENTEMNCE | FREE
VAR IABLE, Y-

[. VxeR,

A /NSTH/\/CGS

—

NSTANCE

REPLACE
RN B
g V%R x+’7-/0
~10 VxeR, x+(~10)=10
3

VAER) x+ 3 = 10

ER _I_\I’C_D__T TE’l‘/_E
FRom R THAT MAKES

e e

B

TﬁuTH
VALUE

Foo
.F
F

0 W

THERE 15 A Ref’mccme/v“r FoR
A TRUE

InsTANCE OF YxeR Kty = /O

u. NoT TRUE
5z TRUE -

5’3(512 }(Vxek ;<+3~/0)B‘/ DEF .
VxeR, (Efgz:e} 7<+Cu,'/o) SEE B,3.

& ORDER OF @uamz{:ccx.as IMPORTANT,
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D. ANOTHER LOOK : ORDER OF QUANTIF/ens
CAN MAKE A DIFFERENCE

LT N = SET OF MARRIED PEOPLE
= sz%[VUgM) % Is MARRIED To Xj F
Véﬁ eM, [3 xz["\%% 15 MARRIED To 7(7 A

F. ORDER OF QUANT/FIERS MIGHT
NOT  MRAKE A DIFFERENCE

\V/XZR)[:‘]%ZR-}%%:OI T
dye Ry Vax eR, 76%1:0:] T

F. REMOVING GROUPING  SYMBOL S

. Ve I, 3 4YEI I Pl=y) | MEAwg
VaeT, d yeJ 3 Play) | GRourive
SYMBaLs CAN BE UNDER SToo D |

2 an’/\/[ﬂagﬁJ (Vzel, xy< “Z)]
MEANS /e N FyeR, Vzen, Xy < xkZ

7 VxeR, Lvyer, xy=yx | means
VxeR Vyéﬁjwdsax .




4 -2t
G. INTuITIDV AND Rlgoe:
[, SYMBoLS THAT ARE READ So THAT
SO TRAT THEY INTUITIVELY SuPPpeT
THe CONCEPT THEY DEFINE | CAN BE
HELPFUL. A CALCULUS EXAMPLE FoLLOWS

2. X AL =6 1S ReAd " THe LImiT As
x>3
X APPROACHES B OF QX EQUALs £

(NTUITIVELY You CAN THNE oF X

GETTING (CLOSER To 33 MAK[/\/é 2%
GET CLOSER T2 ¢ TFELLOW HUMAWS
CAN USE NTUITION To gce— THE ANSWwee
To PRove YOUR (NTU(TION WS CORRECT

Yol WOULD HAVE To SHow R160€ ousLy
THE DEEINT/ON TRUE -

EY S, . UT (S 0t MoT To Haye
HAD CALcwews ., IT J ok NoT 7o
UNMNDERSTAND THE DEF/NITION | THS
POINTS ouT THaT SYMBOLispn  pPecAp

SO THAT /7T SUPPORTS TH/& DEF I Tron

CAN BE HELPFUL To G€T 1He ANSwee.
70 PRovE IT CORRECT [5 ANDTHER MATTER.
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H. INTUITiON AMND RiGok (N DETERMiwive
THE TARAUTH VALUE OF STATEMENTS

LIKE VeI, dyeT ¥ Plxy)

1 we HAvE SEEN Ve R,3yeRyxty=l0
[5 TRUE ., AN INTUITIvVE WAY To GeT
THIS ANSWER CAN BE ARR\WWep AT BY :
HAVE X2 DIFFERENT DECKS oF CARDS
EACH DeEckk HAS 4 CArD ¥ore EACH ReA L
NUMBER . FRom LEFT To RIGHT THE Y/
QUANTIFIER COomES FIRST, so RANDomLY

PICK ANY CARD FrRom THe FIRST DECt/
TURN IT FACE UP (sAY SHows ), THE oNg
WITH THE SECOND DECK THEN GETs To
Look KT ALL Cpapps IN THE secoup
DECK To Frup ove THAT CAN ADD T2

1 To G&T /o . OBvrousey PULL ouT

CARD 3 From THe SECOND Deck . Now
Fut 2 BAck (N THE secoup DECK Dd
NOT PUT ) BACK v THe FIRST Dect
CONTINVE THIS PRocC €ss ONTIL Asc |

CARDS FROM THeE EipsT DECKL ArRC

FLAYED, |F THE one ¢wiTm THE SECOND
DELK CAN ALWAYS FinD A CARO To mMALE
THE Sum 10, Yuek, JyeRsx+y=z/0 15 TRYE,
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A. WE HAVE SEEN Hng) VXQR) X+y =[O

IS FALSE, wTu\T\veu\/) LET THE 4ST
DECK. OF CARDS, 1 FOR EACH REAL, BE

ASSOCIATED wWiTH THE VARIABLE %7)
THE AND DECK wITH X, [F THE ONE
WITA THE 15T Deck. CLAIMS
"3%6@)‘%@6&,%3:/0 U5 TRUE, THEY
ARE CLAIMING THERE [5 A CARD so

PowerFuL , THEN cAN LAY |T FACE uP}

THEN EVERY CARD PLACED TAce UP
BESIDE IT ¥From THE SECOND DecCk WILL
CAuse THeE Sum 7o Be /0, OBUIOUSLY
NO SUCH ‘SILVER BULLET 'CARD EX/5TS
FOR EXAmPLE |F THE PERSON (vi1TH THE
25T DECE THOUSHT 7 (ups THE !SiLver
BULLET' cARD AND PLAYED IT, THEN
THE OJE ot TH THE QND DECK coue p

SUCCESSFULLY PLAY 3, BUT THAT ¢S |T
IF THE 3 WERE Pickep UP AVD 5 Pz_ﬁygo

V+5 =(2 NOT 10 So €verRY CARD In/
THE SECOND DECE (opiaiD T CAUSE

THE SUm 1o FE£ 70, ANVY CARD FrROM
THE 15T péeck BESIDES 7 wowen AlSo FA/L.

Hyek, ¥xek, Xty =/0 /S FALSE (
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T. USE INTUITION TO FND THE TewTH
VALUVES OF THE Fordc owineG

/. V/XZR)E%ZE > 2y
TRUE

2. EIXQRJ'Vaaﬁ Ky = |
FALSE

3, EJ%QEJngR ky=o0
TRUE

4{, dxer, 336/2) Ky -2
TRUE

> \V/Xéﬁjﬂgéﬁﬁ Xg:{

FALSE

J. WE LERRN LATER /N THE CoURSE How

To PROVE THesE INTUITIVE ANSWERS
CORRECT

K Homewer e (01S) Do /42 THRouGH
/A0 IV PRRT T OF TH/s BooK
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[CHRPTER (5]
TRANSLATIONS  To PUANTIF [ERS

N, TRANSLATON From EVERYDAY LANCUAGE
To PROPERLY QUANTIEIED DPEN
SENTENCES WLTH No Hiopen QUANTIF 1ERS

B, EXAMPLES: LET Pz THE SeT oF ALL
PeEoPLE. LET N\ BE THE SET OF ALL
WATH Courses

. ANYONE CAN LEARN LoGic

Vxe F X CAN LEARN Loecic
2. SOME PEOPLE CAN LEARN LocGic

Txefy X CAN LEARN LOGIC

3. EVERY PERSON SHOULD TAKE Some
MATH CourSE .

BAD V' xe PJ X SHouLd TAkE Some MATH
CoURSE |

_Good: Yye P, 323 £ M > X sHouls ke v

I

/§
REASON BAD 5 HIOpEN QUANTIFER
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Y. Trere 1S A MATH Course EVERYONE
SholDd TAKE.

HxeM -}Vée P) 8 SHOULD TAKE =

5 NoboDY Llikes Loé6ic.

VxeP x Does NoT LIKe LOGIC

C. Home woRK ( 0TS ) Do [5.5 THROUGH
|5.33 IN PRRT T OF THE BookK | ALSo,

TRANSLATE THE FolLLowiING TO PROPERLY
QUANTIFIED OPEN SENTENCES WITH N
RICDEN QUANTIFIERS.

. EVERY RURPER BAND BAS ASSOCIATED WITH
IT A FORCE %0 THAT LF T 18 STRETCHE W (TH
MORE THAN TRAT Forc€ T WILL SNAP .

( Lhurn sELL)(Use 3 QUANTIFIERS

A. HE R#s FAILED T2 SHAKE HANDS W ITH
EVERIONE N THE Room | (NoTe: |N
EVERYDAY LANGUAGE THIS CourDd HAYE
TWo ENTIRELY DIFFERENT INTER PRETATIONS

GIVE TREM IN PRCPERY QUANTIE €D OPER)
SENTEMCES )
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[CHAPTER (¢ ]
NEGATIONS
. SUPPOSE You eErRE ASken To NEGATE -
Vero, 36503 VieR if oclx-3|<G  then
'(xg- Cj( L € DoES THIS HALLENGE “Nou ?
You. wict LEARN Soon) !

B. WHAT |5 THc NEGATION OF :
EVERYONE N THE Room |5 MALE ?

[. EVERYCNE [N THE Poom IS FEMALE
- OR

A SOMEONE IV THe Room /4 FEMALE

THE SECOND CHolice /S CoRRECT

OBS ERVE THe FORM

AN D
xeM > X /5 NoT mace
RRE NEGAT/ONS OF EACH OTHER
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C. ABSTRACT Form: \V/XE/V)) PCx) AND

AxeMNy~Plx) ARE NeGATIONS OF
EAcH OTHER

D LiKkEwise ™ FxeM KRix) Awud
VXEM | ~o Rlx) ARE NEGATIONS oF
EACH OTHER.

E. NEGATION RMLES SAID EO?UIVALEA/TL\Y“
N(‘V”XQ/V\,PUQ) IS EQU
dxemM ~Plx)

N<3 XeEM, chjj IS EQUIVALENT To
VXEMN, ~ Qix)

WALENT 15

LIV BoTH chses switew Tue

QUANTIFIER  AND NEGATE WHAT
Foz.wws.j

RONEGRTE rep 4T

Hxeh > x4 | EQUIVALENTLY
JxeAy x =]
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G. NEcATE: FxepP3y x> 45
Vxef, x<s

H. NEGATE - \7//«51‘3(7(5:4 OR ;(%B)
xeP ~(xehd or X4 8 )

L : \/szjEdaB-} <y
Esz)w(EgjaB) 7(435
dxeh, VyeB, K=y

THE INTERMED | ATC STEAPS (UiIL(
NOW BE LEFT ouT

Q. NEGATE - ngﬁ)?:{%gﬁ)éé>7—a é>3)'

JxeR, \/355)(?07 /1514‘3)1

K.NoW LET!S REVIS )T THE CHALLENG NG
ONE AT THE START OF THIS CHAPTER
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ﬁ?GATE" Ve >0, 1Ss03 Ve fp

F o< |x-31c 8, thon |22 a) e
ANSWER: Heso g >0, 4 xR 3
O0<x-3[<8 and [x%q|= ¢
L. NEGATE: pvepy PERSON SHOULD ThkE

SOME MATH Coukrse

[ FIRST TRANSLATE: P= SeT or PEOPLE
N= SET OoF MATH Courses

‘s/sz) 3%5/\4) K SHouLD ThAge Y

2. NEG ATION: Fxef Véjz/V\ X sHouLp
NoT Take éj?

3 . TRANVSLATE BAck T» EVERYOAY ENGLISH
IF DESIRED : THere i A PERSON

THAT SHouwp Take Mo MATH Coyrse

N TRUTH VALve of- Vied Fa)
WRAT s T 7
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. NEGATION OF ¥xed, Px) 15

Exzqf ¥ NP(?() THIS S 08VipusLyY

FALSE SINCE |T CLAIMS | Amgne OTHER

THINGS THAT THe EMPTY SeT HAS AN
ELEMENT! Swce |T s ‘F/MSE’)

TS NEGaTON Vxed Pod) 1s Teue !

A \/?cegﬁ} 7‘9@) /5 TTRVE ( SomeTimes
CHLLED VAcuousey TRUE )

3. EXAMPLES:

,,,,,,,

Q. ‘vfhxgcf) X =>A0 /S TRUE
b ¥xed xe3 IS Tkue

. Yaed, xz3 /s Tepe

N. Homework (o1s) Do j4, L

THROUGH /4,28 IN PART T OF TH(S
Book

THIS EMS PAET T oF T HiIS Boog

FROM Now OM, THE NoTes Aee Aie THE E
IS, THERE 15 o REGULAR Book To REFeR 70.
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PRART IT

OVERHEADS For The TEACHER
AND NOTES Fork THE STUDENT OVER
MRTERIAL NOT N PART T THIS

IS ALL THERE S, /T SHOULD BE
ENOUGH FOR COMPETENT 5’7006u75

THAT Have A CompPeTENT TEACHER

-
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DIRECT PRooF OF [F... THEN. .. SHTemENTS

A. As sEeN |y CHAPTER 1D A (waY

To PROVE [L— R TRUE s TO

hssume L Teve ( SHow R TRUE )
B.DRILL OV How To START

F.,THEA,
PROOFS
. PROVE : IF pe € THew P
Assume pe E( SHow p < 7) .
2. PRovE * pgw—v“’pElQ-
ASsume ped (SHow pf:&)
3. PROVE : TpeM THen(geh — gep)

C.NOTE! You Now know 1y To AT

LEAST START A PRooF STATED N
L—=2R Foem YOU CAN USE (UHAT

YOU ASSUNE . You Do poT vsE wHAT
You RRE TRY/NG TO SHou ... THAT IS
ToUR BOAL, WHERE Ypu ARE ComeE
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D. A COMPLETE IF... THew... PRooF

PRove: IF he 5, THEN Qh-7< ¢
A | Assume hes. (sHow Qh-7< 3 )
2. Ah <o |, MULT. BY 2

3. Ah=T7<«3 Q2 SuBTRACT 7

4 3<4°g ARITHMETIC ENDWLELGE
*‘5‘ Ah-7 < ¢ 3,&%)T/€/9A/5/'/'/1//Ty
AT L. F N<S, THEN Q-7 « < (-5

NOTES

A, DenvoTes THE STAr+ /n THE
PROOF OF THE FiesT ASSUMPT (0N

THE suBscripT 1), AX mesns
STARTING Now WE APE No Loncep

CONSIDERING ASSUMPT/ON 1 TRUE. WE
WiLe N PH/LOSOPH/ZE WHAT [HAS

BEEN PRoveN By LOOKING AT TH <
ASSUMPT/D N AND

(HGNCE/

/TS CONSEGUENCES
NOTE: IV STEP 5 (vE SHowep wwHAT
WE WERE TRYNGE TO SHow. Oue GorL

OF SHOWING Jn-7<¢G WAS SATISFIeD .
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E. SET NOTAT Ion

V1,2 15 READ "THe SeT wHosE
ELEMENTS ARE | AnD Q"

276/ X</0} /S5 READ ' THC SET of
AL(_ X SUCH THAT X L /0

3. 344 /5 READ “"THE SeT whose
ONLY ELEMENT |5 4 "

F. THE DummyY AR IABLE /n SeT
BUILDER NOTATION

§7</ %</03 /S CALLEDSET FuiLhdER
NOTAT/DN X 15 A Dummy VAR IHBLc

3. LeT E=Fx[x<i0l - §§ [y <to].
E=3z]Z</0}.
3. THINGS You CAN pp /v A PROCE -

OoypEE GIVeEN

WHAT ¢cAN You SAY NexT ?
?_S“PLIO L7, DeFivITioN OF €

b.3.2_ 5 < /0 ARITHME TiIc KNIWLCOEGE
33 S £E 32, DE FNV | T/ON OF g
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RecaLt E-= {X /76( /03

C. %7 W= 576/766 = Avd X>‘f} Glyen
43 %8 (W GIVEN
WHAT CAN You SAY pexT ?
4q %eE AVD @>¢ 48,497 DEF OFw

50. %g E ﬁ’?’,TTﬁDEF OF A
5L g <o 50, DEF. oF £

4. 72, 4“2 < /o ARITHMETIC KNowlEOEe
3. 4aeE 72 per OF E
TH. 4.2 > ¢ ARITHM ETIC ENDWLEsGE

s 7. AEE AND Y5y 13714 TT DEF. of A
76 2 ¢ (W 75 47, DEF of w.

& THE LisT/nvg METHOD Foe SETS

LEnat=72,00=302,30,]

2. 30425 SeT perwep 69 LisTie MET Ao

74 de M SLVEN
WHAT CAN You SAY MNEXT

s d=1 of c@ L 93,94,DEF OF M

——

Now CoulD Also

SAY aeM . ..
TT PBBREVIATES “TRUTH TASLE

F,me LooKING AT 923
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H. AN EXAMPLE OF AN [F.., THEN.. PfooF
INVOLVING SETS.

P= iz [x 15 A PosiTwe IVTEGER AwD %< /0]
| = gx{xiﬁ AND K >’7§
((RECHLL R= Reaﬂs N = PoSITIVE INTEGERS )
PROVE: IF deP AND d>8 THen de ||

By L AsSUme deP avo d>g. [ Show d e ()

(SHow deR  Anp d>7)
2. def L, TT DEefF OF A

3.4 15 A PosiTwe INTEcE€R AnD d < 1p 2 DEF P
t A 15 A PosiTive INTEGER 3, TT DeF. OF A

5.4 ¢R 7, EVERY Pos., TNT. IS REAC
6. A>g I, TT DEF N
7. 3>17

ARITHME T/ KNOWL EDGE
3. 4> é,7/ T:QI‘H\/S/T/VIT)/

1 deR aAwnp dsm S/g) TT DEF OF A
0. d el T, DEF OF [,

AFILLTE de P awp A>8 THen de L

[ =/0
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L. Homework (0IS)

. PROVE:T TF e >, THEN 3e-5 >

4. PRove : TF §<'7,THEN(IF q <5, THew
353—ID<:8 )

3.LET R=Fx |XER A % >/07?
Ws3x [XER A x>T A XﬁiN\z
neSx | 2eR A x<al]

PRovE : IF(KeB Aub K< I5)THEN Ke ()
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DIRecT PRoor oF M

A. “EVeERYy" STATEMENTS ARE AS FOLLDwS
| Every ELEMEVNT OoF A Is N B,

EVERY " STaTe MENT S

L EVERY NUMBER Less THAN 20 (s IN T

3. EVERY ELEMENT OF SET T HAs PROPERTY P

B. A way 1o DIRECTLY PRovE M EvVERY ELEMENT

OF SET E HAS A cerTAy PROPERTY "
RSsume pect (SHoLQ P HAS THE CerTAW PRDPGRT‘/\
/I\

CRoose pwny ARBITR pp

Y SYMBOL THAT s
NoM—AMB\GuDuS.

C.oriLe oy STARTING YEVERY " PROOFS

D PRO\)E' EVERY ELEMENT OF E |5
A1 RSSUMe pe€ (sHow pe Bj
OR

AL RAsSsSume %zE ( Stow 1€ B

N B
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STARTING "EVERY " PRoOFS (ConTiny D )

2). PROVE: EVERY REAL NumBer L ess
THAN Q0 1s IN T

A, [ ASSUME w IS A ReAL Numpen
Less THAN 20 (SHow wET)
D EXAmele “Every® proor.
SET H=fxlx<0 pvp ks Jx | x< 20 4
FROVE: EVERY ELEMENT OF H |5 N K.
R, . Assume peH ( SHow pE K)
A p< o [y DEF. 0F H
3. ]0<& &0 ARTHMETIC KNOWLEDGE
. p<ao =) 3, TRANS 1T Ty

. pEK t, DEF. OF K
AT 6. EVERY ELEMENT OF H IS IN K (-5

E. WHY Does PROVING IT For p (IN

THE SUST FINLSHED PROOF‘) PROVE
IT FOR EVERN ELEMENT gF H 7

ANSWERT THE SYMBoL p WAS
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ARBITRARILY SELECTED. THE oONLY
CLAIMNS MADE ARoUT P WERE TRUE For

ALL ELEMENTS OF H. HeENceE, ANY
SPECIFIC ELEMENT FRoM H CouLD BE
SUBSTITUTED FoR p AND ALL STATEMENTS

REMARIN TRUE INCLUDING 5 THAT

OAYS |T IS IN K. (BESIDE EXAMINING
EACH ELEMENT OF H ONE AT A TIME
AND PROVING IT IN k WOULD TAKE AN

INFINVTE AMOUNT OF TtMEf)

F. PROVE: TF EVERY ELEMENT OF B_

IS IN E AND EVERY ELEMENT OF E
IS IN GJ THEN EVERY ELEMENT OF
B 15 IN G.

R, l. A s8UME EvVerY ELEMENT OF B IS
IN E AND EVERY ELEMENT OF E IS
N & (SHOW EVERY ELEMENT OF B

15 IN G)
P, 2. ASSUME w B (SHOW w e G)
3 EVERY ELEmenT OF B (S INE (I, TT DEF A)
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. weE )3, INSTANCE OF 3
5. EVERY ELEMENT OF E Is IN G

(1) TT DEF oF A)
. We G 4,5, INSTanCE OF 5

AY7. EVERY ELEMENT 0F B IS ING a—6

AfS. IF EVERY ELEMENT OF B 1S IN E

AND EVERY ELEMENT OF £ IS IN G,
THEN EVERY ELEMENT OF B IS ING |,7

G- NOTE : INSTANCES OF “Every" STATEMENTS

FORM THNT PRoDucesS AN INSTANCE -

YOU RRVE A SPECIFIC ELEMENT OF R

You KNouw EVERY ELEMENT OF B HAS A
CERTAIN PROPERTY.

SO RS AN INSTANCE, You KNOW THE
SPECIFIC ELEMENT OF B HAS THE
CERTAN PROPeRTY

~IN TRE LAST PROOF e sAawW IT As
A. w £ B

3. EVERY ELEMENT OF B IS INE
THEN CAME THE INSTAWNCE

g S VO I S = 2,3 INSTANCE OF 3
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H. Homework (oxs) LET
T=1xlxeR n x<20 x€ B |
B= Yx[xeR 2 x>10
W= sx[xeRn x>9 A XéM}
ne ) xeR a X<l §

[, PROVE: EVERY REAL NUMBER LEss
THAN 20 (S IN M.

Q.PROl/é: EVERY REAL NUMBE R GREATE/Q
THAN 5, WHEN Douseen IS (N F

3. PROVE ¢ EVERY EremenT oF T IS5 IN TU

4. FROVE : |F EVERY REAL NUMBEF | £ss

THAN 30 15 (N E | TTHEN EVERY ELEMENT
Of M\ 15 IN E

5. PRove: |F 9 € B, TREN EVeERY RenL
NUMBER LESS THAN T IS LEsS THAN g




[CHAPTER |9 [ /7-23s
DI RECT PRoOF OF ¥'xeI Pix) Foem

. PROVE THE ForLowinG “Evepy" STATEMENT
LET H=y | y< o} Prove: svery

REPLACEMENT FOR X FRoM H MAKES A
TRUE INSTANCE OF Qx—| < 4D.

A, l. Assume Q 15 A REPLACEMENT

FOR X FRoM H . (SHowW a makes
h TRUE JusTANCE OF 24 ) ¢ Yp
- T.E. SHow Rg - |< s@) :

. 9 € H /

3. q< (0 L, DEF. OoF H

H. ;z% £ 30 3, MULT. BY 2

5. 4q- < 9 4, SUBT. |

6. 19« 40 ARITHMETIC KNOWLEDGE

1 dg =140 5,6, TRANSITIVITY

A¥ 3. EVERY REPLACEMENT ¥op x FRom H
WrKes A TRUE IvsTANCE oF Lx-[ <Y, 1

NOTE : WE PRoveED BY_@&mea/\/ \7”%2%/) X~ [ 4D




19- 236
B. NOTE % WAS SYmMmRBoL CHeseN. Tp REPLACE

X (N THE PREVIOUS PRODFE. THE SYMROL UsEy
To REPLACE X NEEDS Tu B€ DIFFERENT FROM ¥
A SIMILAR PRooF WILL Now RE GIVEN USING

THE SYmBoL X7 To REPLACE X INSTEAD OF ?

A, [ ASSUME x” /5 A /QEPLACE‘MEM'T
FOR 2 FRom H | (SHmJ x MAKES
A TRUE INSTANCE oF Q~- [ < S0,
T.E. SHow 2 x? -/ < 1710)

2. x'e H /

3 x’< /0 2, DEF. oF H

Y Ax’co0o 3, MutT. BY Q

2. Ax’'~] <19 4, SUBTRACT |

L. | 9< Ho ARITHEMETIC KNpwiepge

7 o’lx'—/< Lo 5,6, TRANSITIVITY

H*% EVERY REPLACEMENT FoR % Fpom H
MAKES A TRUE INSTANCE OF 2x-[ < Yp . 1]

NOTE: WE PROVED BY peF N ITION VxeH Ax-1< %o

AGAIN ! Summme\/ OF WHAT wE DIp -
Assume x’ H (sHoW Qare /<szo)
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C. T0 PRove DIRECTLY : Wxel, Pu
I, Assume x”¢ T .
2, SHow Plx') TRUE

D. DRILL ON How To START Vkﬁz—J }D(’XJ PRooFs -
Q.. PRODF STAET Fop - \7’7@,,’%J xR =0 A
A, . AssumEg X'ep (SHoW x')>0 )

b PROOF START ¥or © Vi e A w«epB
Ay [ ASSUME X% b (Show /¢ g )

C- PROOF START ¥oR ¢ Vxe E, (xeB —> xeT)
Al ASSUME %72 £ (5 o0 XeB—>eT)
Pal- Assume %’ & (SHow x’€T )

Q. PRoo F START For:
IT¥ 7& T, THen VXEE, xe &

Al ASSUME T2 T, (SHow Yze £ xe G )
Py 2- ASSUME %% E_ (SWowy 2% G)

e. PRoOF START Tor -
IF(V;CE‘, A, xeB ) , THEN Of)(&‘ €, x€ (= )

A, l. ASSUme Ve A x € B. (SHow Yxe E)xe(}\)
Fa 2 ASSUME X/ € E S How X’ &)
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S$. PRooF START FoR: VyeE, yeT
A, |. ASsUmMe S/EE ( ShHow y'e 7)

9. PROTF START FoR Y3 ¢ E, \7/357’) z+é7</17.

A, [« ASSUME %/ZE(SHOCJ Vé,) g’T) 7(,4+g < /0)
Pa 2 ASSUME %IZ'T* (SHO(,J

h. PROOF START FoR <
V%gE) ({F X<3, THEN Vslig) %‘f(y>5)‘

A L. AssumE x’eE (sHow IF x& 3
THEN V'yeb, x'+y>5 )

Az A ASSUME 27« 3 (SHow Vyes, xﬁg >5 )
As 3. ASSUME 3/58 (SHOUJ X/+6//>5)

E. OUR PLAN For VARIABLE REPLACEMENT:
To PRoVE Yxel, PCx) | BY DEFNITION wy
HAVE To PROVE : Eyepy REPLACEMENT For
X FROM T MAKES A TRUE INSTANCE OF Pex)
30 ASSUME x‘e T (SHow Prys ) :
FOR FPROOF oF Y'zed, Ple) -

ASSUME =’eT (SHow PC=z'))
FoR PROOF poF va2e T, Pg):

Assume g/e T IsHow Plq’) )

NOTE?® %/ /S CONSIDERED A DIEFERENT
sSYmpoL fFROM %

x/+y’< /0)
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F. LET H :iélé <10 z FROVE Vggﬂ) Qg—R%,
A, [. ASSUME %/gh‘ ( SHow &g’—/<‘f0>
2. yrcio’ I, DER oF H

3. Qg’éélﬁ 2y, MUuLT BY X

iy g%/,/é |G 3, SUBTRACT |

5. |9 & #0 ARITHMETIC KNOWLEDGE

6. 2y~ <0 45, TRANS 1TIVITY
W7 YyeH,ayg-l<to =6

C. PROVE » ¥ yeR (IF y<3, THEW 3y-I<s ).
A, |. ASSUME 8’5R(6H0w IF y’<3, THEN

o’lg’—/ < %)
A, . AsSUME g’éfw (SHow ;7@/—-/45‘)
3, g%//\é Q;meT. BY;{

4. dy’—| <5 3, SUBTRACT |
AZS. IF y’e3, THeN Ry-l<5 -4
A6, VyeR,(1F y <3, THen Ry-les) s
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H. INSTANCES OF &/7(22_) P(?()
0. SUPPOSE You ARE &iyen)
. 4¢eA SVED
2. Vxed, xeB Swen
WHAT Canv You 5AY 7
3. %¢B LR, TNSTAVCE OF Q.

b. Surrese You ARE GLVEN
. A E&T G LVEN

2 Vye T (IF ycs, THEN ye E)awen
WHAT canv You SAY ?

3. IF2eB, THEN Q¢ E H Q) INSTAN ce

OF 2
C. SUPPDSE You sec GClLVEN

. x’e T Glven
2 VXET, %<7 Gren
WHAT CAV You say 2

3. X/« n /)2, INSTANCE oF 2
D. sufrose YoU ARE Gluen ¢
. xle T GV EN

2 VxeT, ¥ €, Xty </o GlUeN
WHAT ChnJ Npu sAYy 7

3. Yyek, Pty L0 1,2, TVSTRNCE OF )
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L. usive YxeI, fx) Iv A PRooF -

PRove: IF 426 avo(VxcE, axeT) Awp
(VxeT, xt3€ G), Then e G,

Al ASSUume deg avo (vxek, QxeT)
AND (sz’ﬂ Xt3 € (). (SHow e &)
2. tEE [, TT DEF. o6F And
3. Nxe E, QaxeT |, TT DEF. oF Amp
1. 2(4)eT g 3, TNSTANCE OF 3

3T 7 |

5.
b. Vx T, x+3 ¢ & [, TT DEF. OF Awp.
7/

g+3 £ & 5,6, INSTANCE OF &
3. lle & 7

AT IF 4eg AND (Vx ¢ E)&xeﬂ AMD
(VxeT, x+3 £G) THEN e G |—g
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9. PRove: /F[( VxehA,xeB) AND (VXQAJYQE)I
THEN [ Vx¢ A (xeB A XZE_)].

Ay 1. ASSUME (\/Xg,A) sz) AND (V%@At, XE 53
“WNREA (xep A XﬁE))

3. VxeA, zeB - L, TTDEF. OF Amp
4, x’e B 2,3, INSTANCE OF 3

5. VxeA, xeE |, TT peF OF AND

6. X € 5, TNSTANCE OF &

7. KEB A XEE %4 TT DEF oF A
ng- V%zﬁ)(XEB/\XE‘.E) < —"7

AE IF (Ve xeB) avo (Vxeh, xee) ]
THEN [\7/75;[)} (7(53/\ XEE)] /, 3

K. CAN You DeEDUCE 7 Some MIGHT SAY THE

ABOVE /5 O©OBV/ous AND Doegs NOT neep T
BE FPROVEN. HOWEVER | MANY CANNDT Do A

PRooF Like ABove A PURPOSE OF THE Boog

S0 FAR NAS BEcnw 70 TRAIN You LHERE Yoy
CAN DO CLEAR DEDUCTIVE THOUEHT.
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L. Homework (o015)

L LET T=3yly<si. Prove: Ve T 32-3<as.

. PROVE: VxeR ) [F x<] THenw 4x-/ <32

‘3. INSTANCE: Gven x’e M

CIVEN: YXeM,(1F xeT, Then xswf\
NAME AN INSTANCE

X, ProveE : IF(VxeH, [xek nre ZJS} THEN
(YxeH, [xel vreF])

5. PRovE : H—‘[{ Vxeh, 3¢>5j AND (‘c/xsﬁ, x>é)]}
THEN Vgafa’, Vzeh, AZ+39>2%

b. TNSTANCE - GIVEN - Y'e E

Glven \7%85) Vzep

) (7&8 LI0 — gET)
NAME An INSTANCE
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[CHAPTER 2o ©
PROOF o©OF |, <5 R

R. A WAY To PROVE L <> PR /S To
PROVE  (L—R ) And (R—>L)

[. NOTE: THIS S A CoNIucTIoN To Be
PRoven TRPUE

2. PRove L —=R TRUE . THenN PROVE R->([,
TRUE . THeEN Jov TOGETHER WITH AND.

B. AN <« PRooF
PROVE: p>3 <> (;Zp_é > O
(Show p>3 — QP———é >O> |

[. AsSume >3 ( 5 -
( o Xp-6 SO
g.g. ‘;ZP>6 P ') mu LT, 863\ )
- dp-6 >0 2, SUBTRACT ¢

A¥ g
& P >3 —2ddP~4 > /=3
(SHOUL‘J Qp_é >0 —> /O>3)

Ay S ASSUME Qp-6>0 (SHow p

3
6. RP >¢ S, ADD ¢ p>3)
17 pP>3 6, DIVibE BY 3

Pr% Qp-€ >0 — PS> 3 5_~
T. (P>3 —=2Ap-6 > ) AND
(2p-6 >0 —>p>3) 4% TT der of 4
/0. pP>3 &5 2Ap—-6 >0 7, DEF OF &>
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C . PRovE: Vxeﬁ) (&x<é <> 3x-9 <0>
ALLRSSUME x%eR (SHow ay/cl < 32-9<0)
(SHow Qx/cl —s 3%/ -9 <o)
Ao - ASSUNE Qx’c 6 (SHow 3479 ¢ & )
3. x%<3 Xy DIVIDE By 2
¢ 3x’<9 S, MULTIPLY BY 3
§. 3x-9¢o Y, susTrAct 7
AL 6 Qxlee —23x~-9<0 a-35
( S How 3x'-F9¢o — 31/46)'
As TASSUNE 32/-9 20 (SHow x4

g 3)(/ £q9 1, Rob 9
7. x'<¢3 ¥, DIvide BY 3
10 2y« ¢ T, MULTIPLY BY 2
A1
sll.

3940 5 axlit a0
I (2Ax'¢ ¢ -5 3x' =9 20) Awnp
(32 -9 20 5 Ax'c¢) & 1), TT DEF op 4
3. Ax’< ¢ 2 3x~9<0 I3, DEF oF <>
Al 1Y k/xaﬁj(gmé <> 3%-9<0) 1,3
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D. HoMmEwork (0Ts)
[.PROVE: Hpsia <3 [5< 5§
& LET B= 3 [7<2} proye-

VreR  (0>ax-4 ¢ xeB )

3. SUPPOSE You ARE Glyen pel & p<s5
SUPPOSE You ARE Also Giyey peT,
THEN You Know P<LS Bechyce THE
ONLY WAY To Have A TRuc BICOMD:TIOMAL_
WITH TRE LeFT pPpeT TRUE (5 m
RI\GHT PART TR uLE ALSO. You mpY nveen To

USE AN |Dep LIKE THIS IN THe MEXT
PRODF PROyVE °

F [Vxe A, (xeBes X<5)]JTHE/\/
[\/zeBJ (2eA — 2z </0) |



[CHAPTER g7 =1-3#7
SuBserT
A. DEFIMITION - RIS A SusseT or B
DevoTen ACB, IFF V'xeA, xeB

B OBSERVATIONS: A SR means EVERY

ELlemevt v A s 4y B (BUT wnoT
NECESSARILY ce \/EQSH),

l. LeT E=231,27 nup F=§//a,3,‘f§
ECSF |

d. NOTE EcEg | ANY seT /5 A
SUBSET poF ITSELF, so JF

MSQ 1T 15 PossigLe THAT /1/1:5\)/
BUT ALso PossisLe MEG

CoLET B=3 x[x<T! Proye-
F(Yxeh, 1<), Then A C g

ALl ASSUME Ve A %<7 (SHow A<E)
(SHow Yxe A, XEB)

A 2. ASsuyme x’chA (SHowW 76’85)
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3. x/«") 2|, INSTANCE OF |

4. 729 ARITHMET (c KNOWLEDGE

b, x’<«9 3%, TRANS TV iy

b. %’'¢ B S, DEFvITion OF B
P Vxeh xeB  a-¢

% ACH 7, DEENITIoN) OF <

A VIR (Vre A xe7)  THen Acy

D. LET B=1{x[x<a} avp T=3 %[ 213220}

PRove: BS T (SHouw Vxe8, xeT)
Aol ASSUME X7EB (SHow /¢ )
(SHOW Qx/-3 £20)
2 X< 9g /, DEFINITION OF B
3. X'« /% S, MULTIPLY BY g

T Ax’'-3< 15 3,5uBTRACT 3

5. /5 £ X0 ARITHMETIC KNowLeEo6E
b AX'=3 2420 95, TRANS 17W1TY

/ X’ T &, DEF/NVITIoN OF T

ALS VaeB, xeT [—7
9 B<cT S, DEFIN (TN OF C



2l-2ayq
E. Home work (oTs)

L LET T=§xlxes) Proves
IF (anE) &7(4?)) THEN E C T

K. PRove: |F ECE AND E
THEN Bc .

3. LET IT=%x[xec , xe T35 PRove
/F[Vxee)(xi‘r v xEM) ] , THEW lem

c e
J



[CHAPTER 23, ] 23-ase
UNIoN AND INTERSECT/onN

P LUR 15 geap "L UNiony R

w

LNR 1S Reap “( INTERSECTr08) R"
C. DEFNV ITION

LOR=3x[Z2els 0R xcf?

=3x| X 15 v AT Lewst one
OF THE S€7s L, R ?

LQR:{%/’)CEL AND xe R
= g«x/x /5 /v BoTH THe
5€7S L,R ¢
NOTE" N THe ABOVE You CAN THWK OF
L As LEFT  pwD R ps RIcHT ( Mot THE

SET OF PeAL /vum@e/as)_—

D. EXAmprres : LeT ;9‘:5/,;?,3,‘%3
AND B-=z 52)3, 4. 5/é} .

AVE= 71,234 5,¢
ANB = 2 2,3,4
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F . PROOF STARTS AND THWES Nou CAn

Do TN A Proorf
a. FROOF sTART @ PNQ C Z

(sHow YxePng, xe Z)
Al ASSUME %% PR g (¢ sHow x’ez)
2 K'EP AND x%e Q |, DeF. of N
b. PROOF START: HANk c AUP

(SHOW WV x¢ HNK y X € AUP)

Al ASSUME %72 HAk (SHow X €AUP)
CSHO(JJ X/g,f} o R 7(/670) |

C. Yo CAN Do THIS I A FROOE

23, % ¢ T SIVEN
4. x'e T R x/¢ & 23, TT DEF. 0F or
25 ¥ TULE 2Y, DEF. ofF (U

d. Vou  chw DO THIS Inv A Proof

7.6. 461’6/14 GlVEN

77 %, o GlVeEN

78 Y’e M And 9'’e £ 76,77, TT DEF oF \
79 g,’s/ﬂﬂe 75, DEF OF 1)



RAR=-2A53,
F. PRove E C EUT
(5How Y'xe€, xe EUT)
A [ ASSUME 7%e g (sHoW x7¢ EUT)
2. XKCE o0k X'eT /), TT DEF OF 0OF
3. x'€ EOUT R, DEF OF (J

ATH. Yxe E, xeEUT /-3
5. EC EUT ¢, DEF. <

G. Home work. ( 0TS)
[, PROVE: N T < E

2. PROVE: ENT C EVUT
7. PRove: AnBUAOS(ENT)UA
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[CHAPTER 23]

DIFFERENCE OF SETS AnD INDIRECT
PROOF REVIS|ITED

A DEF: L~R=Sxlxel awo xéﬁg

B. EXAMPLE: LET L=3/,2,3.45 AMD
R = 53/%/5/é} L’/Qig/,iz

C. THINGsS YouU CAN Do IN A ProoF
a. 23. x’¢ A-(BNC) Glven
2. %' A AnD 7(# BNC 23 DEF —

b, 2%. x’em GIVEN
29  x¢T GLUEN
30 A'e M AND X'§T 2829, TT DEF ,
3. x'em-T 30, DEF. OF -
C. 3%. x’¢ AUB GIVEN
39. x'¢ E GlVEN

4. x'c AUR AND X4 E 3839 TT pef A
1 XEBuB)-E 40, DEE oF _
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D. PRove B-(ENF) < BUD
(SHoW Vxe¢ B—(EHF)} xe BUD )

Ay [ ASsUme x%e B- (enF). (sHow x'eBUD )
2. X'€B AWD X'¢ENE |, DeF of -

3. x'¢ B 2, TT DEF. OF A

1. x‘e B ok «x'eD 3, TT DeF. oF o¢

5. '7(/8 BOD 4 DeF oF U
Afévv/sz-(enF)/?QE BUD /=5

1 B-(enf)c BUD 6, DEF. C

E. LNDIRECT PROOF Revis/Tep.

. RECALL: TO PRove STATEMENT P
TRUVE BY |INDIREcT PRoo;:) ASSUME
"NoT P" TRUE. GET Awvy

CONTRA DICTION

L. INDIRecT PROOF CAN BE pDope
ANYTime, Ay PLACE AMVY WHERE

" (SHow X't B)

Assume /e B ( INO EcT PROOF
GET AMY ConTRADICTion, )
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F.PROVE: IF ANB =0, THEW A< A-R

AL ASSUME ANB =¢ (SHow AC A -3)
(SHoW V'xeh, xe p-5)

fu: ASSUME /e A (SHow x’¢e A-B )
(SHow x’¢c A Anb x’¢B)

(F“QST SHow X’é E BY INDIREcT P/QDOF)
H33- ASSUME %/EB. (/A/DIRECT PROOF, GET #)

$. XA Avp x% 5 2,3, TT DEF OF Awp

5. x’£ ANB 4, DEF. OF N
6. x4 ANB /) DEF. oF ¢
CONTRAD/c Tipn
As 7. x4 B 3—6, ITNDIRECT PRODF
5. XEA A X4B 27 77 DeF OF Ao
T '€ A-B g, DEF oF —
A0 N2 €A xe A-3 2,7-9
I Ac A-8 /0, DEF. &

¥
Afr2. 1F FOB =@, THen AS A-B /1, //
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G. TRE EMPTY SET /5 A swsser
OF ANY SET, H  Sivce

Vaed xeH s TRUE. %QH,
H. HoMework (ozs)
(. PRove, H-K S H

2. PrRove: H-(H-K) S K

3. PRove BY Us/nve INDIRECT
PROOE some wHErRE °

'F ANB=¢ AvD EC A THen
ES A-F
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[CHAPTER 4]

AXIom oF ExTeEnT
A. AXIOM OF EXTEVT : A WAY TO
PROVE SETS EQUA L
L =R IFE L& R AND RC[,

5. DRILL ON USING THE Axiom OF
EXTENT N FROOFS
a. FRove ANB = eug

(SHOW ANB < ELB Anp EUB S ANG )

~b. PROVE H-(H-K) =k
(SHOW H-(H-K)C K AnD KC H-(H-K))

C. 23 A-B<H AvD Hcp=-B SIVen
24 A-B= H 23, AXiom OF EXTENT

-

A 7 AncBue) < BB)ulANC) Aup
(ANBILANC) < AN(BUC)  &ivep

7t ANBUG) = (Bnp YU (ANC) 73
AXlom OF EXTenT
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C. PRoVE: IF AC B, Then ANB =H
A - ASSUME RC B ( sHow ANB = A )

(SHow ANB < A)(SHow VxeANB, xeA)
A, Q. Assumeg X’€ ANR

( SHowW xX’e )
3. X’e A AND y/g g R, DEF, 0F N
1. xX'e A 3, TT DEF OF Anp
Q- 4

>, DEF. oF
(sHow A AN ) (SHow /4 ¢

A5 Yxe ANB, xe A
6. ANB C A

A xe AnB)
s T RSSUME XA (SHow /¢ ANB)
¥.V2ep xep /, DEF. <

9. x’e B 7,8, TNSTANCE OF

/0. XEA Avp X'ep 7,9, TT DEF oF AmD
/. «'€ ANB /0, DEF OF N

A2 Yxe A xe ANB  7—7/
7. A< ANEB /) DEF OoF <

4. ANBS A AND AC ANB 6,/3, TT DEF 4
5. ANB = A

/Y, AXiom OF EXTENT
Alle TF ASE | THen pn

B=A | /5
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D. [T /5 OK To vse PReviousty FROVEN
THeEOREMS /v A PROOF, THIS WilL
NOW BE SHoww,
E. PRove . IF ANB i¢)TH6/\J A-6 = A
Al ASsume ANB=¢ (stow A-B = A )
(SHow A-B S A Anvp A < A-B)
£ A-B A HomEwoRKK  CHAPTER A3, H, |

3. AC A=B I,CHAPTER 23, F

t. A-BESA AND ACP-B 2,3, TT DEF A
5 A-B=A 4, AXIOM OF EXTENT

A6 IF ANBZd THen A-B= A

F. AKIoM OF EXTENT /S NOT THE owey
WAY To PROVE SETS EQUAL.. You Coulp
Use PREv/IOUS THEOREMS AND STRING
OUT ERQUALI\TIES For EXAMPLE
SUPPosE LWE HAD THEOREMS ¢

THEOREM A: HUOK= KUH

THEOREM B 1 pn(kuT)=HNK)U(HNT)
PROVE - RNB8YU(RNC) = AN(cuUB)
PROOF - ] |
(ROB)UANC)= AN(BUC) = AN (Cus)

FIRST EQUALITY THM B! SECOND EQ. ) THM. A
NO AXioM OF EXTEnT ps€pn HERE
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G. Homework (ors) PRoVE ¢

. HOK = KNH

2. TN(HNKY= @NH)NK
3. Rug = H

4. HNQ = </§

S. IF B THen B-(B-R)=F

b. MAKE UP AN EXAMPLE OF Sers
A AND B sucH THAT B-(g-p)+A
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[CHAPTER a5 |

PROOF BY (CAsEs

A . FoRm o0F PRoof PV
BY (CAsSeEs : P2
{2

e".vv"

BE SURE To HAve Lives oF TH(S Form
(N THE PROOF

B. PRoVeE : IFU)yT7e B or 7D ) BCE AND
z) D&SW, THEN ¢ Euw

SCRATIH WORK : NOT PagT '0F FROO £
CAse |: 7¢ B

CAse A: Tep
Bce DC gy
lzE TeTT
7€ EQW 7€ E U s

There MEED To Be THESE [ (nves n THE
PROO F * 7€B ok N1¢D

A F/iwf BY CAscs PRooF " Now Forrows -



QE-Ab A
AL Assume (1) 7eB ok ep , () BeE
AND ) D ctr (SHow TeELW )
A. TeB oR Tep [, TT DEF ©F AN
(5How TeB —» T¢ EUTT )

ha 3. CASE | tASSUME Tep (SHow Te ELTT)

4. BckE [, TT DEF. OF A
5. VxeB,xcE 7, DEF Of <
. J¢cE

3,5, INSTANCE Of &
1. IeE ok TevT 6, TT DEF oF OR
8 e EULT 7, DEF. oF U

X
Aa 9. 7e8 5 7e EQT 3-F
(sHow Yep _—> e EOTU )

hs 10 CASE R DASSUME e p  (stow e Evwr)
ll. Dc T [, TT DEF OF Awd

8. Y%eD, xeW  //, DEF. 0F &

13, Teld /0,/8, INSTANCE OF 3
1. TeE OR TeWw /3 DEF. oF op
/5. 7 EUW /4 DEF. pF U

ASle. 7eD —> e EU0TWS  /0-(5 |
7. 7€ EVUTT 2,16, RROOF BY CAses !/

/9,*/8_ IF () TeB or 7¢D, () BC E, AMD
(3) DSW, ™MeN Te EUTT [, 1™



QE~AL3
C.PRovE : |F (szA) xaB) OR (szfhx(ﬂ
THEN (VxeA x>T-> X B ),
Ry L ASSUME (yxe A xe8) OR (Vxe A, x<7)
(SHow Vaeh, x= 7= xe B )
Ay 2. RAssume x’zA. (sHow X7="7 5 z’ﬁ.B}
(SHow x7<7 op x’€3)
(s+ow [VxeA xeB]—>[x<T o8 x’aB])
Az 3. CASE |1 ASSUME \Yxe A, x2 B
(SHow x/<7 ok x/cB)
1. x’¢ B <) 3, INSTANCE OF 3
5 x%<1 ok X’¢eB % TT Der oF o

AT [\/XQA,xeB]’——-a[xQ“/ OR 7(/23] 3-5

)

(5"/0w [Vac A, %< T] 5[ x%7 o8 7(%57}

Ay 1. CASE & : AssumE Vxeh, k<7
(SHow x’<7 or x’gﬁ)

S. x’e 2, 1) INSTANCE OF 7
9. %<1 orR x'eB ¢,TT DEF. oF of

Adf 10 LVaed, xeT]—s[x%7 ok x%e8]
[l. x/<7 OR X'eB [ &, /0, ProoF BY Chses



2S-3AgY
/ /
A x'=7T — x'¢B l/) IMPLICATION Eguiv.,

A¥I3. YaeA ¥=T75x¢8 2,1

ﬁ,*/‘f F(V?caA ;cw) OR (Vkeﬁ 7647)
THeN(\/XgA xzM— kéﬁ) /’3

NOTE THE PRooF PV ¢

By CAsEs Form P—av-

IV LinvEs | 6,10, —=
B

. (’v’ng)XaB) or (V'xef, x<)
6. (VxeA xeé}——a (x/<7 or %x'€B)
/0. (vm ey —> (%<1 or x'ed).

e e g
e e iR W T e T

e UV e

S x'<T ok x'e8

D. HoMEWorRK (0TS)
| PROvVE: IE RS E ANMD BSF, THEWN
AUBR C EUF,

2 Prove: 1F (RSB OR ACT ), THew
AS TUB



L5 -Q6S
E.PROOF BY CASES WITHW PROOF BY CAses

A FoRm FolLtows

3. P Vv %
A4 Chse | Assume P ( SHow Y )

I
AY T P2Y

PRooF BY CAses (W ITHIN CASE A

RSV

Ay 12 CAse 3A Assume A ( SHow r)

o

|7 \ g
As 11 CASE B ASSUME |y (SHow )
24 -
ptas h= v /9-24
26 \ [1,1%,25, PROOE BY CASS
A;‘. 27 %-"9 ' /0, 26
¢ - 3 9,27, PRoof BY Chsey
NOTE THE FRooF BY CHSES A \/}’\
WITHIN PROoOF BY CASES (s 0 5
OF THE FO/QM Cl/)lg)zs'/;zé): h——?V““

IS
T

2 aa r—r‘




Q5S-G

F. PRove AUL(BuC) < (AUB)LC e
PRoOF BY CASES WITHIN PROOF BY CASES

(SHow Ve Au(sucY, xe (AVB)LC )

A 1. AsSume X eAU(BUc) (SHowx g(AUB)UC)
2 XE€A 0R x’E BUC [, DEF. oFf U

Fa3 CASE |t Assume %'z A (SHow XE(HUB)UC)
4 x’€A OR x'c g 5TT DEF OF ok
5. x'eAULB 4, DEF. OF U
6. (K'c AUBYOR xec 5, TT DEF oF oR
7. x’e (AUB)U C 6, DEF, 0F U

R'g X'eh —5 x'e (AUBUC  3-7
Ay 9. CASEQ: Assume x /¢ BUC
(sHow x/e hus) v c)
(0. x7€B OR ¥eC 9, per. oF U
Ay L CASE AA I ASSUME x /¢ B
(SHow x’e (hug)uc)
2. %A ok xe 8

I, TT DEF. of op
3. x'e AusB 12, DEF. 0F U

/4. x'e AUB OR x'eC 13, TT DEF. OF op
5. x'€ (AUBYVC 14, DEF oF U



2E-R6"
A¥le.  ¥eB—s 22 (AUBYUC  []-/s
P!l  CASE 4B : ASSUME «’E C

(SHow x’glhus Y uC)
3. X'e AUB 0k x'ec 17, TT DEF. oF og

19 2 @ue)Le 19y DEF. oF O
AcR0.  x'eC > x2(AvB)UC  [17-19
Al 2’euBYUC  10,16,20 PRooF Y

Crses (WITHIN ProoF BY CASES)
Afaa. x'e BUC — x‘e(AuB)OC. 9,2
a3. x'e (AUB) UC 2, %, 22, PRoOF BY CAses
prAY . Vxe P:U(BL)C)) xe (AUB) U ¢ [, 23

*5- AUCBuLC) C© (BUBY)UC 24 DEE oF <

©. Homework CoIs) proye

RU(BACY = (huB) NGBUC) usive
PRoOF BY (aseg WITHIN PROOF BY
Chses . ( DO NoT use TAUTO Lo 6 (Es

Tie, T, Tie, Tia IN CHAPTER 3)



[chapPTer a¢] emneE

DIRECT PRooF OF I
A. A WAY To prRove .. “EXHiBIT (T

B EXAMPLE: LET A= 31,3,5¢ Anp
B=10,1,2,3%, PRoVE:
Hxe ANB > x< 4

| 3 & A DEF. OoF A

2. 3¢ B DEF. oF B

3. 3¢ A AvD 3¢B 1,2, TT Der. oF A
4. 3 & ANB 2, DEF. OF N

5. 3 <Y ARITRMETIC KNOWLEDGE

6 A xe ANB Y x <Y 45 nAmeLy
REPLACE X wW(TH 3.

NOTES ACCORDING To THE DEF/N/T/OA//
WE NEEDEep A REPLAC € MenT Fok %
FRom  ANR THAT MAkes A TRUE (NSTANCE
OF ;(<A7l . WE EXHIBITED SucH A

REPLACEMENT | 3. (Now 1 Coucd MAve fise
BEEN A REPLACEMeEnT. T MEANS

'AT LEAST 1 NOT ' onvey 1 L)



K6~ 269
C. Homework (018 LET A= 51,3,5}
AND B = 32,34}
|. PRove HxecAUB > x>
2. PrRove T xe AUB ¥ x< 3.

D. NOTE Foe A DIREC;[ PrRooF OF A o
STATEMeENT WE Dip NOT HAVE THE WORD
/J

"ASSUME" NoR DisCHARGinvE OF
ASSUMPTIO NS

F. DRILC ON WHAT CAN BE SAID (M
A PROOF :
SUPPos € Yo HAyVE Gilven

23. T &PNQ GIVEN

a4 5¢ Q=(ZNW)  Glren
5. Tg AUVRX G IVEN
d6. 5S¢ HUK Glven

WHAT Courd Be <SA/m NEXT ?

AL e PNQ ¥ xe HUK a3 26, rerace
X WiTH 5

WHAT ELSE Couwd HAVE BEESn SA1p ?

A8 xeHUK » xe Q-(ZNW) 26,24
REPLAcCE X wWITH <&



b~ "70
(DR (L. COMTINMNUE /3}

QUPPOSE You HAVE Givewn

76. 3x’+%’58 Glven

77. 57‘/’”6/ e E GIVEN

78. 37(/%46/ £ H-€ Glven

LIST THINGS THAT CAN BE SAID

79. 3 X B> xeH-E ¢, 78, REPLACE
X wiTH 3x’+ta’

dzeH-Ey2eB  7§,7¢, REPLACE
Z wiTH 3x’+y

0.

SUPPDSE You HAyE GIVEN
9%. x"¢ R GlVen
9. %“37’ GlVEN

93. H‘X”+3%”<’7 GLVEN

LIST THINGS THAT CAN BE SAID

99. dxeR> Yx+3y'cT 94,98
REPLACE ¢ wnTH !

/00 HyeT,FxeRs Yx+3y <7
77,99, RePrAce Y it é” )
(o] HgaTaf ‘7‘76”+3%J<7 ReAson

/O 37(8/3)3327'& 47<+3a<7 REAsON




Q6-27/
F. PRovE: [F S€EE AND ECF | THEN
dxeF > x>,

A, 1. ASSUME B€E AND ECF,
(SHOW FXeFy %>7)

Q. ECE [, TT DEF. OF AND

3. VxeE, xef 4, Def <

t. %eE [, TT DEF. OF WD

5. QEF 314, TNSTANCE OF 3
b. § >7 ARITHMETIc KNDWLEDG €

T JxeF ¥y 257 5,6,REPLACE % LTy ¢

NS.IF €€ anwbp ECF, THew
dxe Fy x>7 =77

G . Homework (0z13)

. PRovE . |F Mep AwD AUBCE  THew
dxe EUF3 x5

2. T=fx | xeR AvD =%} proye
JxeR >(XeT Avd x>0) )



R7=~272

[cHaPTER 2T ]

TRE “LeT" RULE AND USING =

A. LET RuLes |F You Know B S A Mow -

EMPTY SET, THEN You CAN SAY " LET /¢ "

B. DRILL ON (SING THE LET RULE

C.

SUPPoseE Yo ARE GIVEN

al. At GLVEN

THEN Nou CAN SAY -

28 LET x’¢A Q7, LET RULE
SUP PoseE NYou ARE GIVEN

4. ENFEP SIVeEN

THEN Nouw CAN SAY

49. LET %’ ENF 16, LET RULE
48. k"¢ € AND X'ef 47, DEF oF A

SUPPOSE You ARE Glvewn

3. H-K + @ GllEn
THEN NYou CAN SAY -

. 1_57#?/5 H-K 83, LET RULE
¥s. y'eH AND y'¢k 94, DEF oF -

IN TH 1S ?001’\ "LET'" Does NoT mean THe
SAME AS "Assume ! L et memns WE KNow AT




A7 =A773
D. PRove: |F ﬁﬁ#;ﬁ AND ACB AwWD (VXE B, x<(0)
AND BS C ) THen Fxg C) X< /D

Al ASSUME A4 @ Avp ACB AnD
(VxeB, <o) AMD BEC (SHow Fxe €3 x<(0)

2. At f |, TT DEF OF AwnD
3. LET x’c A 2, LET RULE
1. ACB

[bTT DeF. 0F AwND
5. V?CEA, xXeB LZL) DEF. oF C

S

6. KEB 3,5, INSTANCE OF &

7. YxeB, x</0 [/, TT DEF. OF AnD
3. ki< 1D 6)"l) TNSTANCE OF 77

1. BC [, TT DEF OF AND

/0. YxeB, xeC 9, DEF. oF C

. x‘ C 6,10, LNSTANCE OF o

*/a. dxeC,x<io 11,3, REFPLACE X wiTH %!

A12 I A#P AVD ACB Aup (vxeh x<io)
AND BQC/THE/\/CHXQC_} 954/0) /-12.

E.THE LET RuyLc /S AlLso CALLED THE AXrom

OFf CHoIcE ., we ¢pn CHooSE AN ELEMENT
FRom A NONEMPTY seT



am-274
F “Assume" V5. LeT" v This PooK
[. WHEN You SAY “"Assume x’€ A" Vou ke
NOT CLAIMING A HAS AVY ELEMenTS Yoy

ARE SusT PRETewndDInvEg IT DOES AND SEE/NG
WHAT THAT PRETENSE IMPLIES.

L. WHEN You SAY "LET x/cp " , You ARE
CLAIMING A HAS AT LEasT pupe ELEMEA/"(;
You ARE RAMDomLY PICKING ouT One OF

THOSE ELEMENTS  AND Glume |IT A NAm g
X/, AVND THeEN USING o/

G . Home wor k (0TS)

l. PRove: IF EnF4¢ Avb FSrg,
THEN dxef > xeQ

A PROVE = |F H-K¢0 AnD F S K THEN
dxetH xdF

H. Uswe 3 - SUPPOSE Nou Haye
dxeh, x£B . You can say

"LET x’cA > x’cB " REASON: wE KN ow)
BY Defv 'TION, THERE S A RePLAcCE menT
FOR % FROM A THAT Makes A TRUE
[NSTANCE OF XxeB. Sice e Know AT

LEAST ONE SUCH REPLACEMENT EX(STS,
CHOOSE ONE, AND CALL |T x’/ BY THe
LET RULE.



37;&75
I DRILL oN usinve I

SUPPOSE You ARE Glven

7. FxeP > xe & GIVEN
NOUL CAN SAY

3. LET x’eP > x'e® &7, LET RuLE
9. X'ep Qg

30. x’c@ Qg

SWPPOSE You ARE Glyuea)

6. 4 xe AOB > X£E-D SIVEA
Yol CAN SAY | |

47. LET x’€ ANB y x’c E-D 4%, LeT puie
48, x'£ANB 47

49 x" £ € -D 77

Q. Do NoeT Do TH(s
27 dxefPyrxe & Glven
2. LET x’¢ P 27, LET PULE

29. X'e g < BAD. GRANTED Q-
LETS us knvow Poys MONEMPTY | Byt
lF YoU Simpry Plck AN ELEMENT
P Youw ARE NOT Assurcd

v & .

FRoM
IT Witt Ppe



7 =76
K.PRovE: TF (FxeA xeENF) AND Fee
THEN JxeG xeE.

A, . ASsSUME (szAJ xe ENF)AND FC &
(SHow Fxe &, xeE)

& dxeA xeENF [, TT DEF OF AnD
3. LET x€A s> x’e ENF  Q, LET RULE
. x’e ENF 5

5. x“¢E AND 2 F 4, DEF oF N

6. € F 5, TT DEF OF AnD
1. F C G [, TT DEF oF Ans
8. VxeF xe & 7, DEF of C

7. x’¢ & 6,8, TWSTANCE oF §
/0. x%e E 5, TT DEF. OF Amo

. dxeG, xe £ 9,10, REFRACE « wity %’

A 12, IF(E/?L&A XEENF) AvD Fe e,
THEN dxe G, xe E [=1{]



LRy RNl
L.. Homework (0IS)

[ FROve © TF (335 B, ye Hﬂ@ AvD HE B
THEN HJxe KNE |, x£ B.
2. PRove: IF (E‘xeﬁ,’)éeEUF)J E-QBJ
AND FE K | THEN JxeA xeBUK
3.PRove: IF (1) ANB#4,
2)BSH | AnvD

GY I(F(Jxeh, xeH), THen K i 45 ,
THEN

IF KESJI Awp Jn/\/\:¢) THeN
dxeT > x¢Mm.



[euaeTER 28 | 2F777¢

PROPER SUBSET
B, C IS READ "Is A PRoPER SuBseT oF

B. DEFInITION® L CR IFF LSRR ANMD
IxeR » x¢ L.

C EXAMPLE : LET A- 12,3% AnD B=312,3,4%
RcB Since ASB AND Fxel ax$Av
(VAMELY REPLACE X wiTH | ok « 3).

D. PROVE: IF A4, THEN Fcp

Al ASSUME 4@ . (SHow ¢ c 4)

(SHOW @ cA AN er/ﬁ}%xstcf)
d. \/xq:qﬁ, xe A VACUOUsSLY TruE

3. #< A 2, DEF. ofF C
7. LET x‘eA [\ LET RuLE
5. x4 ¢ DEF. OF

. 3 x ¢A Mcgigﬁ %5, REPLACE X wiTH X’
] ¢§A AND Eﬁcz/‘iyxizf 3,6, TT DEF A
g. dC A 7, DEF. OoF C

ATT IF Adf, Thew dep /g



2% -219
E. PRove: ITF AcCB awbp BCH Awnp
VaeH, (xeR A x<3) , THEN JxeH o AALKEL
Al Assume AcB Awnp BCH Anvd |
V'x eH, (7(£RA")C<3), (SHow FxeH y ax<b)

3. ACB [ TT DEF. OF Awp

3. ACB AwD dxeByx4A  2,0eF oF
t T xeB>aéh 3) TT DEF OF An
N, LET X' B > X/ﬁfv‘l Lf} LET RULE
Y | 5

1. BT H [, TT DEF oF Amd
8. ¥YxeB, xeH /, DEF. oF C

9 x7e H 6,8, INSTANCE OF ¢
0- Y1 eH, (XeRnxe3) |77 pes OF AND
I %'eR n x23 qp INSTANCE OF 15
/2. x/< 3 //, TT DEF O©F aAnp
/3. Ax’‘z¢ /2, MULTIPLY BY 2

I dxeH s Qwek /3,9 REFLACE X twiTH X'
AfIS. IF Acs avp By AnD
VxeH, (e nx<3),THen Fxel s Axcs |

/-1



QL ~%0
F. Homewogrk (0IS)

[ FROVE: IF ACB AND BCSH THew ACH
2. PROVE: IF ANB¥¢ THenw A-BC A

3. PRove: IF A+ ¢ AvD ACB,
THeN B-A C A

'‘t. PROVE: ACB [FF [/%QB AND A#Bj



[:CHAPTe& a9] K1-23
ABBREVIATIONS OF PROOFS

A. RULE For ABBREVIA TN - You CAN

UNHESI TAT INGLY PuT IN THE DETA|LEep
[INFORMATION IF CALLED UPON To Do sSp

B. ANOTHER RULE *

YOU Do MOT HAye To

ABBReviATE UvLess You WANT To Anp

I'T MAKES THE FLow oF LOGIC EAsSIER T»
FolLcrow

C. [T (5 OK T0 DRoP THe PRimes IF Your
UNDERSTANDING REMANZ CLEAR

LET A ayly>31 PRove Waep ax sy
PROOF 1 0F Wye A Qx >¢
A L. Assume x/¢H ( sHow Ax' >¢)
2, X7>3 | , Der. 0F A
3. QAx’'>¢ 2, MULT. BY 2
AfY Vaeh 2a>¢ [—3
PROOF A OF Vxc A 2u>¢
A L ASsume r~eA  (Show 9\*‘>Q>
Q. ~ >3 [, DEF. oF A
3. Ar>¢ 2, MULT. BY Q
At VxeA 2xs6 /-3




- a9-’ga
NOTE : IN PROOF | WE PROVED " Every REPLAcemMeEnT
FOR X FRom A MAKES A TRUE |nsTANCE OF A% A

BY REPLACING x (o 1TH «/  IN PRODE QA WE
REPLACED X W |TH . IT Wourp HAve
STILL BeEen A PROOF |F WE /[+4AD RELLACED

X WITH s, ¢, y, V, o~ v ! THE E5SenceE
/5! Plck A sSYmaopL . ASSUME SYMBoL /s

AL SHOW 2(sYmBoL) > 6 . seT's use SYmsoL
O. FPRovE Vxe A axsy
Al ASSUME e A (SHow ax ¢)

L X>3 /) DEF OF A

3. x> g 2y MULT, BY &
P _

ALY 17/?({/%/027(>é /—3
TH15

LS PERM\ssIBLE  PRoVipep You Knoyw)
THE X /N Lives O AND Y /5 MNOT THE
K Iv LINES [,2,3. THE % /v Liwes 0,
/15 A Dummy VARIABLE  THE x LINES
[, 2,3 /5 A KEPLACEMENT Epp THE
Dummy yAR/ABLE

[F Jouw Like THiS ABERELIATION, You
CAN USE [T, BuT You Don'T Have To.



R7-2 €3
AND STOP WHEN You HAVE Doné THE LAST "SHoy

PROVE : Wy ¢ RJ (/F X<& , THen (IF X3, THeN 2x<7)>

I Assume x e g (SHOW IF X<5 |, THewn
(UF xo3, THEN Q72T

KA. Assume x< g (SHow IF X4 3, THEN Q?(<’7)
3. R5Ssume ¥ ¢ 3 (SHoOwW Ax <)
4 dx < & 2« 7 3, MULT, BY 2, ARIT. Kpow,

E.7ou CAN ComBine ASsumPTIO
Lo NoT HAVvE To Bpive DOLN EAcH PART oF
AN “AND" sTATEMEnT INDIVIDUALLY
REDO THE Proor ABouve -

[ Assume xeR ~ <« 5, AND %<3 (SHow 2xe7)
2 ANLEG L7

NS AND Yoy

LMULT By 2, ARIT. Knvow,

F. IF You Have
2%. ACBEH G lVEN
=~ pe A Glyen

YU Do NOT HAve 7o spy Vxe A xep
YOU Sk SIMPLY  spy

jo. peF 28,29 DEF OF C



RI-ABY

. ForR PRooF BY CASES , You CAN Leaye OFF
THE WORD ASSUME [V EAcH CASE (1T IS
UMDERSToon). Your Do NoT HAVE To PuT
DowN THE /D—PF’) %—?V‘ LINES . You Do NoT

RAVE To WRITE Down v~ AcAn wHen Yoy
HAVE T IN BoTH CAses.

PRove - IFdo":A OR p&B) AND BSF THewn
pe AUF.

l. Assume (peA ok peB) AvpD BCF
(sHow pe AUF)

pe# CSHowpsz/)UF)
3 peA or psc F 2, 7T DEF oF of

4 pcAUF 3, DEF. oF
> CASE D pe B (sHp, pERUVF)
6. PEF 5, (, Sivce pc
2. PE AUF 7, DEF OF (J

H., ComBivING 4

VxeR, ‘V”LJUQ Yze R

lF X<y ) THen
X+ 2 < g+z+3

MEANS

V%,a,ZQR) rd Z(g/"l'ﬁé/\/ X+i<é7+z1‘3



Ri-2ABS
PROOF START OfF.:
Yy, z € R, IF X<y, THEN Ko 2L Yt 243

. RSSUME %,4,2 2R Avp XLy
CSHow X+ 2 <g+z{-3)

©. HOMEWorK (©IS): PROVE EACH OF THE
FoLLOWING v ABBREVIATED STYLE

1. PROVE : k/x,g R IF X<y <10, THEN

?C+gl< L0
X. PRove: |E Acgm AND EQF, THEN
RAUVE C BUF

5. PRove: (AUBYN (AuC)C AL (BNC)

4. BELOW 15 A Tvre oF FROOF Se€en In MosT
BooksS. PUT IN Ooue ABBREVIATED Proo F STYLg |

PRove - /X/<a IFF —ac¢x ¢ g

PARTI. Assume [x/< a4 Hence oL A
SO0 = ALKCO, WHeN O< X WE woulp HAVE

lXl=% 50 —a<o<cx=[xl. so
—A<X La . WHEN %< we WouLp Haye
/76/‘—'—-%)50 -—4<0<-—7C:/’1/<q~
///g/vce) TaAL< TKLA OR —gq < £ QqQ

(CONTINUGD MEXT :‘-’*’A@é}



24-2%6
PART ITIL ASSUME —aL x<q. WHenw o< x

WE would HAVE [X]= X AvD HEnNCE [X]|<a

WHEN X <0, WE woutdb HAVE [X]= —% .

RECALL —a <« x| SO -Xx<a. THAT
Gles |x/<a.

RECALL THE DEF/NVITION OF /7(,/
lx/= x IF x =0
—% [F x < 0



29-287
H  RABBREVIATIONS (NVoLV /NG |

. PREVIous WAY

7. FxeA > x<T GlWEN
A5. LET x’cp ¥ x'¢7 A7, LET RuLe
29 x'< 2%
3o. Ax/ LI 27 MULT. BY 2

A. NEW ABBREVIATED WhAY

27 AxeA y x<T GIlVEN

L Ax <y 277, MulT. BY g
3. ANOTHER RABBREV|ATED WAY

27 dxeh »yx <T Glven

AL, Ax, < |4 27, MULT. BY Q

(NOTE: 27 Courb Be THoucHT oF
AS SAYING LOOSELY}”THE[{g [S A

ELEMENT IN A THAT WE (vl CALL

A/
X SucH THAT x,<7")

4 RBBREV IATION INVOLV NG 3)3

Bxaﬁ)E%gR > Xty =/o
CAN BE ABBREV /ATEN
= X 4yeR > xwzlo



29-29¢
I. PRove: |[F HcK a~bDd ‘v’yg[(/j(<5—
THEN Jxel ¥ Qv < Iy
l. ASSUME HC K Aw~vp Vxek, x<5
(sHow Fx ¢k YQAx L |Y)

L. HeK AvD FxeksxdH | DEFC
3. X, <5 2,1, INSTANCE OF |

1. dx, <ID <y 3, MULT. BY Q
> FxeKyaxn <1y 2, 4

3. Homewog g (oTS) PRove BY
RBBREVIATED proop

. TF ACB, THewn A-B C AUSR



29 - Q89

K SLOPPY TO PURE SET DEFINING

L In*[neR aw N0} =
ZX/ZYWQR-}YW>/0 AND ;(:vﬁ}
2.3 3x+5 } X E [a)zj} =
ty [Fxeradly y:3ms]

t
: 5‘%?&33 ( KELo, | AnD gz[&,{(}
12[3%e 0 Jyera ]y 2= tx 43y |
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T. LET P=Sax+3] ver0,17}

LET Q= {'5x+&% , XELo 1T} A Y € [1,3]}
PRVE PS Q (Stow Veep, =@ )
LASsUmE zeP (SHow ze q )

2. dxelo, ] » Z= Ax+3 l, DEF. OF P

3. o< x<| L

02| 3, MULT. 8Y %%

5. 2x/5 ¢ Lo, N 1

6. | £ 32 =3 ARITHMETIC KndwLepgr

bos(anfs)alsl) =3 =2 hieeseq o

8. dpe Lo , 496 N3] > 2= °ptaq
REPLACE p Wit ax /s 9 WitH 3/2 56,7

1. ZeQ

€ DEFINITIpn of Q
J. Homework (0IS)

. LET A= {2%+% | ?CE\ZO;IUE
LET B= {%7&38 | x€0,5] A yela,4] !
PRove A C R |
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[CHAPTER 30|
MATREMATICAL TNOUCTIon

Y PosiTive (vTecee n, P )"
| RTTEMPT 1+ DiRECT pPRooF

ASSUME v 5 R FPosiITIVE INTEGER

(S How PN )
SuPPose TH ¢4 ATTEMPT FAILS

A. ATTEMPT Q¢ (NDIRECT PROOE

ASSUME T A PosiTive INTE 6€ R r\%‘NP(\n)
CTRY To ceT Awy CONTRADICTION

SufPPose THIS ATTEMAT AlLspo FAILS

THERE S sT/.¢ Hote USive THe

PRINCIPLE OF MATHEMATICA L INDucTron (

B.AN ILLUsTRATION OF SOMETHING WHERE DIRECT

AND INDIRecT PROOF Ll Fa

/L, BuT
/Y)P\THEN\ATchL

INDUcTION Wite P/GEI/A/L

FopR EVeRry POS1TivE INTEGEP N,

/%Q*Bf.,o-[-n: ﬁ(Y\-H.
=N
70 BE PRouen LATER
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Bulceo-Yf To maTH D UcTion
C. SuPPosg Yol ARe Glven ¢
b: PC1Y IS5 TePue .
[2 IF PU) IS TROE, THen PC2) I5 TRUE.
A IF P Is TRUE, THen Pr3) s TRUE.
3% IF P(3) 15 TRue, Then PcH) 15 TRUE

KEEP Gome, pune STATEMENT FoR EdcH
PosiTive |vTeger N

Nz IF PIN) 15 TRUE, THen P(n+1) 1s TRUE .

L J

D. NOTE: ¢ mepne THE SAme As

"FOR Every PosiTive WTECER N
PCNY 1s Trug !

. PO) 15 TeRuE BY (¢, o:)

2 P2 15 Thue gy 0,1), (¢y12),

MOBUS  Pons ens
3. PC3) 15 TRue gy (D,;l)}(c)q:))

MoDdus Pow ENS

~

ONE CAN ConTinue FOREVER (W |TH
THIS REASU/\///\/@) N,

' POSITIVE INTEGER N, PN IS Teue
/5 EQUIVALENT To

a '/) Fove
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E. Now C,0v THE PRECEDING PAGE
CAN BE REWRITTEN /N ComPACT FORM:®

PCY IS TRUE

WV PoSITIVE INTEGER W, IF P(n) IS TRUE,
THeN P(N+1) 15 Teue

SO TO FPRovE TH/5, You
|, PROVE PLI) /5 TRUE

K. ASSUME v 1S A PosSITIVE INTEGER
AND  P(n) 15 TRUE ( SHowW Plntl)

/5 TRUE)

THIS /S5 THE PRINCIPLE oF

M‘EH§MH71C.A§_ INDucTion) . [T P/€0v€5'

t
/ PosiTive INTEGER N, P(n) g TRUE

(SINCE IT PROVES C oOn THe PREV 1015

PAGE TRUE AND & /5 EXRUIVALENT

TO0 "V PosiTive TECER N, R s TRue ")

F. PMTI= PRINCIPLE OF MATHEMAT

CHRE INDUCTIO N
K INDULTON HYPITHES |
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C. DRILL ON RECOGNIZING P(n)

L Py : [+34234--0 41 = N (N

X
P(s): [+a+3+Y4+5 - SC?”
P(a): I+ — ag\a»fn)

. — 1+1)
PO : | — | 1+

P(KY: 4243 t-cotK = -’i%'f—-—m
_IP(KH\; 42434 0o —t—(jK-H) = LKH);(KHH!)
= 43+t KE (KAL)

A PeV: A+ 3+ 15 4een +(60-1) :'v\(?mﬂ)
P): Q48414 +a30 = ‘7‘[3(#)-—!)
P(2Y: a+g = a(3(a)-1)

PCy s ¢)-4 = /(3(/)-1)
PURY: Zt8+(4ret(bK-4) = k(3K 1)
PCkH) s Q48 14 4o (L (KH) -4) =
ke Y(3(kt1) -1) =
tgHY + oot ((K-y) +(é(K+/)-9)
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H. A WAY To PRove L =R s To START WIiTH
Ly STRING EQUALITIES ouT | ReacH R.

L= M, =Mg=m,=R

T CAN Be L =
WR I TTen M=
VERT\C ALLY Ma=
As s 5 M3 =
R

T . PRove -BY MATHEMATICAL INDUCTION CPMI)

For Every Positive /vTecer 2y
[+a+3t<cct n= N ny)

)
L. PROVE PCI) Teue (sHow |= (1)

3y
~
W
A
<
N
<

)
P

A. ASSumMe n /5 A PosSITIVE |NTeece AND
P(n) 15 TRUEX (SHow Pln+)) TRUE | THAT IS

AssUme rn s A PesiTiye /A/TEGE,Q AND

[+2+ B+ restp = h§D+I) /5H0u]
l+;z+5+~«+(n+ﬂ (nu)((m j

BY STRINE NG O T ECFL?\AL/T/L:“C >
¥ [INDucTtonw HYPoTHESY



20 =98

S. |+ Q+3+«~+(ﬂ+|3 —‘/_\

— ASSociATv [Ty
L[L. [H";l*t?)-iw-'-('h\]—} (Y\ﬂ) g A, INDUCTION

HY PoTHESI <
S.onnt)  +(n4)
=Y
é.(mt\[jg\— +/:{ = . ALGEBRA
1. (mz}[(n;’)\)]
g. (h%')K(m»ﬂ/)]
=X

FACTOR ouT (nﬂ)

l

RLGEBLA

NOTEs THE ReAson For EAC

H E@uUALITY
IS TO0 THE PRleHT Ot THE

EQRUALITY

NOTE: IN LINES | AND < WE made
OUR PROVE AND AsSsume STATEMENTS

FIRST, GENERALLY , THEN SPECIFIchALLY

TO THe PROBLEM , FRom Now o we
WiLL onwy BEe SPECIFIC

NOTE :: Do NoT ATTEMPT THe PRoo F
LINE | BY | = l_éiy)

| = K

= &
= |

[N

!

i

THIS |5 STRETING (wiTH (WHAT You wANT 7o
PeovE !
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J. PRove BY MATHEMATICAL INDUC T Jon/

FokR EVeERY PosSiTive I MNTEGER oY
A+ 8t1d4-e.+ (éh-‘-/):‘ﬁ(gh——l)
(SHOW G(D-4 = [(3¢N=1) )
[. é((\—‘/: s /(;ﬂ: J(B«l):l(’a’(l)“‘)
3. Hssume N IS A PosITIVE /INTEGER AMD
2+48+14+ oo t(bn-9) = (3n-1)
"~ INDWCTION H‘{POTHESIS s (Vow SHow

2{4’3*"“‘%(@(“*'3 4—/ CYHD(BKYHI)—/) )

3. A48t HL () =4 ) = ASSOCIATIV | TY

KREN S AT EY(AGTE 4) = a,IND, Wy
S. Y\(Bn I) —f(é(m”) ‘%) = ALGEBRrY
6. N (2n-1) +(6n+6 - H) =  ALGEBRA
7. 3nton +<6Y\+')\> =  ALGEesery
. 2n*4+5n +2 =  ALGEeBeA
9. (03 = ALGEBRA
o (nt) (3n+3-1) = ALGEBRA

/. (nﬂ)(’i(v\ﬂ) - l)
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K Romework (0TIS) Usive
MATHREMATICAL TNDUCTION, PRoye

EACH OF THE FoLLowinGg TRAUE
FOR EVERY PosiTive INTEGER n

I, /+ 3+S+-.o+(2\ﬂ-’>: Y\g\

Q. /+S+?+~o+(%’n-3): Y\(&Y\*l)
3. 7+/O+/3+~o+(3ﬂ+“/>: n(BmII)
2

oy, /;;—9\1+3%t~~+ n* :f\(ﬂ+ l)(%mb
= <




| CHAFTER 3 ] 3~
NUMERAT (O S Y¥STEms

A. Decimnc ( Base TEN)
[_ D‘GlTS: O} ‘)D\)B(L")glé/rilglﬁ‘

A. EXPANDED Foem (ILLUSTR ATES POSI Tior AL
NOTATIoN )

234 = 2A(10%)+3(10')+ +(10°)

26,35 =4 (102 + (10" )+ 6(10°)+3(07")
t5(1072)

3. THE “ . BeTweeN THE 6 AND THe 3

IN 426.35 WE CALL THe DECIMA PO/A/T]-
SINCE WE Wittt took AT OTHEeR BAscs

BESIDES BASE Ten (Dec/mm,)) IT Wil
GENERALLY BE CALLEN The PADIX POINMT

B. Base riyc
[. DIG)ITS * Q, I,Q,IB,L/-

d. NOTATION 24, 15 READ " T, Foue
SASE Five™, NO SUBSCRIPT MEAAS BRSE T&p,

3. COUMT‘MG: 053 /5) 9\5/3_;/ %‘J /OS‘){ISJ/QS

/
13, 17,20, 2, g, 435, Y, 305, 315,32
335, 3% HOc, He, P25, 435, 44 100, (Olg) vos



3t -A77
t. EXPANDED Form: fa3,4/3, =

7(5%) +;z(s')+3459+%5-/)+,(5_1)+3(5-3)
3 AND 4 N 423,43

ALSo, onv THe LEFT SIpe O©F THe EQUALITY
WE ARE I BASE Five AnD ON THE RIGHT

SIDE WE ARE |v BhAse Ten,
C. BRSE Foup
L. DlGiTS: 0,1,2,3
A. COUNTING: O 1y 3,3, 104,3 Ly 124,”#}
R0, ,Adly 22, 23, , 304, 31, 322‘,)’33% /DDL/)
lol,, 102, /03.,} "o, , I, [, 113, 120y,..
3. EXPANDED Form - 23,33, =

AU 30#)+1(49)+ 3 (471) + 3(4-2)

D. BASE Two ( BINARY Mumger svs TeEm )
. DleITs ¢ O, |

2 COUNTING: O, I, 10, 1, 0o, ol o,
I, 1ooo, /ool joro, 1OUa, 1100y . -
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3. EXPANDED Foem: [10l. 1], =

(R)+ 123+ o(a )+ 1(29) + (27)+ 1(a~?)

E. BASE EieHT (0CTAL NUMBER SYST&W\)
l. BleiTs: 0,1,3, 3,4, 5,6,"7

F. BASE SixTEEN
<SVETE M)

. DICITS: 0)1,2,3,4,5,¢,7,9,9, 4 8
C,D, E, F |

(HeExaDECIMAL N MBER.

/

2. CORRESPONDENCE BETWEEN DeEC/mAL
AND HEXADEC)mp | /VMMEIQAT/OI\/
DECIMMA

9

| O
[
N
/3
|
!5

HE XA DEC ImAL

T om0 ®»e o
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- 3., EXPANDED ForM - For. ‘iB =

/5(/69) +0(/é‘)+7(/60)+9(/é—)+ [ ] (/6—3‘)

H. CounTING : 13,3, 45 ¢, 7,89 4 B

4 /A %/
b /%5)/ /4//6/4
[7 /é/ /7/6)/'4/4, /8,,1C,, ) 1D, 1 ,6J/F

S0 ,“,?/,‘),;2;1,6/25 , R, 25, , ¢, 2%

;2? 27/6 ;ZAIGJ 18/6 ozc,é (Q é/ Ié,Q\FIGJ O

6 Pe) 7! /6 /016) 1//6/ /9\/6) [

NEXT Numpes AFTER 99, IS 1A,

NEXT MUmBer AFTER q’F[é 1S Aolé
NEXT NUMBER HAFTER FF, IS /00,, .

G. Homework (ors)
l. COUNT From O To 34, IN ocThL

A. WRITE QA03 Y, 5‘%’2 IN EXPANDEN
Foemnm
3. WHAT
&033‘,_
5077
Be
EF.,

1S THE pnexT NumBer AFTep
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H. CONVERSIoN TO BASE TEN

l. WRITE (N EXPANDED FOoRM | THEN
PERFORM THE AR ITHMETIC ,

2. ConvERT 235, 1%, To BASE TeEN
235,14, = 2(8%)+3(8') +5(3%) +
18~ )+4(372) = QL 64)+ 3(%) +5( 1)+
/(l/s’)+ %C//§2)=/92? + 4 +5 +(1/3) +

(#/e4) = 157 +(3/64) = /57 +(/0t)

L. Homeworx (OIS) CoNVERT EACH oF THe
FOLLOWING TO BASE TEN

/. Jonol. ol
2. 304 [Ty

3- FA3e

t. 208.03,
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T CON\/ERTING FROM  BAse TEN

[. TO ConNVvEeT 763 TO BASE Fiye
KEEP D\WVIDING BRY Five ; keep TRACK OF

The REMA(NDEQS T0 GET THe ANSWER,
WRITE THE RemmNDERS IV REverse

ORDER |
o’Z.‘ 5)763 Rsmmwbeks

| 5)I52 3

5)230 A ANSw eR

O :

56f: 1023
)
2

3. TO Mpke SURE THE NOTAT jow ABove
[ S UNDERS TOOD -

163 -5 = /52 wiTH REMANDER 3

|52 5 = 30 witH REMAINDER 4
3075 = b WITH REMAINDER O
L+5 = / W iITH REMAWDER |
) ~5 = O W ITH REMHAIADER f

THE REMPRA(NDERS IN REVERSE OCRDER
GIVES THE AnSWER //0:&3

4. THIS WAS A WHoLE NUMBER /\/Fx‘r FRACT oS
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5. CONVERT G024 TO BAse FI(VE

e e,

PLAN: KEEP MULTIPLYING BY Fn/e.
TAKE THE INTEGER PARTS N ORDER

(UJLTH A DECimAaL [N F/QO/\./TB AS

THE ANSWER

5(.521L) = .608 TAKe 2,
s 608 IS LEFT

5(.¢0%8) = 3.0Y4 ThKE 3
LOY 15 LEFT
s(.04) = 0-X TAKE O
A IS LEFT
(.2 = .O TAKE |

ANSWER .5a16 = 330,

BRVEEF HINT [WHY THIS WOR & S

CLrim 5214 = 2(1/5) +3(1/52) 4
oli/s?)+ 1(1/54)

5(.5316) = .5alb<+(1/5) = 2. 608

so THERE ARE & ONE-FIFTHS N

» 5 AIG WITH o 608 ONE-FIFTHS |EFT
OVER , NEXT STEP DETERMINES (,/52)
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6. TERMINVATING DEC imALS oo OME

BASE NEED NOT TERMINATE IN
ANOTHER FBAase |

CONVERT ol To Base 7wo

al./)= 0.2 TAKE O
2(.2) = O©. 4  TAKe 0O
2(.49 =z ©.%  THAKE O
2(.g): /. 6 TAKe |/
Q\(aé): /. Q 7—1‘}/<E_ /
A(.2)= 0.4 Thke O
2(.4)= 0.% TAKE O
2(.8)= [-¢ TAKE |
2( . ):: [e TAKE |

NOTE THE ENDLESS REPEATING PATTERN
o =.0001]0071001100 11001100

-]

NOTE 1 COMPUTERS STORE REAL MUMBERS
IV BASE Two (BINARY) Aup THEY po mot
HAVE AN INE N T AmoupT OF SPACE
So WHeEN [ 15 PuT v 4 Combu

AN APPROXIMATION OF 1T 10 Binvhey
FORM 1S PUT (N ... ERRIL ENTERS !

J
TeR
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K. Homeworg (015)

. CONVERT .125 TD BINARY

A. CONVeERT .3 TO BINARY
2. CONVERT ./2a5 T0 OCTAL

4. CONVERT .3 To OCTA(L

5. CONVERT .75 ToO HEXADECIMA [

b. CONVERT [2.125 To BINARY

i, SHORTCUT BINARY <> OCTAL CoNVERS DA

I OCTAL To Bivary
OCTAL DIGIT Witk

EQUIVALENT,

CONVERT A13.95  To BINARY

: REPLRCE EACH
TS 2 DGt BIMARY

- 3 . Y s,
o1to ool O, oo o ,
ANSwWeE R

/00010, /00/0/:,L
NOTe Q¢ = 10, =o/0,

HDD LGﬁD(A/é,
/2 = s, = 00/,

ZERDS To MAkKE
3-DIGIT BINARY
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2. BINARY To OCTAL ° REPLACE

EACH 3 BINARY 0161TS ( STARTING
AT THE RADIX PoINvT) wiTH ITS
OCTAL ERUIVALENT. You CAN ADD
LEARDING OR TRAILING ZEROS,

CONVERT |011110]6001O], TTO OCTAL

Olo 1] 10l OO 010

27T 5.1 Ry
ANSWER 275, /24
NOTE /o/; = 54
l//g - 78

X

)

)

ETC

M. HOME Work (0IS)
. Conver™T™ H703,05/, TO BINARY

2. CONVERT 1119101160011 |, TO OCTAL

2 CoONVERT 1101011, 001, TO HEXADECIMAL

HINTS USE GRoUPS ©OF FouR FROM RADIX POINT
AND REPLACE WITH HEXKADECIMAL FQUIVALENT

4. CoNVERT R3B.TE, To BivaryY. No HINT,
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N. ADDITION N OTHER BASES

USE THE SAME METHOD For
CARRYING THAT Yoy Do |N BASE TEN

) | & CHARRY
2 135 35-[-17[5 = /,;25 PuT Downy D\/
-+ 34, CARRY THé 1 .
- urt bowAN O
204 'BS'HS—HS /05 PUT )
5 CARRY THE |

dstlg = 35
SO &KLV+345::3025
O. Homework (015)
l. 576y +435 =
2. Jollol + [, =
3. ASF, + 1B, =

o—

P, SUBTRACTION IN OTHER BASES

l. THINK BunDLES OF & WHEN You
SEE BRSE 5 POSITIONAL NOTATION
52435 CAN BE THOUGHT OF AS
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PENCILS | LOOSE AnND IN BUNDLES

A43c. HAS 3 Pemncies LO0SE Y
BUNDLES OF 5 KHecep TO0GETHER BY A

STRING | AND & BUNDLES OF 5% Heip

BY A STRING . CUT THE STRING ANMD
5 BUMNDLES pE 5 FALL OUT
2. "BORROWING" |5 sTepr e , NEVER To
RETURN ABAIN! Consiper Y3 -4
You CANNOT TAKE Awavy 4 Loose Pencis
FRom 3 Loose PENCILS

SO CUT THe¢
STRKNG ON ONE OF TH¢ Y BUNDLES
OF 5,LERVING 3, You Now HAVE
§ (L€ 135) LooSE PenciLss Take AwnY
¢ . ResULT 3% .

3
THIS LS S Rowny /Ay35 L?W:%
BY : -4, Tk
3 Y
3. FIND 243 - Y4
Es, Petece
- {4 s

/Y4 s



7. FI//\/D a4ls— 43,

/3 ] c—3_ = 6-3 = 3
ZH > 5_3_%’
_%35 135"'-[-5-" "(f
| 43«

5. DOUBLE "BORROW" ¥ (wD
302lg — 1434

P e == b-9=2
2 ’&/’5 /{5—35:é‘3:3
- 14 B4,
[ 03 2.

Q. Homework (o1s)

. 213,- 24, =
Y0123 =23Y(_ =
238, — BF

g—

lC

SN

/01(0/,— 11010, =



30-31)
R. MULTIPLICATION IN OTHER BASES

L muctieLy 34, 8y 3,

2 A
3#5 <35\(%5\: /;l ~ 9\3\5
3s PuT Down 2, CARRY 7
27A. (3s)(3s)+2.= 1 | =2l

Put Down LCARRY &

A MULTIPLY 345 BY 235

:7\;\ 63_53(%:\:/9\¢215 -
345 (3s)(3:)+2.= 1| = 2l
<35 C&’s\(‘79= = /35

/33’;45 (2:V(3) 41, = 7= /2
VEEEY:
S. Home work (OTS)
[O11O1, AT, LT
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T DWISION IN O0THER BASES

[ FIND 43/2s +23c . GET THE
MULTIPLES OF 235, FinD THE LARGEST

MULTIPLE THAT Does MNoT EXCEED
THE CURRENT DIvIDEND.

/39 62353(15) - ‘135
235 ) 4312 @35) (%)= 1ols
if) / (335 )(35) = 124,
|24 (9353 (Lfs) = QA03s
222 |
204
=

4312 _;:;235: /3 L7’r WITH REMAIMDER Q0.

U . Homeworx (01S)
l. 3424l + 42, =
. lloroltol, + (of, =
3. 4230(; + /23, =



[CHAPTER 32 ] 33-3:3
RELATIONS

A. CARTESIAN PRoDucT OF SETS .
. AxB Is READ " A cross ' op

" THE CARTES(AN PROOUCT OF A AND B"

2. THE ORDERED. PAIR o , bos
DENoTED (aib) , orRDER mAkes a4
DIFFERENCE ., (3,2) #(2,3)

Cab)y=(c,d) (Fr A=C AND b=&

A ST OF TwWo ELEMENTS 15 MOT
AN ORDERED FAIR simce 13,3} =52 3]

3. DEFIMITION OF CARTESIAN PRODuUCT
HxB:E(a\b)] ac A AND baB}
4o ExAmPLES: LET A=3331 B=T13,0}

AxB = 2(3,1),(2,3),(3,0), (3,1),(3,3), (3,0)

BxA 210D, (1), (312),(3,9) (6,2), (6,3)]}

@ ERXB BUT (3))$BXA So AxB Is
NOT NECESSARILY EQUAL To BxA, GENERALLY
AxXA=7(2,2),(2,3),(3,2), (3,3) %
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B. KECATION : A RELATION v FRom SeT
A To SET B 15 A SUBSET OF AxB
(Sivece OnLY & SETS ARE INVOLVED |
T IS CALLED A BINVARY RELATION. )

[. THE DompIN OF RELATION v DENOTED

dom () | 15 THe seT oF AcL FusT
TERMS OF

&\ami\”\-’-{ﬁ { (a,b) € \V}

d. THE RANGE OF RELATION v, Denoteo
van(v) 1S THE SeET OF ALL
SECOND TERMS OF v

V‘&h(r\:gk | ¢a, b)i\{“}
3. EXAMPLE : A=52,3 8= 3134,}
AXB = 3Ca), (23), (3,8), (3,1}, (3,3), (3, )}

LET =3 (2, 0, (M) (3, I\E. ™ C AxB
NT 15 A RELATON FROMY A To g
&OMC‘”\—E;’\ 3}

ran ()= { 16}
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H. NOTATIiON: SUPPpSE v~ IS A RELATION
Feom A To B, aeh | be8.

O 15 RELATED To b |, DENoTES ovh

Fe Camer. [INFIX NoTATION |
SUPPOSE Y = 5(2;/),(&,@}(3,0}

21 Sivce (a)e

A6 SivCE (Rib) g

31 Sivce (3,1)s

A¥3 svee (3,3) ¢

3946 SIvce (3,6) 41

5. TRE RELATION 5 Less Than "
< =§(K,g)/ ')c,gzﬁ AND X 15 LEss THAN(V}
(3,5) &< so 3<K5
(2,9) € < so XR<7
(7,5) qf < so 7 7{5

t. THE RELATION "IsTheFrengdS"
LET A=§Bob,Sue,Sam} B=§Joe, Tam §
TsThe FriendOt = E (Bob, 306\) (Sue, Uan)fg

(Bob,ﬁoc'.}& TsThe Frieng Of , So
RBobb TsThe FrienQO0T Joe
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C. A RELATION ON A IS A SUBSET
OF Ax A, THAT |5 A RELATION
FRom A To A

LeT A =%2,3%¢ B=31,3,65

N = { (2,2), (1)3)} /1S A RELAT/ON
ov A, SINCE v < AxA

w= 5016, .3 /s A RELATION
ON B, SINCE 0 C RxB.

The RELATION ‘s Less THAM" 1S A
RELATION ON R, THE SET OF REALS

D. INVERSE OF A RELATION

. N=TU IS READ MvIWVERSE " (ot

"¢ To THe Mmwus 1 )

A. DEFrmolTlon: \”"": {(b)a) \(q,b)gr«}

3.T7T0 GET THE (NVELSE OF PELATION
- SimpPLN TURN ARDUND THE ORDERED
PAIRS IN T
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H SUPPoSE + = {(2,1)J (:1,3)}
-l {(a,z\)(z,a)}
domn (\"'.")'—'-'?Q,?)Z: —an ()
ran ()= 557 = o ()

E. Homework (0I5)

LET E=fabl T=%12,3,4]
ExXT=
TXE =
NMAME A RELATION  FRom E To T
NAME A RELAToN § op T
! =
dom () =

on () =

. DEFINE -1 PuprerLy, WHERE
1S A RELATION From, A To &

= E(b,a) I(Q)Qé Y”j{
S 7




33-318
F. LIST OF RECATIONS To BE Usep
LATER .

. <> =, <= ARE ALL RELATIONS
oNv R .

2. LET I DENUTE THe SET OF INTEGERS

T=35...,73-3,-1,0, [,2,3,... } |

Q\b 15 READ "a Dlvibes b" or

"o 1S A FACTOR OF &" |

Vabel, alb 17F kel s qkep

7/[% since  7(2) =1y
]2l Sivce  T7(3) =z aql
1|o sivce  1(p) = o
7/.-'7 Sivee  7(-1) ==
117 sivee (=g

[DEFToN [
G RELATION v« |5 REFLEXIye ON

SET A IFF ‘v"xgﬁ)’)cY”X
(T.E. VAEA, (%, x)e )

[DEFN Tion |
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= /S REFLEXWE oN R: qu,ﬁ) L=z

2. < IS NOT REFLEXIVE ON R: o (eR, x<x)
3. = IS REFLEXIVEOWRV XeR, x< %

(

4, / 1S REFLEX(vE ONI:V'x&I, K./X

iy

rpEFw\T(oNJ |
H. RELATION v« /s SYMMETR IC opn
SET A [FF VX UER, IF xv

g,THer\/ X
(I.E. Vx,geﬁ, | F (x,aﬁer-)THe/_u(%,ﬂar>

[, = 5 SYMmeT7TrRIC ON R
\/x,ge Ry 1F x=y, THen y=x
A. <

IS NOT SYmmeTelc ON R
M (VX.;}ZR, /F'%<U , THEN 8<7< )
A <5 BUT  NoT S5 <A
3. | 1s noT S?mn"\ET@/Q»O)\} I
NCVMEI, IF x/gj,THw g]lx)

'[’H BUT /4/*/7



[DE{:(N(T(OU7 3 =-3 A0

T . REUATION v oN SeT A S TRANS/ITIVE
IFF Vx,g,ieﬁ) P xry AND yrz THEN xrz

(1€ Vx,y,2¢ A, IF Coder AnD §z)er
THen (%, Z)E V)

. = /5 TRANSIT/vE ON R
V%,%)az R, IF =y AND %]::Ll’ THEN x=2
2. < 1S TRANSITIVE ON R
Vay=zeR, IF XY AND yez THEV x<Z,

3. LET F BE THe SET oF ALL PEDrLE.
THE RELATON “Likes" onv P 1S NoT
TRANS [Tive ON P,

BoB LIKES SUE , SUE LIKES ToE .

BUT BOR DoES NoT LIke JOE
 [DEFwon]

S. RELATION v 15 ANTISymmeTe c op
SETA IFF V«,y ¢ A 1F7wa AND
xFg, THEN y¥x (T.€ VX, yeh
IF (x.y)er AND Xty )THE/\/(g);()iyv).
[« IS ANTISYMMETRIC ON Re \/X, £p

F X<y AVD XFy THeW gL
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A. “ISQS\UM:,D'FH 1S NOT ANTISYMMETRIC
onv P: SAm TsASibling0t J0€

AND SamgToE ANMD goe Is Asmlmjow‘-’ SAm .
N(‘v/?(,%aﬁ IF X ISA'SleaO‘FtQ ANMD
'X%S , THEN .‘_NDT (‘é ISH%I\O\\Y\QO'F ’X)>

EX)éEP%- x Is ASlbllr\JO‘gg AND X#éf
AND \3 IS ASKLJIH\UO{ X ( REPLACE

Y WwITH SAM AND Y L tTH Joe )
[DEE (w1 T10V |

KRELATION v oN SeT A 1S AN
EQUI\VALENCE RELATION |FF v IS

REFLEXIVE ), SYMMETRIC, AND
TRANS|TIVE ON R,

. = IS AN EQUIVALENCE RELATION on R
R L IS NOT AN EQU|VALENCE RELATION

ON R. IT lS NoT REFLEX\VE op R,
IT Is NOT SYMMETRic ON R,



[DEF W 1TION 32-32%
[,. RELAT(ON + ON SET A IS A w
OKDER [FF v s REFLEXIvE, ANT|-

SYMMETRIC , AND TRANSITIVEON A

[. “1s A FAcToe oF " (1. ¢, | ) /S A

RTIAL ORDE 1
PIETBE RESERGLTIE ST Fowe tectes

2. <L IS NoT A PARTIAL ORDERGN R
£ IS NOoT REFLEXIVEQMN R.

N\, LOOKING BT RELATION PROPER TIES
IN ORDERED PAIR NOTATIDN

LET A= 32,345 . |
X~ = {(2.1\) (3»3)) CH)L})) (B,q)) (c{.)3)) <2‘H)J (L//D\)g

s REFLEXIVE AND SYMMETRIC ON f.
C 1§ NOT TRANSITWE ON A SIvcE (3,4) £ I

AND (4,2)E, BUT (3413‘4'/*"'_
15 NoT AN ERUIVALENCE RELATION oM R
U 15 NOT ANTISYMMETRIC oN A SINCE
GHYET AVD B#Y AuD (4.3)€ 1

IS NeT R PARTIAL ORDER oN A .
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N. Home work (0ZI5)

/. TELL WHeTwhee EACH OF THE FoLlowive
IS REFLexive, SYMMETRIC | TRANSITIVE
ERU\VALENCE RELATON | OR PARTIAL ORDER.
EXPLAIN YoUuR ANSWER

A, = ON THE SET OF REALS
b, | ov THe seT oF InNTEGess

C. LET N=31,2,3,..1 DEFINEG
RELATION v oN N As Follows ¢
VR,%E/\/) PV% [FF p AND%_
HAVE THE SAmMe PeEmpvber WHEN
Dviben BY 5  ( NOTE 12 v 2

SINCE /2, AND A2 HAVE THE SAME
REMMINDER (WHEN DivipeDd BY 5,
NAMELY, Q\,)
d. DEFINE RELATION « on THe SET,T,
OF INTEGeRS . .
BY . \V”p,gpéi f)

prq¢ IFF pl-.-%l
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¢. DEFINE \~ ON THE SeT T BY:
Vxyel, AN IFF 5 15 4

FACTOR OF %-—g .
5. LET A=1{3,573

LET = {(s;s)J (s, 7), (7»5))(7'3)) (317)3
(5.2),(35) ¢

A MAKE UP A RELATION v ON A THAT
IS REFLEXIVE AND TRANSITIVE BUT

NoT SYMMmEeTRIC ( WHERE
A=%3,577).
.3 DYMMETLIC AND ANT{SYMMET/QIC
| ARE NOT THE NEGATION OF EACH
OTHER. MAKE UP A RELAT/ON ON

R SET THAT /¢ BoTH SYmmeTeic
AND ANTISYmmeTRIC
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. PART\TI\ON ;. A PART (TioN OF A SET

e —

E IS A CoLLECTIoN P OF DIsTonT
SUBSETS OF E WHose UNION (S E

EXAmMPLES © LET E=11,23,4,5¢,7,%}
L A= {51,3,3,#}) §5,e,7,g}} YES

2. Ro=1803 1373 3,6} {983} Ves
2. £ =3 30353, 5a4 {67,811 Ves

1. /\/, = g 3':9\:3}, %L/;S,éz_} NO. THE

UNION OF THE ELemenTS OF N, DOES
NOT EQUAL E

5N, = {gz,a.a}JM,s‘,e}J?3,7,8}} NO.

THE SuUBSETS $1,2,37 AwnD ?3,7,87 ARE
NOT DtssowT.(Dzss‘owT MEANS
THEIR (NTERSECT/ION (S THE EMPTY 557)

é ﬁ:§§1,2,3ﬁ7‘}5,é/7/8§} YE.S

-7‘ N3:ZI,Q)3)#15/é/7/g} I\/O‘

THE ELEMENTS OF N, ARE NoT
SUBSETS OF E . THEY ARE ELEMENTS
OF &... BIG DIFFeEpepncE.
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F A PART\TION INDUCES AM
EQUIVALENCE RELAT/ION . LET £ BE
A PARTITION OF A S€T E . LET Y BE

THE RELATION ON E sucH THAT (x,y)ew

|FF 3 HEP} xz H AND EJE—H v~ LS
AN EQUIVALENCE KRELATION

EXAMPLE: E = E(.Q.B,%,E,eﬂ,gg
P=§L§l,3,5})'5-’4#})?4,7,8}} CTHE EQUIWA-
LENCE RELATION Y IMDuced BY £ IS -
2 3 0,(3,3),(5,8), (13, (310, (1,5, (51, (3.5) (53)
(a2, (4,4, (2,4), (4,2),
(6,0),(7,7), &, 2), (6,7, (7)4,) (6,3),(3.¢) (7 g) (3.7) §

Q. EQUIVALENCE CLASSES: SUPPOSE IS

AN EQRUIVALENCE RELATION ON E|
Yeck )THE ERUIVALENCE CLHASS
DETERMINED BY ¢ , DeENVOTED TLe IS
DEFINED BY:

[e]:{x/er AND xve}

EXAMPLES OF EQUWALENCE CLASSES
AND EQUIWALENCE RELATIDNS FoLlLow?
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| LET £=%1,2,3,4,5,6,7,8¢
LET w=316a9)| %,ye € AnD 3 |e-y) 3

Lid=3 0478 NoTE 3[(:—-%)) so (l,4)ev,
(4yyer, 4rl . so 4eli]

[2]={3a,5,8¢=[5]=L¥%]

[31=33,66=L¢]

NOTE . L1 1=LC4]=[7].

LET P=3r00],[2], 18], [4] Ts] [é], Cﬂ/[ﬂ}
=S Tel|ee £

= EEU% ’)—é) %2,5,8§J{3/é}} F PART\TIoN

2. LET E=1133,4,55. LET r= a0, (2,),

(3.2),(%,4),(5,5),(12)(20,(1,5), (511), (3,8),(5,3)
(2, ‘7‘) (4,2) }

[11=813,5¢ =[3]=L¢s]
[2]= {4} =T4]
101, 14,81 ] = {le] | e £

::2{135‘% 52%75 A PARTITION

Pﬁ&T\‘TtOf\)S
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R. Taeorem: TF « 5 Apn EQUIVAL Ence

RELATION N £, THen P=ile] | ¢ ¢ E 7
IS A PARTITION 0F E

SO0 WE HAVE Now SEEN THAT PARTITIO NS
INDUCE EQUIVALENCE RELAT/IDNS AND
EQUIVALENCE RELATIONS [NOUcCE
PART I TionvS , THEY ARE EQUIVALENT
IDEAS [N DIsGuUIsE

S. Homework (0T3)

|, EACH OF THE FoLLOwWING RELATONS /S
AN EQUIVALENCE RELATION ON
E=310,2,3,45,¢¢%

0. = (L, (32, (3.3), (y,4) (5,5) (e.e),
Cf)lv)(:l;l))Cir‘”/. (LTLH))C:%)‘O/ (L//l)‘)<3/5>)<5/3j

(3.0), (6,9 ,(5,6),(6,5) 1 ’
[3]1= _
P=31| ecE ;2.

b. v:f(x)cﬁ\lx,'éz{i AND ‘;‘/(y-—x}j
P= E[ej‘efﬁf} pu

d. PRove 1% . 1S on e%qu\emf& relcfion on set ) and
Qb EM ) them [ awb 18§ Tal=lk] ]
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A. L\STED BELow ARE PAR T/TIoNS OF

E=%12,34,565. GIVE THE EQUIVA -
LENCE RELATION |INDUCED BY EACH
PRET (TiON

a. 1 51,568, ?«2»3#5}
b 55/152/5,?)3}){'7‘;4237
c. 55/;55, 32,65, {3?,“3 }
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[CHAPTER 3 3]
FuNcT renS

R. DEFvITION T A TuncTion s A SeET oF

ORDERED FPAIRS SUCH THAT MNo Two ORDERED
PALRS HAVE THE SAME FIRST TERM

[. FuncTion S= {(:,7))(3,4)} (Sjé)-g

NoTE~ A FumncTilon (< A SPECIAL
TYPE OF A RELARTION,

LET Az §13,5% B=$e¢, 7]
S IS A RELAT/ON From A To B

dom (§) = 51;3/55 Y”QV\@\: ) 6'7Z

A, NOT A FuMNCTION %:%(1\5))(3/;')) (:4,7)}

B. NOTATION = Q.1 5K mMEANS £ (S A
FoneTion | dom@E)= H, AV ran(®)SK
LET S=2017),(3,6),(5,6) % p=%1,3,5¢
B=376.78 K=35¢785 IT is TRUE THAT:
S:A—=E,S:A—=K, A S:A-=R

C. S:H=K s READ™S S A FumcTiov FRom
H wTo K",
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D, S(xX) NoTATIon @ S(x) 15 Renn

"S OF 1", S(x) |5 THe SECOND TERM
OF THE ORDERED PAIR |IN § (wHOSE
FIRST Term 5 x

LET S=§0.,7),(3,6),(5.)%

. S(N=T |, £(3)=¢ | $(s5)=¢
2. NoTE S=7 e (1,TES
3 g(ﬂ:% S (?(/3)5’?

E. EQuAToNS ARE NoT FuncTiONS BUT
CAN DEFINE FuncCTioNS

[ 50Dz —?lg DEFINES THE FUNCTON
$=5 (% %) ( xeR AND k40 §
dom &) = {1 xR pno x403
St R-fo} — R

A. THE DomniN OF A FUNCTION DEE/vED
BY AN FQUATION 15 THE SET oF ALL
X VALUES THAT MAkC SENSE

LET S(x)z Y R-% SCRATLH (uerk
X=X Z O
&on\@Q:?X/ Y= 2} 2z %

X<
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|DEE W rriov) -
F. OnNe-TO-0ONE FuNcTions (1-1)

GWEN S:A—BR . S IS ONe-1o-0ME
Fr Y wyveh IF SWy=SW) THen ws=v

I NOT -1 §=501,7),(3,7)
(43  BuT S(NY=53)=7
2. - $=301,5), (3,¢),(3,7) T

NMOTE © CONTRAPLDSITIVE INTRE DEFINMITION
YVw,ve A, IF wiy, Then §(w)F5W)

3. S:R—=R  Fx)=3x-2. FI5 |
(SHow Vw,veR IF S(w)=Sw) Then w:\/>

0. ASSUME Ww,v £ R AAD SCw) =5(v)
Cshow w=v)
b, 2w-2. = 3Vv-4

C. 2w =3V

Q. DEF. OF -
b

A k) = V C.
Y. 5:R—=R SOz x* € is voT |-

(Stow Fw,vekR > SCw) = S Ann Wy )
Q. 3,"3¢R AND 3 F—3

b SY=3% 9 =(-3)%=53)
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5. §:(-0,0)—>R Sz x54 PROVE S |-
RECALL ([%|=x IF x20 —yt;gi:lac/
| -%x IF x<0
(sHow VW)VEC-‘OO)O)J [F ?(w\:%(v)/TﬁEr\/w:v»
0. ASSUME W, Ve (—=0,0) AVD F(L)=Sv)
(SHow w=yv)

b, Wiy = Ay a

c. wrz-vy* b

d Jwr=Ay=x <

e /w{ :/\// &

¥ w<0 AND V<O A

g —w=-=V e ,§ DEF ofF AB.V.
h. w =V

G. HOMEWOR k. COIS) PRove one-TO- ONE
. S:R=R Sz #xes
2.5 (—e0,~1) >R Fx)= -2\XR'+3
3. 5: (-0, QX-—P R Sz 3=y +7
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H_ ONTO FOUNCTIONS -

——

. DEF. §<R—B IS ONTO IFF vqn($)=5

A. THEOREM £ A->B8 1S ONTO |[FE
\v/taaﬁ)ﬂxe%} > ?(x}:%

3. CENERALLY  THe THEOREM witL BE
USED To Proye ON TO

H.IF $:N2B s oNTO we SAY
\\g: IS A FUNCTION Fomy A ONTO 15’”.

5. LeT 5=1d1,0), (s4)b LeT H=%1,57
K=§O,‘+€ , M= ?O,//Rﬁ,‘f)sg 7
S:H—K 1S onvTo
%: H.—;/\(\ IS NOT ONTo

& 5:(e,0)= (1o0)  Seaz vy
PROVE § 1S onTo .

(SHou Vye (1,22), d xe(~e0,0)3 $x) -

SCRATCH WORK - NOT THE PReooF 3)
S(x)= 4 THZ - 174/-‘- /MT:Z}“
A = J

-4 A 2

X = %—7 A= ’“7W
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0. PROOF: ASSUmE g @,oo)
(SHow dxe¢ C—-Do)0> y Sx) = 3)

b. té>'+

C. ta-—ﬁf >0 b
4, Yy-4 >0 c
e Tgico 4

§. LET x= -Ty-q
9. x€ (—,0) e\
he §G)= x2+4  deSimtion of Six)
L = Cg) 5y (ggﬁ\v“‘fe} 5
3 Fxel=00,0) ¥5(x) = Y w,g
I Homeworg CoTs) PRO\/E ON To
[ 5:(=20,0)5(30) Spyz 32
A §1(=e0,2)=>(3,00) Six)z w2 oy
3. 5: R—=R $(x)= 5x-4
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J. COUNTABLE SETS T RecALL N=113,3,..0

A SET E S COUNTARLE I[FF E:¢ OF
9 A FUNCTION § FRomy, N ONTO E .

| LET E=1a4% . E IS COUNTABLE
LET $:N—E > $(0N=2, 5(0)=3, §38)=4
S=Y AN YV ne N IF n>Y THEN S(n)=y

$ IS A FuncTion FRom N ONTO E  THIS
METRoODN OF DEFIMING A FUrMCTION CAN RE

EXTENDEDL TO ANY FINITE SET, So..,

3. EVERY E|nITE SET IS CounTABLE,

3, LET €= 32,4,6,...5 E IS CoUNTARBLE
SINCE $(n)z= A DEFINES A FUmcTion
FRom N ovTo E.

H.LET I=%...-2,-1,0,0,2,...5. T s
COUNTARLE, DEF(NE § BY : §() = oy
5= 1, §@)=-1, St=2,5(5)= -2,

§(e)=3, 5?(’/\=-*3 S€)=4 £@) =z -4,..

%3 1$ A FU’UCT(OM F@om/\/ 0/U|o 'I

5. LeT } = i l P, ARE INVTEEERS Awd %#o?
A 15 THe sg-r OF RATIONAL. NUMBERS
(@ CAN STAND FOR “Quop zeuT*"‘)‘ GRS
CounThBLE | THE ?‘GLLG(_U‘,,\/@_ il
PEFINE THE FunCTON § FRom N oNTO Q|
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THE GRID Becow CovTANS ALL ©F THE
RATIONAL NUMBERS | w ITH Some NUMBERS

DUPLICATED . 7THE FumvcTion § DEFINED
BeELow) 1S A FUNCTION From N ONTO & . IT

IS DEFINED BY AN EXPANDING CIRCULAR

PATTERN THAT EVENTUALLY ENCOMPASSES
ALL THE RATIONALS, STARTING AT _f_

00¢——3—- 9—%— .—‘l ’9‘ T ‘51— %004
[i |
l I "' % ‘1?,
| o [ = 2 e o ®
,L,=2 "2 ~Lepz=h T
X 2 A PY
¥ Lo alypz 2 ..
o s0 ~ :'3—"9:—3—#‘3 3 '% 3,-4
3 e e : o :‘ol
[ ’ ¢ o . g P o O D

G(5)= % 5 ST T S(="2 ,58)= %,
5 (‘05.%) $lo)= 3 “l %(l'): 2 Slw)= ,é_
S@3) = %) $(4)= 3/ Q(B) 8_ S;(lé) ETC.

VoU MIGHT THINK ALL INEIVITE SETS
ARE COUNTABLE ... WRONG ... KEEP READING
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K. UNCOUNTRABLE MEANS NoOT CoUVTABLE

[. THE SET OF REAL NUMBERS 15
UNCOUNT AB LE |

THIS CAN RE PRoveN BY AN [MNDICECT
PROOF TRAT WILL BE (MDICATED BuT Aot
GIVEN. ONE CAN ASSUME THERE (5 A
Funetiod § FRom N ONTO R AND GET A

CoNTRADICTION BY CoNsTRuCTING A
REAL NUMBER b NOT (N 5%),9&3,9@\mg =R

N\. HOMEWORK (0TS) |
[. FROVE & =§1,3,57,9,..515 CounTABLE .
2. PRove T = 31,462 IS CounTABLE

3. THE SET OF TRRATIONAL NUMBERS /S
THE SET OF ALL REALS THAT heRe NoT
RATIONRL, . PROVE THe SeT oF
IRRATIONAL NUMBERS (S UNCOUNTABLE
BY INDIRECT PROOF. ASSUME THE
TRRATIOVMALS ArRE COUNTABLE AND
GET A CONTRADICTION BY PROVIN &
THE REALS COUNTABLE.
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PROOF  IveA 0F wWAY THe Reals ARE UNCoUAT A e
Show CO,J) s UNCOUNMTABLCE (3”\\!\4,_50‘1“5(7\« \Aza )
(. H‘;s UME (0)’)

COUNTASLe B&T A Cd?lVT'/"/}

2, THERE /S A FurcTrorn £ FR oA E[ 2,3 “JB ONTD Prttor
SO0 EVERY ELEMENT oF (o,1) Mgy gJ (0 I')
For. A CONTRALULTION wWE e :

[~ TRHE Rﬂf\lé
Ll G
OF co,)) NUT (v TR RANé(‘ CONSTL 4¢ 7 AN Euc
CONSTRUCT /O . |[DEA

SuUuPPose ?<

Bv EKAM)‘LG
SO)= J31Y2 &, \\

— .,5155/};/{[« “,1:- ! EST Dig

7‘H/~ '“**““
.g(?_)‘: 7/43‘/5..0

£3) = ,a 500000

.....
—
-

Q
~
o\
7
‘0
C
(e
[

<

<

T ey :

=, 3198 - \ S

S o)z 309589 2. SRR VARR Y
; \/),6/> | ~

X #QC‘\ SINCE /‘5 C{V{/%S Jﬁgf‘ o p
v #£4L0) sme Q= d)lffrs J“ﬁ’@i

'X:ZL—"PC?) Since 3= ﬁtf\[n‘l’s e -

< 15 NOT N ;F(/S ‘F(Z ‘;(.,?) 5 bdtf/la\g (E\/
#o be sinee x£co)) onl § 15 OMTe

(C?/ /) COMNTR, A//

eo @
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N . CARDINKL NUW\BER; . THE CARD(NA L
NUMBER FoR A SET E LS DENOTED H#E.
INTUIT\VELY, T Is THE NUMBER OF
ELENENTS IN THE SET,
I #937) =2 = #1406
2. H 51,3563 =+t 5a,b,c}
3. #9391 < #{abcl
4 EQUIPOTENT SETS $ E ANL F ARE
EQUIPOTENT SeT5 |FF THERE |5 A
-1 FUMNCTI(ON FROM E ONTO F
THUS, E AND F ARE ERU\POTENT

SETS IFF HE=#F 33,71 HND%‘—t,é;g
ARE EQUIPOTENT SETS

5. THEOREM : INFINITE SETS THAT ARE
COUNTABLE ARE EQUIPOTENT | RND HENCE
HAVE THE SPME CARDINAL A UMBER.

LET Te DENOTE THE SET OF IRRATIONALS

BN =HL c#Q < #R=#1¢

b. WE HAVE SEEN 2 WF I MITE C ARDINAL.
NUMEERS | #4) AND # R | wiTH N ¢ 4£R
IS THERE A HIGHER DEGEEEF OF (qurT:/
ANVD moRE ... KEEP READING
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O THE Power seT oF A /S THE ST
OF ALL SUBSETS OF A (DENOTED PCAY)

. LET A=z §37 P(M‘:E/d; 53}}
HA = | ## P(A) = o

2. LET A=fp,q} P<ﬁ\:{¢ﬁﬂ%§)§?§,i%§}
HAz-2 +t P(H):%

7. TREOREM : FoR EVERY SET A, =A< % Ah)
(THIS IS TRUE EVeEN FoR INFINITE SETS p)

T COROLLARY (A RESULT THAT FollLows EAS (LY

FROm fi THEOREM ) THEREARE INF(NI\TELY
MANY pecREES OF INFimITY |

RECALL Nz $1,a,3,...5 CounTasLE
LET N,= P(N) UNCoUNTABLE FN N,
LET Ny= P(,\/,) UN COUNTABLE

LET N, = P(/\/:Q UN COUNTASLE
ve v KEEP pp FOREVER

#N LHN,

MING EXPANOING News : #/\/)ﬁl\j‘)ﬂ/\ja‘)o.a

REPRE SENMTS COUNTAB LY INFINM | TE LY

MANY DEGREES OF INFINITY, .. BUT, THE
TRUTH 1s... THERE ARc UNMCoumTABLY MRrnY
DEEREES OF (NFivITY ! THAT's BIG ,
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P. Homework (oT9)

[ LET A:{/:{:g} P(A) =
A. Suprpgse A= 5/23 ng
How mAanY ELE/V\E‘/\/TS

3. LET A=%211 ., P(A) =
LET A, =PCR). P(A)) =

T‘T'H-:___.__)ﬂlgfl: 'ﬁp(f)l‘):
Y. THEoRrEM -

PCAY) HAs

I'F AS B, THeN HA<H B
Ny=PIN) N, = PN, N, = PN .

Nhame A seT T Suct THAT Fop EVERY
PoSITive INTEGeR L, 7 N, <#T .
PRov E Your ANSWE@ W

'T™H THe Herp
OF THIs THEOREM
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Q CARDINAL AND ORDINAL MNUMBERS

CINTU IT\WWELY DISCUSSED),

. THERE ARE mMorE NUMBERS THAN You THOUGHT
THERE (S A FIRST ORDINAL NUMBEL AFTER THE
ORDINAL NUMBERS 0,1, 2,3,... IT (S w
(L1TTLE OMEEH) LETUSCOUNT AWH(LE

) I) D\ 3}..1) CL) w*l w‘*‘l w+3J-¢o)9\w QQJ-‘-(

a’lw-r;l,... e, 3w+l 2wt
« KEEP GoNe F\ LoNé WHILE

1% HOJ 171(,;)-’-/
_IL_Csle omesr«)

L), e, Ll —ﬂ.:i'u)f/ .fl.wﬁ;z cess

THCRE

IS A SeT A Asso
ORDINVAL /\,/u;‘\BE& AND A

CIATED (O ITH EACH
CARDINA L. NumBer,

DENoTED -.ﬁ:ﬁ /%SjocmT‘D WITH THe SET A
ORDINA L SET CounThAg LE —+t
Numeecr A ONCOUNTAR e A
O COUMNTARBLE O
/ 21 COUNTABL € /
= 21,2 COUNTABLE 2
3 21,235 COUNTRE Le 3
w N=3,2,3,0.8 CounThs L€ w/
w4 NU§a? CounThELE w
Lo +2, NUEabS  counThace 1,
L P(N) UNCOUNTAsLe ()
LA PNV UncounThsLe ()
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2. EVERY CARDINAL NUMBER /s AM
pPDINAL NUMBER , BUT NIT VICE VERSA
EAcH oF THE NONNEGATIVE INTEGERS
|4 BOTH A CARDIMNAL AND AN ORDIMNAL

NUMBER. o> 5 THE FIRST (NFINITE
ORDINAL NUMEER AND (S ALsSo A CARDINAC
Numpeg . W+l (5 AN ORDINAL NUMBER,
BUT NoT A CARDINAL NUMBER , #N=w,
You CoulD THINK OF THE ORDINAL NUMEER
cot| AsSsociaTeDd WITH NUTaS =
$1,2,3,... 5050t , Howevee F A (-

FuncTioN § FRom NUfak ONTo N,
THEREFORE | NUial AND N ARE
E@M/POTENT S9, #(NU?M) #MN = 02
THIS Woukd ALSo BE Teue OF NU{fa,b{

AND THE ORDINAL NUMBER ot , (,2,3,...
RRE THRE F(NITE ORDINAL NuMBERS .

Co, W) Wt )e00, 2w, 2estl oeoy 30,000 AMD ALL
OROINAL NUMBERS LESS THAN _()_ AS THE
COUNTRABLE ORPIVAL NUMBERS ALONVE WITH
D230 L) s "mej_z_@_sy UNCOUNTABLE

ORDINRL AMD |5 pArso A CRROIMAC Nuemeer

R CARDINAL NMNUmMmBer 15 THE FIRsST
ORDINAL NUMBER OF THAT DECRec OF

FIMITENESS OR |[NFINITENESS LooSELY
SPEAKING . ’
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3. THIS WAS AN ATTEMPT T INTUIT\VELYN
ExPLAWN A DEEP TolIC |

R. HOMEwoRK (o0Is)
| IS THere sucH A THWG RS THE LARGEST
NUMBER LESS THAN €O ¢

2. WHAT [S THE SMALLEST ORDIMAL MUMBER

GREATER. THAN EAcCH NUMBER [NV THE

SERUEN CE w)gw,3w,‘1cp)§w)éw)... 7

3, NAME AN ORDINAL NUMBER K sucH THAT
K>w y THERE /S No LARGEST ORDINAL
NOMBER LESS THAN K, AND K 15 NoT A
CRRDINAL MUMBER |

Y LET A Be A SET SUCH THAT HAZ_MN)
NAME A CARDINAL NUMBER GREATER
THAN ().,

5. WHAT [5 THE SMALLEST ORDINAL NUMBER
K SucH THRT K >w™ AND THERE IS AD

LARGEST ORDINAL NUMBER LEsSs THAN K.



[CHAPTER. 34 | 34-3438
RECURS (N

A. R RECURSWE TAsk 1S A TAsSK THHT)
N IS DEF(NITION, REFERS To ITSELF
IN ALL CASES EXCEPT N SIMPLE

SToPp (NG CAS E(S)

B. REC ursve TASK. TO CALCULATE
N FACTORIAL (n A NONNEEATIVE IA/TEGE)

L NOTATION Fop W FACTORIAL : 0|
. EXAMrLESs oF Nt

5!= 5—"/'5-;2o/ = /Q0

Ofl=/ MHTH FORMUAAS REMAIN TRUE
WITH THIS DEFINITION

3. RECURSIYE TASK FACTOR/AL(V\)
Wit Now BE GIVEN,
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Task FACTORIAL (N):
IF W= O THEN

ReTURN (1)

ELSE
RETurN (- FACTORIAL (- l))

U, TH\S WAY OF WRITING A TASK Looks
SOMEWHRAT LIKE A COMPUTER LANGUAGE

AND SOMEWHRAT LIKE ENGLISH, [T IS
CALLED PSEUDOCODE, THE WORD

PseEuDo MeEANS FAKE,

e ee————

5. NOTICE WHEN N=0O, THE AMSWER
OF 1 (5 RETURNED. BALso SALD,
FACToRImL (0) ReTurNS 4, (TE Ol=1)

TO FIND FAcTorInL (1) NoTE |F0,
SO GO0 TO THE ELSE STATEMENT,
THE ELSE STATEMENT REFERS TO

[TSELF *
FactoriAL ()= | -FACT‘&RH\L.(O)
WE HAVE SEEN FAc*rogzm,(o) =

FaCToRIAL(\= [-|=| (T.E. ) )
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TO F(ND FrcTORIAL (2) , VOTE LF0,

S0 GO TO THE ELSE STATEMENT |
THE ELSE STATEMENT REFERS TO
THE TASK FACTORIAL |TSELF *
FACTORIAL ()= 2. FACTORIAL( ()

WE HRVE SEEN FACTORIAL (1) REFERS
NGAIN To ITSELF To ceT

FACTORIAL(Y = | . HE/\JCE
FACTORIAL ()= &+ |= & CIE alz 9\)
C. WHAT THIS Book CALLS TASKS , SomE
COMPUTER LAN GUAGES CALL

PRoO CEDURES, SMBPROéeAMs OR.
FuNCcTip NS

D. RECURSIVE TASk To CAL CUL ATE
FIBoONA CC | Numpers THe FlBonmACc |
SEQRUENCE (S [, 1,273 5 %,13, Qt 3‘/

AFTER THE FipsT Two TeErRms 1 AND 1

TO GET THe MEXT TERM App Taée-rHé,e
THE TWo TEpLms IMMED|ATELY PRECED NG {T.
= [+

) 371+, 5= 23 g= 3+§7 .

a0
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TASK FiB(wn):

IF h=1| OR nri=a THen
ReTurn ( /)
ELSE

RE TUrN ( FiB(n-1)+ Fls(n%»:))

[. NOTE FiB(n) HAS TWo STorPPING-
CRSES = | , nN=a ., N EITHER OF
THose ChAses 1 s RETURNED

<. FIND FiB(3) THE 3RD Fisowacer
NUMBER CIT SHouLD Be 2). Now 3¢ |
AND 3£ So co 10 THE E€LSE CLAUSE -
FIB(3)= Fig(a)+ FIsCl) = (+] = g

3. THROUGH REPEATED SELF REFE RENMCES
FIB(%#) wourp RETURN 3

= . Homework (0LS)

[ WRITE A RECURSIve TASK THAT

CompuTes (4340 0i b

2. WRITE A RECURSIVE TASKE THAT
COMPUTES 5‘“‘

3. WRITE A RECURS| & TASK THAT
ComPuTeS %49 43R 0er n 2
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F. FOR FACTORINL (W) AMD FI8(n)
WE FIRST SAW THE SEQUENCE OF TERMS
AND THEN THE Pseuosocobe WAS WRITTEN,
NOW V\CE VERSA.
TRASK WHAT ()
IF N« 5 THEN

RETURN (8)

ELSE
R E TURN ( o€ + WHAT(ﬂ—B))

| WHAT(Y) RETURNS T

9 WHAT(7) RETURNS 7+ WHAT (4)
= 4+8 =13

3. WHAT (1) RETURNS 4+ w#AT(7)
= ¥+ (%» WHAT(é/)): o+ (4+€)= /4

G-‘ Pﬁ/&ﬁmeré/eﬁ * THE v IN WHAT(H)
/sﬁc/)LLED A FARAMETER ., THE orLy

LREC HR5/0ON SEEN So FAR HAS HAD onNLY

ONE PARAMETER .. NOW MoRE THAN
ONE PﬁféAmé'T(:‘&,
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H.  7ask 7Two (n,p):
IF p< ™ AND W< 5 THEN

peTURN ( 3+ p)

ELSE
PE TURN (:l + TWO(VW-S;P "7‘))

[ Two(4,2)= 3+3 =5
2 Two(N3) = aeTwo(a7) = ar (a4 (-

3. Two(1%/0) = 2+ 7wo(7, ¢) =
2t (2+ Two (4,2))=3+(2+ (3 + a))= 9

T. Homework, (01s)
[. CONSIDER: TASK FIND (M)

IF vw< ¥ THEN

RETURN (5)
ELSE
RETURN ( 6+ FIND (- ;z))

WHAT ARE FIND (2), FIVND(7) ,4VD Fiwo(10) 7
A. CONSIDER ;: TAsk /T(\msa@ .

IF v < g AND 9. L 6 THen

ReTurn ( 2+ mg.)
ELSE
ReTurn (3 - lT(m"S;%‘ %)
WHAT ARE [T(45), |T(a, 7)  AND IT(14, 10) ¢
(ConTINVED )
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3. WRITE A RECURSIVE TASK POWE&(\M)P)

THAT RETURNS ‘mF FoR mM+0O And
P, i NONNEGAT\VE IMNTEGER .

J. PARAMETERS VMEED NOT BE MucmBERS .

) ARRAY: AN ORDERED LIST OF ELEMENTS

OF THE SAME TVYAE, WiTH THE PoSITIoNS
NAMED

Ao [ 7 |3 | L5j

A Ac2) AG) Al4)
BRRAY nmAmE - A |

FIRST PosiTiod  AG) AG) =7
SECOND POSITION A(2) AR) = 3
A(2) IS READ"“A oF 2"

IN A, Ae2), AC3), Al4) | THE 1,2,3,4
ARE CALLED sSUBSCRIPTS OR INDICES

2. PLAN For  TndxOtMin (A, w) a RECURSIVE

TASK THAT HAS AN ARRAY AS A Pﬁ&AMGTE,{
AvD RETURNS THE [NMDEK WHERE THeE

MINIMUM VALUE 1S STorep ( IN THI< CASE
THE [NOEX 1S 2 (WHErE THe MINIMUM VALUE
3 15 S3TORED), THE n MEANS CoONVSIpER
POSITIONS | THROUGH 1,
|F CoNSIDERIVG ONMLY FosiTlion |
J
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THEN RETURN [MDEX [ ELSE GET THE
/INDEX (WHERE THE miv/mum OCCURS

/N THE FIRST N-/ POSITIONS : COMPARE
WITH THE N™ PosiTion ; Pick THE
INDEX  WHERE THE SMALLER VALUE IS
3. ThsK TadxOFMin (A,n):

¥ \n= | Thew

RETURN (1)
ELS E

IF Aln)< A <Iv\&x0\c N\\A(A)nﬂ))_l'HE/v
RETURN () |
ELsE

RETURN (IﬁchO{N\w\' (AJ y\-g§>

K. Home wore (0Ts)
[. WRITE A RecuRrstye TASK

Tn8x O Max (A, n) Tyar RETURNS THe
INDex oOF THE /Y\AK/MuM VALUE IN THE
ARRAY A

IN Posrnows / TH/QWGH N\
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A WRITE A RECURSIye TAsS K

va&x&h@h\.k(ﬁ,n) THAT F(vDs THe
INDEX OF THE And SmAacLLEsT

ENTRY IN THE ARRAY A IV PosiTions
[ THROUGH vy , WHERE No Two

ENTRIES |u A ARE EQUAL, [T
IS PERMISSIBLE To USE THE Task

Tl OF MK WITHW THe TAsk
TnOx AnOMin .

3. WRITE A RECURSIVE TASK
Sum CAyn) THAT Fivps THe Sum

A+ A () + AG)+e- 4R ()

L. IN COMPUTER SClenvce RECURSION
|5 A POWERFUL Tooe TO HELp SpLye

P71 THE DIipe AnD Con@uER PRINCIPLE.

A ComPrex PRogLEm 5 DivibEy (MNTO

SMALLER  PROBLEMS, EACH OF (uHicH IS
SIMPLER To SoLVE THAN THE ORIGIVA L.
THE PRUGRAMMER DHoes THeE HIGH LEyep
THINKING . THE CoMPUTER DOES THe Work
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COUNTING TECHNIQ UE S

A . HELPFUL To KNow COUNTING TECHNIQUES !
[, 70 COUNT HOow MANY DIFFERENT
PIECES OF INFoRMATION CAN BFe
STORED IN A COMPUTER Device
L. TO COUNT How MANY STers N
COMPUTER ALGORITHM Coucwn TAKE
To PERForm A TASK.

BE. MULT|PLICATION PRINC(PLE -

i PROCESS HAs 3 STAGES | THE FIRST
CAN BE DONE -~ WAYs THe SEcownp

canN BE powne P WAYS. THe Process
CAN BE DoNE m.p WAYS

C. EXAMPLE © SAM HAS 2 PAIRS OF PANT<

AND 3 SHIRTS . How MANY DLFFE/éeA/“T
OUTEITS CAN SAM HAVE 7

TASK |- TASK 23 PRocess:
PANTS SHIRT OUTEF T
SELECTON SELECTION SELECTION

. . 3 - ¢
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[TRee DIAGRAM |

2 pAIRs OF PANTs: B=RBLUE T=TAN
2 SHLIRTS: W= wHITE D=DARK R=RED

W (B,w)

B/D _ (B, P)
\ R (B,R)

_(T,wW)

UJ
LOTE* once T<D _ (T, p)

TASK 1 15 DoNE,

TAsk & CAN BE R
DoneE 3 WAYS

(T/R)

To COUNT TRE OUTCOMES, CouNT
THE LEAVES UNDER THE TAsk A Coltumns,

THIS 15 AN EXAMPLE OF A PROCESS

MODEL [ MDRE (ILL COME On TH €
mobel

N EXT PAGE )
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D PRocESs mooel ¢

A MATHEMAT (cq
MODEL wicL Be mape of A FRocEss

We WiLL BE p8LE To COUNT The
NUMBER OF ouTcomes |y THE Mope,
WE Wil THeN RE ABLe 10 DETER M 1€
THE Numper ofF OUTCOMES /n, REAL ITY
(TRIS 1S A MOBIFICATION OF TRee )
DIRGRAMS Seen 1IN many Book S . )
APPLICATION To PREVIOUS EXAMPLE |
PANTS: B=: BLUE T=TANM
SHIRTS ¢ W= WHITE D=DARK

R=Rep
Thsg | TASK 2 QUTCOoMmES
B W (B,w)
0 (B, P)
R ——(8,R)
T W (T w)
D —— (T 0)
R mﬁ( T} R.)

(Bw) IV THE MoDEL REPRESENTS aw CUTFIT

OF BLUE PANTS AND WHITE SHIRT IN REALITY
WE CAN COUNT @ OUTCOMES A THE MODE L |

REALITY MATCHES ONE-To- ONE U TH THE Mope,
SO0 & OUTFITS N REALITY



BIT : HolDS THE VALUES o, |

MEMDRY LOCATION ° 6 BITS
HOW MANY DIFFERENT VAL ec CAN Bge
STORED [N A MEMORY LocaTion ?

EXAmPLE: [0l 1100 |ool (11|

Tﬁ'SK L CSET THe B|T PIT PDSITIOM L

) o A ST Q\{é

wnys To WAYs To WaYs To o '
Fioc Flre FlLL OUTcomes
PosiTipn | Pos, Q Pos., (4

IDEA

RELATE B¢ TO BIMARY NOTATIO N
AND PostTiony 1 Ag A SI6N By
1 =NEGATIye >

15
OI I 1] = 220 2339077 7ue

VALUE FOR MAKIMUM PosiTive |
0000 0060 0000 OCco = o

LEAVE REMAINING Q18 S 3AT76YK Foe THce
NEGATIVE VTEGERS . So — F2765 /S THe
MINIMUM  NEGAT e INTE GEL |

CFor 32 BT MEMOIRY LecAT/on S -

22l 1z 21748309 MEXI M po

~23¢ S RIYTYGIEHS MINEMUM )

T (O = POSITiy¢
/

MNTEGER
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F. LET m=£1,2,3,45,6,7}

[ HOW MANY 3 DIGIT NUMBERS CAA
BE FORMED USING ELEMENTS OF M
WITH REPETITION OF DIGITS ALLOWED?

EXAMPLES. 233 333, 7/3

THE MULTIPLICATION PRINCIPLE CAN BE
EXTENDED To moRe THAN 2 STAGES

STAGE | ‘STAGE 2 STAGE 3 OUTCoMEes
L N
FH OF WAYS  H# OF WAYs HOF WAYS

To FILL IN 15 vie i 7 FILL (N
1sT ble1+ AND DIG I+ IRD DlG It

d. How mauy 3 DIGIT NUMBERS CcAN BE
FORM E p USING ELEMENTS OF M WITH

NO Bl6ITs pepeaTeED 7 (313 s BAD,)
STAGE | STAGE 2 sTAGE 3 OUTCDMES

& 5 =y

P

* OF WAYS 2 0F WAYS 357 juave
To FlLL N To EiLL (N To EILL |y

_']_éT DleiT  JND DiciT  3RD DisIT

NOTE® ONCE STAGE 4 s DoNE | PICKED ,SETTLED UPoN,
STAGE 2 CAN BE DONE ( WAYS’  RECALL THE TREE DIRG RAM
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3. HOW mANY 3 DigT ODD NUMBERS
CAN BE Formep USING ELEMENTS OF
N WITH NO REPETTion oF DicITS 7

STAGE &2 STRAGE 3 STAGE |

ou TComes
4 ) < . 17‘ = ¢ o
_ —_ —_—
HOF WAYs T OF WAYS 4 o WAYS
To Frelw To EILL N To E/LL N
15T pleir

AND Dig|T 3RD DleT

G.LeT T=50,1,2,3 459

STAGE | STAGE 2 STAGE 3 OUTCOMES
0 — o
5 * é é - G, A
I OF ways T OF wWAYs H OF WAYs
To FiblL N To FILL\N  To groL IN

1ST Diert QND olalT 3RD DIGIT
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2. How MANY 2R DIGIT NUMBERS CAM BE

FORMEDN USING ELEMENTS OF T WITH
NO REPETITION OF DIGITS 7

STAGE | STAGE 4  STAGE 3 OUTComes

5 . 5 . Lf = 52.74

#OF WAYS 2k OF WAYS = OF wavs

To FILLIN o FILLIN o Froo n
45T DIGIT AND DIlGIT IRD DIGIT

3. COMPLE MENT RULE ° NUMRER OF DESIRED
OUTCOMES — ]

TOTAL NUMBER OF P0sS|BLE
OUTCOMES mivus NUMBER oF ON DES IRED
OUTC oM ES.

How MANY 3 DIGIT MUMBERS CAN BE
FORMED VUSING ELEMENTS OF T WiTH

DELEMS AND THE
CoMmpPLEMEN T RULE iLL Be USED.

T+ Mivus 3 Olerr# _ 30leITH
W ITH — SOME.
REPETITIONS WITH No- DiGITs
AlowEn REPETITIoN REPEATE p

5¢° =53¢ = ¢p
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H. NUMBER oF Sumsers OF 5112:310«',"1}
REVISITED  (CHAPTER 33 P, )
TLLUSTRATION WiTH =4
NUMBER OF sugsets of 11,3,3,4%

MATH MmopeL - ORDERED Y-TupLc

J
LiKe (v, N, YY) woulp CORRES Ponvp To
§l/ 3,474; Y=VYES N=z=MND
VOIN PosITioN | = | v THe seT
N IN PosiTion | = | NOT (N THe seT

£ IN POSITioN QL = & (v THE seT
N IN POSITION 2 = 3 pnpT N THE SeT erc
US

Cvow, v, \/) CORRES PoniDs To 145

EQUIVALENT PROB(_GM: FIND THe
NUMBER. o©OF ORDEREpD Y-TUPLES W ITH

ONLY Y or N (N EACH PosiTiown .

EACH PosiTioN CAN BE FILLED In X WAYS
THERE Are v POS/T'/O/\/S, |

GENERALIZATIoN THERE ARe N

SuBseTs oF 202,303 IF B Has
0 ELEMEnTS PCA) Has " ELEMENTS
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I. A CLUB IS mADE Up oF ¢ PEO AL
NAMED A, B,C, D,E, F, G, AWD H .

THE OFFICES ARE PRES(DENT \2

AND REPorRTER . No PERSON CAN
HoLp 2 CFFICcES,

l. HOW MANY sLATES OF OFFICERS
ARE Ppss |gLeE ?

STAGE | STAGE 2 STAGE 3 OUTCom e
z ' / A = 7L
+ OF H Or H OF |
PRES, VP REFORTERS
A, HOW MANY SLATES OF OFFICERS

ARE POSSIBLE WwhepE EITHER F
OR & MUST RgE PRES|DE

NT ?
STAGE | STAGE STAGE 3 OUTCoMgs
R & =2,
H OF H oF = OF
PRES . VP REPORTE RS
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3. HOw MANY SLATES OF OFFICERS
ARE THERE WHERE G MUST HoLp
OFF(cE 7

4 OF wAys ++ OF WAYs

To HAVE Minus G CAVNGT =
OEFIcELS HotD OfFrcc
876 — T7.¢6.5

T. How MANY scaTes oF OFFICERS ARE

THERE (WHERE G AND H MusT

Hobb OFFice? DIFFER enT Lovk

FOR THE sTAcES.

STAGE | STAGE Q STAGE 3 OUTcomes
CEE SO} . é :
S . . =73
B oF # OF H oFf Rl

OFF(CES OFFices PEOPLE
G CAN H CAnN For 3D
Hot D HoLD OfF(ce

MoDE L.~
(V, R, 8)
\
G (s R B s

v P R‘-P"R"' PAQS LtQSLVd\
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9. HOMEWORK (0IS) You bo wor mapye
TO MULTIPLY THE NUMBERS ouT

FOR PROBLEMS | THRoueH 7 L\CENSE
PLATES ARE TO HAvye EXACTLY Five
CHARA CTERS FRom 1RB,C,..,Z,0,1,33,...,97

l. HOW mANY PLATES ARE THERE wHeRE
THE CHARACTERS ARE ALL LETTERS

AND REPETITIONS ARE ALLoweEp 7
2. HOW MANY PLATES pee THERE |[F

THE CHARACTERS ARE AL LETTERS

AND NO REPETITIons Age ALLowep ?

3. HoW MANY pLaTes ARE THere /£

THE FIRST Twoe CHARACTERS ApRE
L-ETTERS AND THE KAST 3 ARE

EITHER A DT OR A LETTE
REPETITIonS ALLow ep? oK

4. How MANY P

ER CHARAC TeRS ARE
) REPETITionvs ALlow ep 4
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5. How MANY PLATES Are THERE |F
THE CHARACTERS ARE ALL LETTERS AWMD

NONE OF THE CHARACTERS IS M,
REPETIT 10vS ALl OweED ?

6. HoLO manY PLATES ARE THERE |F
THE CHARACTERS ARE Asc CETTERS,
REPET ! T/onvS Ape ALLOWED , AND THE
FLATE CovTAINS THE LETTER M 2

L How MANY PLATes Are THere I
THE CHARACTERS ARE Acc LETTERS
REPETITIONS AREe NoT ALLowep

AND THE PLATE CONTA(NVS THe
LETTER m 7

J

B

NON -LICENMNSE PLATE PROGLEMS ¢

3. IN A MoN LeAp YEAR | How mpany WhNs
CAN & PEOPLE HAape NO Two wiTH

THE SAME BIRTHDAY ? (Yeae NoT
INCLUDED fp BIRTHDAYS

Q. IV A NON LEAP TEAR, Hoto mawvy WAYS
N A GROUP OF B PEoPLE  CAN AT

LEAST R PeplLe HAVE THE same

BIRTHDAY 7 (Yerr noT (W CLUDED I
BIRTHDAY )
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. PERMUTATIONS * AN ORDPERING OFf W

ORTJIecTs (S CALLED A PERMUTATI/IonN OF
THE OBTECTS,

|. CONSIDER THE SET 0F 3 OBTECTS {hB,C3
TRE PERMUTATIONS ARE ABC, ACS, BAC
RCA, CAB, CBA (NoTe L= 3')

A. MULTIPLICATION FRINCIPLE VERIFIES
= 31 PERMUTATIONS OF 3 0BIECTS

STAGE | STAGE 2 STAGE 3

3 -2 - = 3|
H OoF WANS =t OF WAYS ff-’t OF WA
To Fl1il To0 FlLL s

To FlLL
PosS(TION 3

3. GENERALIZATION © THERE ARc Nl
PERMUTATIONS ©F VN DISTINCT OBJ €c TS

PosiTION | Pos 1 Tion 2

Y. KEY |IDEAS For A PERMUTATION
ORDER | NO REPETITIONS

5. Y- PER_MMTP;"I’IO_/_! - AN ORDERING OF

 DISTINCT O0BIECTS TAKEN FrROmM

N DISTNCT 0BIecTs. (EXAmPLES OF
A~ PERMUTAT lONS TAKEN FRom §A,B,C3
ARE® AB,BA, AC,CA, BC,CB )
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P(n,+) IS READ “THe
NUMBER OF PERMUTATIONS OF N THINGS
TAKEN Y™~ AT A TIme'"

Q. TH1S

6. NOTATION :

15 THE CoumT OF — PERMUTATIONS

b. P(n,v) s SOMETIMES DENOTED e

1. FormyrLna DERIVATION Fop P(h,w)
(FIRST ¥ok =T = 3)

MULT\ PLICATION PRINC |1PLE FOR THE
MUMBER OF 3-PERMUTATIONS

STAGE | STAGE & STAGE 3

1:_ 0*;,‘:’2\{5 + OF WAYS  H 0F whve

Post‘rlof\/ To FliL To FiILL

0 | FosiTion o Pos|Tiown 3

fS =Tl b0 7!
7:3-2.)  YI (7-3)1

P(7)3): 7/
(7-3)l
IN GENERAL - P(\(\J\——>: YW‘“
n-v)!
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3. EXAMPLE: HOW MANY SL_HTES OF

PRESIDENT, VP, REPORTER ARE THERE IN
A CLUuB OF 8 MEMBERS ¢

ORDER , NO REPETITIONM

P(2,3) = 3L . 8! _8.74.5¢-32]
(z-3) s/ 5. 2.3.24

| . CIRCLE PERMUTATIOM: AN ORDERING

OF OBRJTECTS ARRANGED (N A CIRCLE
(WHERE A ROTATION OF AN ORDERING
S NOT CONSIDERED A DIFFERENT
CIRCLE PERMUTATION.

C\RCLE PERMWUTATIONS OF {pgC,0,E F}
D

= SAME B
5 q PERMUTATION C D
ﬂ
DIFFERENT R
, CIRCLE s E A
PERMUTATION £ c
FRoM ABOVE
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M. COUNTING CIRCLE PERMUTATIONS ®
EXAMPLE FoR 7 A, B, C D E, F]

B FIX ToP ELEMENT
PosITion . PosiTion |
Pos |1 Ton 2
PostTioNnyg —

ST = STAGE PoS = PosiTion

ST | ST 2 ST 3 STY sST1¢

5 -4 3 A =5

H WAYS 1 wavs H# WAYS  H wAYsS H# WAYS

Fioe FiLe Froo FILL E(LL
Pos | PoS 2 Pos 3 fos ¢ ppg g

GCENERAL - For A CoLLECTIoN oF
N DISTINCGT OBJECTS THere AR
(M-1) circce PERMUTAT IDnS
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N. HOMEWORK (OIS)

. BOW MANY PERMUTATIONS ARE THERE
OF THE ELEMENTS OF § A B,C,D,E§ ¢

2, How MaNY 3-PERMUTATIONS ARE THERE
OF THE ELEMENTS OF I A,8,C,D,E § ¢

P(10,6) =

Y. p(s5,5) =

5, HOW MANY DIFFEReE~VNT LICENSE PLATES
ARE THERE WHERE THERE ARE EXACTLY
G CHARACTERS THAT RARE ALL CAPITAL_
LETTERS WITH NO REPETITIONS 7
W ITH REPETITIONS ¢

b. How MRANY DIFFERENT WAYS CAN A
Row OF 3 CHAIRS BE FILLED BY 3
PEOPLE FRom THE SET 0F s PEOP) €

$h,B8,CDEFST

7. HOW MANY DIFFERENT SEATING ARRANGE -
MENMTS ARE THERE Fok THE 5 PEOPLE # B,
C,D,E IV A Rod 0F B CHAIRS ?

. 7 PEOPLE WANT T2 SIT AROUMD A
CLRCULAR TABRLE ., HOoW MANY DIFFERENT

SEATING ARRANGEMENTS ARE THERE 7
(A DIFFERENT ROTATION /5 NOT A
DIFFERENT SEATING ARRANGEMENT,>

w
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O. COMB(MATIONS ¢ AN V—CON\BWAT/D,V

OF A SET T OF N 08J€cTs [S A

SUBSET OF T WITH EXACT LY
- OBJIECTS.

[. ConsiDER 2 A, B,C,DE,F S, H="TT

§HJD,E}) 3 FE AT F6,H, AT ke
ALL 3- ComBINAT IONS Ot SET T

3. SINCE §ﬁ,D,E}:io)H,E}:Ea,h,D,E}}
KEY |DEAS For A COMBINATIDN ARE -
ORDER NOT IMPORTANT
REPETITIONS NOT AlLLowep

€ NOTATION: C(n ) /5 ReEAD ' THe

NUMBER OF ComMmBINATIONS OF n
THINGS TAKEN + AT A TIME"

Q. THIS (S THE CoUNT OF

COM B INA-
TIONS FRom A SET OF n OR
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QR GENERAL FORMULA FppR Cn,e)

LLLUSTRATE For C (g, 3)
LET T= iﬂ,e,c,D,E,F,c-},H}
~PER = 3-PERMUTATIDNS
3-Com = 3-COMBINATIOA/S

2-PER 3-Com THE COUNT INM THe

ABRC  §m,8,CY COLUMN 3-PER 1S
SCB KNOWN,  PCg,3) WE
BQ% DESIRE THE Coyn IN
C AR THE CoLumn/ 3-Com
c8s NOTE . §A,8,C§ GENERATES
ABD 2 AB,D 3! PERMUTATIONS 1INV
ADB THE 3-PeR CoLumn
BAD S0 EACH ENTRY [N
gf[? CoLumn  3-Com
DBA L GENERATES 31 (u
ABE  §H,B,ED THE 3-PER Corumn
... S0 Dlvipe £(2,3) BY 3/
T0 6T C(g,3)

Cle3)= P83 _ w5 3l

T3l =7— = 31@&-3)

GENERA : Cln,v) = “l
v Iin-r)!
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R. How mewy Comm TTees OF 3 Cawn BE

FORMED FROM A CLUB OF 3 PEDPLE,

WHERE COmMM | TTEE MEMBERS ARE Glven
NO SPECIAL DESIGNATION ?

NO ORDEXR, No REPETITIoNS | 50 USE
COMB INATIONS

C(3,3)= ! L T 4-5-4e3.90 1
3/(8-3)0 3.2.0-5.4.3-24
= 87= 56

S, INCOR PORATING PREVIOUS CDUNT/NG-
TECHNIQUES WITH ComBnv A TIONS,

R BRSKETBALL SQUAD HAS 7 BIc MEwn

AND ¥ SmnaLL Men. A LiINEyuP CONSISTS

OF 2 Bl& men AND 3 SMALL MEN, How
MANY Linveyps ARE THepg ?

STAGE |

STAGE 2
Cl72) . C(33) T g
T WAYS # WAYS 2! (=) 3’. -
R Bls 3 SMALL L (5-3)!
= 7! 3!

P — 7'é 807.
(S 3757 7 3‘7’303,/4 = 73-%7=17
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T. I 4 TEAMS A,B,C,D. &
PL_P‘\/ERS /\/UN\BE/{ED 1)9\03/%,S-/é/7/ 8/7.

HoOwW MauY GRoOufrs oF 5 CaAnv BE FORME p
CONTAINING 4 OF opne TERAM AND ONE
OF ANUTHER TEAM ¢

MODEL ;

ACH TEAM HAsS

, A 63><——» } Ay HB,Aé,AC?,C33
(205,788 B, 09) «— 361, 85,6765, D7
CouNTING |
STAGE 2 STAGe 3

CEe) - 4 (3-9)

STAGE |

4 OF . ad OF LM.,,,..E_-FM_« —

SusseT TEAMS | erroens
Y272 AT qga0

d7 7a 0 ’ ~ ° - 1°0° /-6 7. _ D
el 5l Ty =360t

NOTE: A MoDeL LAS MADE. WE Coul_D
COUNT THE MODEL [TEMS. THERE wAsS A
(-] MATCH WITH DESIRED /TEMS
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U. How many DIFFERENT SEATING
ARRANGE MENTS ARE THERE FoR THE 5
PEOP, E A,B,C,D E |y A ROw ofF <

CHRAIRS (PROBLEM N, v REWS/TED)7

METHopD /|

USIN & COMBINATION 5 -
MODEL : Okpepen PAIR. OF ( senrT + PeorLe
SIT IV, THE SEATIWG PE,QMMTHT/DIV>

(T3%5,7, %1 ) BCADE ) mitenes 7,

B C A D _&
/ 2 3 e 5 & 7z g
STAGE | STAGE 2 OUT comes

C(S,S) v S/ = gl .6/ gl
T or ram 5! (g-s)! el
SUBSETS PEIQN\M'TATIOMS
OF 5

oF §
METHoD &, U

SING PERMUTATIONS onLN
MODEL © ORDERED 5-TUpPLE of

(m SEAT ) B SEATH  C SEAT # [ SeAT 4
E SEP(T#)

4
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(5/ 2, Lf) 1, %> MATCHES T&
B c A R

pawre e
s i e

. a2 3 4 5 ¢ 1 F

ORDER, N0 REPETITIONS So PERMU TATIONS

P(S/)E) — 8( = _E-{-
(3-5) 3!

\/ HOw MANY wWAYS CAN 5 MEDIATPRS AWD
3 FIGHTERS LINE UP So THAT No Two

FIGHTERS ARE SIDE BY SIDE 7
fROBLEM REPHRASED: How MANY WhAYS CAN

THe CHARARCTERS a,b,c, I, K, L, M\ N BE
LINED UP SO NO Two LOWER CASE LETTERS

RRE TOGETHER.,

MNoDEL" NUMBER THE SLOTS [N FRONT OF
BETWEEN, AND AFTER THE CAPITAL LETTERS
l,2,2,4, 5,6. A 3-PERMuTATION OF
[,2,3,4,5,L TELLS THE SLOT NUMBERS
FOR o, b, c REsPecTiveLY AN ORDERED
PRIR ( PERMUTATION OF CAPITAL LETTERS,

SLOT NUMBER PERMUTATION FoR q,lojc/>
witl CORRES PoOND To A LINEUPR.
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( NS LEN, 624%) matenes To

MmN koL ¢ k__N_Q&
! 3 3 4 S A

624 |15 CoDE FoR: a GOES (N SLoTé)
b GOES (N SLOT 2, ¢ GOES N SLOT 4

STAGE | STAGE & OUTComEs

5 - P(6,3) - 51y t
7 oF ® of 3l = oo
PERMUTRTIONS 3

OF Tk, LN PERMUTATIONS

THE ORDERED PAIRS MATCH [-( WITH
THE REPHRASED PROBLEM WHICH MATCH -/

WITH THE ORIGINAL PROBLEM

NOTE . WE SAW & FROKRLEM SolVivg
METRODS : 1) REPHRASE To HN EQUIVALENT
PROBLEM  2) MAKE A maTH MOOEL
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W. HOMEWORK (OTS)
| TEAm A (ONSISTS OF f PEOPLE AND
" TEAM B CONSISTS OF 6 PEOAPLE  THE
CLUB CONSISTS OF EXACTLY THe 4 PEOPLE
N TEAM A AND TEAM B,

o. A CommITTEE /5 7o BE mMADE UP OF

2 PEOPLE ERoMm TEAM A AND Two
PEOPLE FROM TEAM B ., How /MANY

WAYS CAN THiS HAPPEN 7

L THE CLUB WAMNTS A Comm TTEE OF 7
PEOPLE WHERE THELE 'S AT LEAST

Comm  TTEE, HOW MmANY WAYS CAN
THIS HAPPEN ?

C. HOW MANY DIFFERENT CoMM ITTEES
OF 4 CAN BE FoRmeD 7

d. 8 Comm|TTEE OF 4 /5 7o HAVE
AT MoST ONE MEMBER o0F TEAM A. HOW
MANY WAYS CAN THIS HAPPEN T

2. THERE RRE 3 TEAmS A, B, AND C . EAWR
PLAYER ON EACH TEAM HAs onE CF THE
NumBers O,(,2,3,4,5,6,7,8,7 , THeERE ARE
10 PLAYERS oON EACH TEAM , THE CLUB
HAS EXACTLY 30 MEMEBERS, maoe€ 1P OF

( ConNTINMNUED)
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THE MemBERS ©F TEAMS A, B, AND C .

Comm |TTees ARE To CoNsSIsT OF 4 PEDPLE

EACH.

a.. How MmANY CommTTEES ConTAIN 3 PEOALE
wITH THE vumeer 9 ©

L., How mpANY comm I TTEES CovTANM 3
PeoPLE Wi1TH THE SAME MUMBER ¢

C. How MANY Comm | TTEES ConvTAN ONLY
MEMBERS OF TEAM A 7

. How MANY CommITTEES COMNTAIN MEMBERS
FROM ONLY EXACTLY Two TEAMS ?

¢, How MANY CommITTEES COMTAIN
MEMBERS FRONY ALL TEAMS 7

"3, CEIGHT Coins ARE Tossen

0. Hou) MANnY TIMES (WiLL THEELE BE
EXACTLY & TAILS 7

b, HowWw MANY TImeEs will THeErRE BE
AT MosT 2 TA(Ls ?

REFERENCE : DISCRETE MATHEMATICS by

s - e T

Richar Jolnson \Oa‘*%\’\x Thaed Edition
Mac Mi\\\\a\\(\) 199 3 |
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BooLean AL GEBRA

R, LET TV BE A NonveEmMPTY SET . [ ET
S= P(U), THE Power seT ofF U, THE
SET OF ALL SUBSETS OF U .
VHEU, DeFive H'= U—H . H' s
CALLED THE Comblement oF H
NOTICE . S IS A SET SucH THAT THERE

MAMRE OPERATORS /S U, AND N SUCH THAT

Y HKeS  HIHUK anp HA K ARE IN S
A VHKeS, HUOK=KUH A ROK= kN
Qommu‘m-rtvm‘y

3 VHK LeS, HUCkLLY =(HOKYO L Anvg
(HGKBHL*-'HO(KOLJ) . ASSOCIATIV Ty

TYHKLES HAckuL) =HNKYO (HOLY 4o

HU(KOL):(HUK\O(HUL,) . DISTRIBUTIV Ty
OF N overR U puip Vice VERSA

5. @S » VHES) HU¢ = H
¢ (S THe LOEN T Ty Foe U

6. 3 TUesy VHES, HNw =4
U IS THe ITp ENTHTY For N



36=37|

- {

T.V¥ HES, HUH/'=TU AvD HNH'= ¢
THE PRECEDING WAS To SHowW A BOOL EAAN
ALGEBRA EXISTS .

B. DEfF(viTIiION OF A §OOLEAA/ ALGEBRA
B IS A BOOLEAN ALGEBRA [FF B IS A
SET WITH OPERATORS

/) t, AVD - SUCH THAT

l. VxyeB, x7 X+Y  AND Xy ARE IN B

A NVUXYEB, kty = Jtx AND X4z yex
COMMUTATIVITY | |

3."‘/&3,%23) %f(tg+?)= (7@‘@)%’2 AND
Xv(g}(-Z)z(Xoéj)-z ASSOCIATIVITY

Lf.V?(,g/l:a gB} x-(tau-z): Xog'rX'"?: AND
’)4+(qu'&) - ({X-i-éj )-(;(7# E‘j DISTIQIﬁ&!'T/l/lTy

OF « OVER + AMD ViICE VERSA

5. 40eB >V xeB x+0:=%
O s THE [DeNTITY Fop +

6. d1eB > VxeB, x-[= %«
[ s THE tpenTITY FOR -
7. ¥YxeB, x+x’=| AnvD x-x'= D

(TN ROOLEAN RLGEBRA X7 /5 CALLED
THE ComPLEMenT OF x. )
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C. FOR SOMETHING To BE A Boorenns

ALGEB;QA) [T MUST HAVvE A ELEMENT
THAT w€ ARE DeroTing BY THE SYMBoL 0,

FOR EXAMPLE, THE Bootean ALGEBRA |y
PART A, O 15 THE SYmBoL ¥or THE

EMPTY SET, ¢ ALL THE CorR ESPONDENCES
Now Foccow O-fﬁji:U +=U
J Y

¢ = /-—-/

D. THE 2a-vALues Boocecan ALGEGBRA:

B [ NN

THE BaoccAn pege

E. Homework (ors)
. FOR 2-VALUED BOOLEAN ALGEGRA PRov e
Vay, 2 eB, x+(y.2)= Qg e (242)
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F. THERe 1s A sThATeEmenT ALcEesRA

COKIGESPoNOENCGS
1S EQUAL 7o CORRES PonpDs To !
EQUIVALENT T2, ="

—
&

/S
y O=+F, I:TJ Tty
AN, AND 7 = rnx

J
B=23T,F5 15 THe ser WITH OPERATORS ~u
V, AnvD A SucH THAT

. VPqeB, ~p PVQ, AVD prg ARE w &
A ¥pqeB, PV =avp AND PR =qap
COMMUTAT IV | Ty |
3'VP;%;V'€B PVC%VT')E(PV%)\/Y" AN D
PA(GAr) = (Pf\i)/\r' ASSOC 1AT IV ITY
T V’D’%‘FEB P’\(%VT“\)EGD/\%)V({JAV—) AND
PV(%A‘-")EQ@V%M(pw) DI
N OVER v avb ice ve
5.3 Fep ar\/,ozﬁ’/ PVF =p
Fols the LTOENTITY For \
6. 3 TeB>Vpe B PAT =

p
T IS THe IDENT|TY For A
7.V peB

/

ST@/BMTW!TY oF
RSHA

PVWF:‘ET AND P/\N)D;:_,F
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G. ROOLEAN ALGEBRA THeorEMS

[, THEOREM « IF B /5 A BooLeany ﬁLGEB&\
THEN Ve eB x4 (= |

O. ASSUme B /S A BOOL_EA/\/ AL GEBRA
AND xEB (SHow x+(= )

b. mtl= (x+ ) & BooL. ALG. DEF,

C. = (7‘*’)‘(**‘%/) b, T Boot. ALG. DEF  x+x“f
/

A. = '2(*['(/‘76 ) ¢, ¢ BooL. ALG. DEF,

DISTRIBUTIVATY OF 4 over -

é. - '>¢+(x’- /) 8,2 BooL. ALG, DEF.

y CommUTAT IV ITY
S Lt X
. e, ( Bool. ALG. DEF, TVENTTY

/ §$ 7 Bool.. ALG. DEF.
R. THEOREM ¢« IF B 15 A Boorepn ALGEBRA
THEN Vx <R, x-0= O,
a. RSSUME R /S A BooLEAN ALGEBEA
AND x ¢ B, (SHow «x. 0-0_)
b, %<0 = (x. O}-t—O S BooL #iL. DEFf TDENTITY
C = (x.o)-f-[x.?c) 7 BooL. AL DEF. |
A xe(O+x') DisT. 4 BooL. AL DEF, ¢
e. = % (’K’H):} Comm, & BooL AL. DEF.
&
J

I

\

1l

= XK ’X/ iDENHT\l 5 Bool. AL. DEF
- 0 7 BooL. AL6. DEF, Js
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tH DUAL OF A BOOLEAN ALGE 8RA

STATEMENT . REPLACE O BY |, | BY o,
+ BY -« s BY -+

A. The DuaL OF ‘VxeB, xt| = |
IS'VxeB x.0=0". (NOT(CG

THESE wepre THE L AST Two
THEOREMS WE PRovED,)

B THEOREM : THe DUAL OF A
BOOLEAN ALGEBLA THEOREMNM /5
RLSO A THeorem!

. To GeT A PROOF OF THce Dwxg
TAKE THE DuaC OF ALec THE
STATE MENTS IN THE PRocFE oF
THe op| IGINAL THEORE, |

A. NOTZC€ THIS 5 WHAT was
DOvE N THE FRECED NG TwD

THEORE pg THE STATEME T
IN THE scceonvp THEORE pn

ARE
THeE Dyp) s

IE THE STATEmenTs
IV THE FIRST THEOREM |
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I . Homework (0I1S)
|. FIND THeE DuAL OF
a. \7/268.3) Xtx =%

b \7/%,355/ ?C—(-(X‘gj)’l X
c. Vaect, x+x’=|

L. Assume R s A BoOLEAN ALGesep
PROVE ¢

A, Y2eB, x+x=1

b \7/7@5) ek = x

C. ¥x,yeB, XHzy )= x
4. */x,yzfj k.(%.féj}:y
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J. DISSUNCTIVE NORMAL FoRM

[ TRIS WL BE DeF(nvep EoRr 3

VARIABLES, (THE DEFInvITION For 2 or

MORE sHoulD BE CLEAR FROm TH (S
DEFINITID/\/.>

. A MiNTERM N Prds ™ 15 AN
EXPRESSION OF THE For

X//\’X‘l/\'}(ﬁ;
WHERE X, 15 EiTHeR p o ~p

Yo 15 EiTHeR % oR ~ME ) AND K

[5 EITHER t+ op ~

3 EXAmpres oF MINTERMS (N P, g,
xSy

&, ;D/\r\/%/\\fv
b NPA G AN

H. A RERSON For THE Name MINTER A -

ConstpgR O=F [ =T . THe
VALUE OF X, A x4\ X3 IS THe
L ATN VAR @A

OF EACH of THe VALUES
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5. BN EXPRESSIDN D ivvorvive P,

5 (M DISSucTive NORMAL  Form

W e A et A o LR O
4 A PosiTive INTEGER K
MI)M'Z.)-

?) AVD
IFF
) T MivTeR ms

-y M IN P)%) ANDO Y™ SucH THAT
D = Mlvm;vm\/.--\/mK

L. AN EXAmpLe OF DISTUNC
Form  jn Prq, AND

@JP/\%I\NV"‘) \V4 ( PA%/\NY"')
1. TP For GeTTiveg AN

Exweesszow IV TO
DISTIuNCTIVE NORMA L Fpp = MeAavs ©
EQUIVALENT To ') M. ( 13

NoTE . B = Bn(cevrv%"‘)

-’E(B/\C?U) v (B A~ ) pisT,
B = par)

= (p/w*/\%x)v(,ﬁl\r/\w%)

— 60/\%/\@ \/(PI\N%/\Y‘) Comm

INVOLYING 2 OF THE VAepsLes Prg,
4

TIVE MRMAL

(’sup.oase

THUS

CoNMTumnerT )T Lo 1T H

THIRD VAR 1AL E V'~ THieD VAR 1A FL. €
THE ~

DISTRIBUTE  pup Eormmy T
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3. Pur C/Dv?)/\r‘ N DISTopCT7TIVE NormMA L FoR M

a. (PV%)/\V‘ = \(/\Cp\/%) Commu TATIVE
b. :—E‘(r/\;o)v(v'/\c;) DISTRIBUTIVE

C . —"__:(<V/\P)/\(cl)vc~tcg>>\/(({_/1%) /\(PV'VP)B TIP
4. = Mw@vWM“’63””%“?)&53&5[?
e _'—'—:_<p/\%/\r)v(pl\~%'\v’)\/()0/\%/\r“)V('\/,D/\%/\r)
COMMM'TAT/VG
FEPrned v pang ar) v (mpagar)

DROP DusLicaTe p/\?7 N

Q. Homewog g (015 )

a. GWeE THe DEFNvITION OF Awn EXPRESS DA

INVOLVING p AN D % BE(ING N DisJuncTive
NORMAL Form

b. Glve THc DEFINV I TIoN OF AN EXPRESSoN
INVOLVIN & 'D;)Pa)/%)”')ﬁm BEIVG N,
DissuncTy e NORMAL Form

C- PUT (pve ) p (4V' &) IV DisTume Tive
NORMAL Fobem . (3 VARIABLE (Cpse)

d. Put PV ~q v Dissune 710 e NOEMPAL
FoEm . (2 VARIABLE ChsSE )

e. Put pv r\fé IV LISTuneTIve NOEMA L.
Fort, (3 VARIABLE CASE )
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K., CONTUNCT |y € NMIRMAL Form

[ RS Y

[. A MAXTERM |, P, C{)J IS Awn

EXPREsSIpoN OF THE FoRm

Xao /S EiTHER OR r\/% AA/D g
/S EITHEE ™ Vv ~

A. EXAMPLES 4f MAXTERMS N P, %3
a, p \/qu7 Vo
b PV % \/fvvv

3. A REASON For THE name MAXTERM -
CONSIDER O=F Awnp [=T . 7HE VALUE
OFf X, V x5 v Xy /S THe MAXIMum

OF EACH OF THe VALUELS y,)yg\)xj

A PosITIVE INTEcee

K, IMAxTeRM S
MI)MP,).,l) mK

N p, 7, AND Y- SucH THAT
D:M /\N\Z./\/V\B/\vap/\M
5. THE DUAL ©OF An EXPRESS

DISSUNCTIVE poema YORM 1S I
CCNTUNCTIVE NIOR MA L FOR M.

fcw v,
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6. DURL OF PREVIOUS TIP - A WABY To
GET INTO CoNTUNCTIVE NORMAL Forem -

NOTE: EB= Bv FALsg
B= Bv(vn ~r)
= @3\/ V“)l\@%vwr‘\j DISTRIBUTIve
(surtose B = pyg )
= (Pvgvi) A (pvgv~r)
DISTUNCT B wiTH A AN

7. PUT (pv%}/\ (~pve) n CONTUN
NORMRL Form

(PV4) Alvpy ) = -
((P\/%)V(‘F/\Nr‘)> N ((w,ovr). v(%,\,\,%)): TIP

@V%VT’)/\(PV%\/NF”) A\ (/\/,OVY‘ VQQB N (/u:,o\;\r‘vrv@ =

TP

(Tiye

DISTRIBuTIv T,

(VY0 CPUn) Ao ) g

CommuraTi, Ty
8. Homework (015)

0. GWE THe perm iTion CE AN EXPRESSIoN

INVOLVING FriBo, Paserrs Ry BEING N
CongunvcTIvE NORMAL FoRrm
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b, PuT (N,D\/@ /\(var') IV CONTUNCTIVE
NoRMAL ForRm . (3 VARIABLE CASE )

C. PuTrT rv,ox\% IN CoONTUNCTIVE NMoema,
Form . (2 VARIABLE (CAse)

. PuT ~p NG IV CoNSuncTIVE Moempl
FoRM . (3 VARIABLE case )

CI1RCu 172 CAN B /Qé;/»"/eé’fcfv

T €p
B¢ Boor ¢ an Exﬁﬁ€<5/o~5
m. ﬁEFé‘RENCES
| DiscreTe MATHEMATICS by Dossey 3 HArpep
COLLING | TSBN O- 673~ 4627 -0

A, LoGic AND DLSC/QETC MA T
PREMTeCG HAce

o v
0-13- 501266 -¢ ’
3. DiscreTr MRTHemmac_s b Sohweow by
e L ON Day 13
Macm g - TSN O0- 00~
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GRAPHS AMD TREES

N A PICTURE OF A GRAPH:

€y

B DEFINITION : A GRAPH G CONSISTS

OF A SET V OF VERT|CES AMD A
SET £ OF EDGES > EACH EDGE E

HAS EXACTLY 2 END PosiTions >
ASSOCIATED (uTH EACH END POSITION

1S A \/E/iTE‘x) SPID To Be [(NCHENT
TO THE EDGE AuD VICE |/ersAh.

C. IN THE EXamp, ¢ ABov €

GRAPH G
V: ?v: )v&)VB)vL/g E'—:Ee’l)e&leB)e’
REE INCV\DENT To @é

€c IS tvcipenwT To V3 ANMD
vV, IS

5

L!)eS'/ e"(__’, ;
Vg AND V.,

/INCIDENMT Tp e,



27"

D, PATH - o CRAPH

A PATH

IN GENERAL A

Wo s 5 W /'?2) Wa ),?3)

FoR EACH LESI A,

VEETICES

E. A CcYcLe /5 p

Is

IS A CYeLE IN

PATH wiTH
EDGES THAT STARTS Anmp

THE SAME VERTEX anp NO
REPEATED.

3 RY
e Vi
GD) V& S Ve
Cy
IS eQMGD
Vi f3 v,
PATH |4

A SEQUENCE
w3)"") %:V\

N,

L=

[ Wi WHERE

INCIDEMT To epeg 5

AT LLEAST 2
STors AT
EDGE

(VQ‘BG"M\/"I‘)

€3 Vs €2,V
GREPR G

ABove. )

F G IS A CounecTen GRAPH
GRAPH SucH ThpT FOR ALL ve

RTICES v, w
OF G, THeRE /s p ppTH FRom T
GRAPH Gr IS NoT V) Vs
CovnveeTen, &
GRAPH G, 1S .,
ConnecTed, Vo Vs V4 é’



377-3%5

. AN ACvYcLIC GRAPH 15 A GRAPH
wWITH NO CYCLES.

H. A TREE /S A CownvecTed Acyelic
Ve
GRAPH

T 15 A TRee Ve IS DES|(—,-NAT€D THE
P‘jaoT

VoIS THE PARENT OF Vi AND vy AND v
Ny 15 THE PARENT OF vV, AND Vv,

Vi AND Vg ARE SIBLINGS: cHILDREw
OF THe SAME PA’QCNT
Vi AMD V., ARE CHILDREN oOF V.,

Vq /5 AN ANCESTOR OF Vi

\/ VI)V \/
Ve, AND V., Vy 15

AN ANcesTor 01:

DE%C € “_,@:.!}CF S OF Vo

R RooTED TREE (5 A Tree |y LIH (¢ H
ONE VERTEX (35 DESIGNATEL THe RooT
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I. A Bivary Teee /S A ROOTED TREE

WUETHR EACH VERTEX HAVING AT MosT

& CHILDReN (Chicep THe LerT
CHILD AND THE RiGHT CHILD).

T 15 A Bivpry TREE v I

Vo 15 THE LE FT CHILD v,
OF Vi .V, IS THE RIGHT
CHILD oOF \/} . \/9\ HAS A/_Q v‘~)~ Vs vé

LEFT CHILD, Vi 15 THe RIGHT CHILp
OF \/g_. |

. TRAVERSING A T/?EE L VIS ITIVG

——— e e

(I.E. PERFORMING A TASK) AT EACH

VERTEX oOF A TREL ONCE AND

ONLY ONCE |

[ WE WiLL Glve = TRAYER SALS
OF A BINARY TReg - P/QEO/QDE}Q
INORDER , POSTORDER THeY (mu_
ReE Re:cwaocucz.\/ DeEF/iven.

A, A SimPLeERr PICTURE oF TREES
WILL Follow .

* DiscreTe MATHEMATICA L STRUCTURES BY KoLMAN
ISBN 0-/3-320F12-] PRENTICE HALL
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K. TASK PRE ( % ): (PREOEDEA T/Mve&sm.)

I'E v (S NOT THE EmpeTy TREE THeN
VIS IT(v)

PRE (LEFT CHILD oF v)
PRE (R\GHT CHIiLD oF v)

L. Task IN(v): (INorper TRAVERSAL)
TV 1S NOT THe EMPTY Tree THep
IN( LEFTCHILD oF v)
VISIT (v)

IN ( RiGHT CHILD oF V)

M. TASK PosT (v) : (PosTerpes TRAVERSAL )
lE v 15 NoT 7e EMPTY TREE THepy
FosT( LEFT ¢HiLD oF v)

PosT (" RIGHT CHILD oF V)
VIS T (v)

N. NoTE : A TREE 15 maAmed BY THe

VERTEX THAT |5 (TS RooT. A SUBTRcE

CornsisTS OF A VERTEX Awub ALL
OF |75 Descen DANTS
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O. 2 TRees -, TRAVERSE (Vis| T
MEANS WRITE e rTew /\/ﬁme)

F M H
/\ N\ 7\
VRN E\ H\ A D

/ / \
D TN S R Eﬁ/
7/ \
[ PREORDER TRAVERSAL < S T
PRE (F)= FunN

PRE(M)= MeEDIANS
- PRE(H) = HARDES T

R. INORbER TRA

VEI/{SALS
INCE)= UFN
TN (m = DE‘I;’V\N&S
TN (H = ARHSCETP
2. PosTs

RDER TRAVERSALS
POST(F) = UNFE

PosT(m) = DTENSAM
PosT( n) = RASTEDH



£
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BINRRY TREE TRAVERSALS [ ALTERNMATE WhAY

GO0 AROUND THE TReE
STARTING AT THE ToP /NN
OF TWE RoOOT YN

|. PREORDER TRAVERSAL : FOR EVeERY

Down STRoKE |y REsSIDE A VERTEX
CoNSIDER THAT A VISIT,  FUN

A. INORDER TRAVERSAL ¢ FoR EVERY

e o

HORIZONTAL. STRokE —> UNDER A \/E/aTEX
CoNvs(Der THAT A VISIT . OFN

3, PoSTORDER TRAVERSAL ! Fop EVERY
OP STRoke P BesipE A VERTEX
J

CONSIDER THAT A VISIT: ONFE

o8 E>< PRESS [oN TREES : AR I THMETIC

EXPQESSIOI\)S CAN BE WRITTEN (N
THE FoRM oF A TREE

. AtB PUT THE OPERATOR AT
ot THE ToP AND THE
N OPERPNDS AS TS

?&z 8 \_hl/ DﬂCN‘
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5. (R+B)*E = D/c

,./-’./"'// \\
¥ P
EN 7N
AN ~
A B

PosTORDER. TRAVERSAL: AB+Ex DC /-

A PosT 0ORDEL TRAVERSAL OF AN
EXPRESSION TREE (5 AlSo CALLED
REVERSE PoLisH NOTATION

a, SomE CALCULATOLS REQUIRE
REVERSE PoLisH NOTATION

b. ADVANTAGE OF REVERSE FPolisSH
NOTATION o No PARENTHESES MEEDED,

”

R. A TREE STRucTure CAN BE A HELPFUL
DATR STRUCTURE IN CompPUTER SCILENCE
To STORE DATA. SEARCHING For OATA
CAN BE VERY QUICkK USING THE TrREE
DATA STRUCTURE
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S. BINARY SORT: AS A LIST OF DATA

CoOMES N/, A BIMARY TQEE CAN BE

"GROWN " AN ALPRARETIcAL PREDECESSDR
GROWS A LEFT CH:LD) A SUcCEsSsor A

RIGHT CHILD: AN INORDER TRAVERSAL
Wit PRobuce A SORT ON THe DATAH

SUPPOSE THE DATA (AME IN THILS 5662(/&/66
K,E, M\,G,P & . THE sTer £Y STEP
T/QEE CROWTH FolLlLows:

K. K N
e RN
E £ Mm
K N K
e @ P G \F
/7
o

INoOPDER TRAVERSAL - E, G K, M, & F

NOTE S | T /S SORTEY .
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T. HOmework (0IS)

[. DRAW AN ACLCLic GRAPH THAT IS NoOT
CONNECTED,

Av DRAW GRAPH WITH A CYCLE SuUcCH THAT
A VERTEK BESIDES THE STA /e‘r/s ToP VERTE x
/15 /€£P¢A7‘£o NAME THE cycrLe

2.DRAW A GRAPH WITH A PATH THAT
STARTS AND SToPS AT THE SAme VE&TE)(
BuT (8 NoT A CYCLE, |

H. G\WE PREORDER, INORDER , AND PoST-
ORDER TRAVERSALS OFf THE TREES BELOW :

-
./A\B T
M P M
N / / /N
Q /W\ B\ N e
X 7 = N

5. FIRST BUILD EXPRESSIoN TREES  THEN
GIVE REVERSE Pot.gsm NOTATIop Eo

Ck (4+(A-B)) »(F-¢&)
(3+ (5~ B)}% (T—E)
b. GRO\Q A BINARY TREE FoR THEe SEQUENCE
T, W, €,8 %2, X, A F H INORDER TRAVERSE
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MORE ABOUT GRAPHS

AN EWLER (PRONOUNCED OIL-ER) PATH Tor A
GRAPR G /S A PATH THAT

INCLUDES EVERY EDGE OF THE GRAPH
EXACTLY ONCE

e

B q,0h,A R, B, L, D e, A K0, 5,0 is AN

FULER PATH ., NOTE: IT 15 PERMISSIBLE To

REPEAT VERTwCcES, BUT NOT EDGES IN AN

EULER PATH,

|, THE ORDER OF A VERTEX |5 THE NUMBER
OF EDGES INCIDENT To THE VERTEX _
ORDER(A) = Y , ORDER(B) = 3, ORDER (C) =3
ORDER (D)= 4

d. THEOREM : pN EULER PATH ExisTS IFf THERE
ARE ONLY © OR 2 ODD VERTICES, (FoR

CONMECTED GRAPIHS )
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B. RECOGNIZING GRAPH PRDOBLEMS

. WALKING THRouGH DOORS PRDBLEM -
IS |T PossIBLE To TAKE A WALK

AND GO THRouGH EACH Door oF THE
HousE ONCE AND ONLY once l

OuTtsibe ¢

3. CORRESPONDING GRAPH PRDBLEM :

LET A Room OR ouTsSIDE BeE A VERTEX |
LET A DOOR BE AV EDGE,

EVEN MNUMBER OF 00D VERTICES SO
AN EULER PATH EXISTS

% C,9,A e, B h C, L B

NOW TRANSLATE THiS SocuTiony BAcK
To THE ORIGINAL PROBLEM
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C. Homework (015)

|, WHICK OF THE Foriowive GRAPHS

HAVE AN EULER PATH7 FOor THoSe THAT
Do, NAME AN EULER PATH .
e

A. FTOR A GRAPH WTH A 0DD VERTICES  wHeRrE
CAN You START AN EULER PATH? WHER £
MUsT 1T EvD 7 Now) THE SAmME QUEST/ION
FoR A GRmfy W\ TH o odD VERTICES,



3.

38 ~39¢

FOR EACN OF THE Two Houses BELO (W,

IS I'T POSSIBLE To TAKE A WALk THRoUsH
ERCh DOOR ONCE AND ONLY owce’! CHANGE
EACH To A GRAPH PROBLEM ., FOR ANY GRAPH
WITH AN EULER PATH, STATE ONE , AND THEN
SHow THE CORRESPONDING wWhALK THRoUuGH
THE DooRe oF THE House,
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U, CHANGE To A GRAPH PROBLEM AWD
SOLVE! A RWER FLows BY Two ISLANDS

THE BRIDGES AND RI\VER BANKS ARE
SHowN . F5 IT PoSSIBLE To TAKE A WALK

WALKING OVER EACH BRIDGE omncCceE ANMD
ONLY ONCE 7
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D. WEIGHTED GPAPH : A GRAPH WHERE

THE EDGES HAVeE A WUMBER ASSOCIATED
WITH EACH EDpGE.

VERT(cES CoOULD REPRESENMNT CtTIES, THE

WEIEHT ( NUMBERS) CouLp RE DISTANCES

BETwEEN C1TIES OR Coup Be cosT To
TRANSPORT Goons BETLWEEN CITIES,

E. HAMILTONIAN CYeLE For A GRAPH G -

A CNCLE THaT COMNTAINS EACH VERTEX

ONCE AND ONLY ONCE EXCEPT FoR THE
THE START STor vERTEx, WHIC

H PAPPEARS
TWICE .
B’ ©, P'J hJC"FJ B TOTAL WEIGHT 3+44%
B, e
}

s Mg, 8 B TotAL weisHT 345sg
2. TRAVELING SALesman

FIND A Minvimum LE
CNCLE Foe A WEIGH

PROBLEM ¢ CAN Yoy

NETH HAMIL Tow j4p)
TED GRAPH?

B, Ah.Ci S B 15 orve Fop N




38 -399

3. SoMe GRAPHS Do MNoT CovTAIN A
HAMILTon 1A N cyu_e) LIKE THE ONE BELOW:
A

H INTERPRETATION OF THE TRAVELIVNG
SALESMAN FRoOBLEM ;. VERTICES ARE
CITIES, EDGES ARE RoAadDS. CAN THe
SALESPERSON VISIT €ACH CITY omNLY ONE -
TIME | START(NG AND SToPPING IN THe
SAME CITY AMD HAVE THE SHoeTesT

ROUTE Do/nve THis?

5. THERE /3 MNp KNOWN GENERAL METHoD

To So0LVE THE TRAVEL WG SALESM AN
PROBLEM THAT Thkes 7 “REASONABLE'
AMDUNT OF TIME. TR IS A FAamous
UNSOLVED PROBLEM MATHEMATICS



3&~¢vo
£ Homework (0T 9)

|. FOR EAch GRAPU BeLow, FIND A MINIMAL
HAMILToNIAN CYCLE | IF PossigLeE

. IF B HAmiLTOoMI AN CNeLE EXISTS, Does onNE
EXIST WHERE You CAN START AT ANy VERTEX ?
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G. PATHS CAN BE nmAmEn BY THE(R

SEQUENCE OF VERTICES onLY ¥ THErE
(s NO CoN Fustony

THE PATH Rygq, B« ¢, K, D &, E
CouLd BE penvoTep A, B,C, D, E

FOR THe GRAFPH BELow -

A, B,C WolLD NOT Be EwvoucH (N FoRMATION
To DenvoTE A PATH., WoulkD THE PATH

INVOLVE EDTE e oOR €DGe ¥ 7

H. DIIKSTRA'S ALGORITHM Fiups A

SHORTEST PATH BETweeny A GIVEN
VERTICES |
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DISKSTRA'S ALGORITHM

TO FIND SHORTEST PATH FRom VERTEX A

To VERTEX E!

PUT O AS A LABEL FoR VERTEX A.

PUT oo AS A LABEL FOR ALL OTHER VERTICES,

WHILE E 1S NOT CIRCLED,

CIRCLE AN UNCIRCLED VERTEX YV WITH
A Minvimum LABEL,
FOR EACH UNCIRCLED VERTEX W THAT IS

ADTACENT To V,
MAKE THE LAREL FoR W THE Mivmum OF:

. THE CURRENT LABEL FoR TJ , AND

2. THE LABEL AT V PLUS THE
SMALLEST. WEIGHT OF AN EDGE
BETWEEN V AND TUJ.

THRE MINIUuMm LENGTR OF A PATH FRom A
To E 1S THE FINAL LABEL AT E, TO GET

A PATH OF MINIMAL LENGTH, WORK

BACKWARDS FRom E ALONG EDGES THAT

PRODUCED THE MivIMAL LABEL , UNTIL You
GET To VERTEX A,
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DIIKSTRA'S ALGORITHM [LLUSTRATED
| Do ’

]







TRE MINIMuMm LeEveTH oF A PATH FRom
A To B s 13,

WHAT BRC mAdE E LhBeL (3 7 G-
WHAT PARC MPADE G LABEL ¢ 7 (- (G

WHPT ARC MADE ¢ LAaBg, 2 7 A-C

MWINIMRL LENGTH PATH ¢ A ¢, G, E
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J, HOMEWORK COISJ'. TOR THE FolLlLowing

GCRAPHS SHow THE STEP BY STEA

RPPLICATION OF DISKSTRA's ALG OR ITHm

ALso, NAME A minvimAL PATH | THEN NAME
TS LENGTH,

l. FRom VERTEX A To VERTEX E
5 )
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K. DIRECTED GRAPHS CDIGRAPH5>
| PIC"I;MRE'S

3
&_ﬁ{‘-
G, -

3 C
A. DEFIMITION -

GRAPH & Sucw

ONE VERTEX Ass<
END POSITION

N
INITA L VERTEX ANVD The VERTEX

RSSOC IATED WITH THE oTher EnD

Positiong 19 DES\GNATED THE
TERMWAL VERTE ¥

A DIGRAPH (s A

3. FOR GRAPH Gy ) EPGE A | A 1s THE

IS THE TERmwaL

B 1s THEe
INIT ;
(AL AND A IS THE TERMINA L VERTEX
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L. RPPLICATION For A DIGRAPH -
R GRAPH  Like G, PRE\/IOMSLY) CoulLp

REPRESeNT A CivYy MAP | THe EDGE
% CoulLD REPRESENT R ONE

W AY
STREET. EbGes 4 AnND € ToGETHER
CourLd RerrESENT A TwWo WAY STREET

M. Homework (o1s)

L. APPLACATIDN - PICTURLE oF A RELATION

PrRAW A DIGRAPR THaT REPRESENTS
R P\CTURE OF RELATION v~ BELOW

= { (33, (34),(4 2),34) (3,3) §

HINT LET TrhE VERTICES BRE 23,4

REFERENCES

DISCRETE MATHEMATICAL STRUCTURES BY
ELMHU,.o Is8N 0*/3—320‘?/&-/



A

SELECTED

ANS W ERS
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SELECTED AN Sw € RS

[.5 NEs [.7 Yes
[.§ VYES [-L] NO
13 No [. 15 YEes

2.23 B SYmgaoL TRHAT CAN BE REALACED
BY ANY STATEMENT.
A LS N O

AT PP, PYY, PR, P—=9

A. A9 ¢ SAM DID NOT rAve A gp AVERAGE,

2.29 h  SAM MApe An A

AND SAM HAD
90 AVERAGE

2. 29 J IF SAM MRADE A~ A, THeN SAm HAD
A 90 AVERAGE.

Z. 30 a ~ P <, 30 o

PAg
3.6a TRue 2.1 was

(42 or 24317'/-!15
/S 243 ope [<2 | WE ARE v THe

fROCESS OF CHeckivg To see IF OR

/S
CommuTAT, | vVE .

208 b, TRUE 211 pps “jeq Imbeies ges

LHteH ons FALSe . THis 1S “Yeo IMPLIES (L "
WHICH (8 75, ¢ . S0 IMPLIES  ss  poT
COMmvuTA T V&




4,0 '
U [p=9d n (~vp)]—s(vq)
[1]2]3] 4] s]e| 7[8[?[

CotumnN  No, TRUTH VALUES FoRr tNSTAnces 0;7
A P—¢
: : |
7 [b—>4) NvpY] (g ) /;
9
i | . |
Tm_-"r‘l—’awFILL IN - Look N -QoLuMN\S ‘
CoLUumN
2 l, 3
Y b
~ 4, l
Y12 Ves ¢ 14  ND
“% lb — —p ) A
[(p -4 _f;]-—a/c;,
TIT T AT ,“}TT..T___
TIFIEJETITF
FlTlT FF{T kdl
LETIEIEE T F|
B (pagIn(g—2p)
\T|T T T*T}I,JI..
HT T/F TF.F
LHTIY [ el T]F|




G

H.19 THERE SHoulD BRE 5 DIFFERENT STATEMENT
PATTERN S,

H. 20 oo D\SSuncTion 4,20 ¢ ImPLICATION, THE
AvPoTHESLS us [P 3g)n(~p)]. THe ConCLusipn L3 (~€)
H.20 e CONSUMCTION Y4.20 h NEGAT(oN

94.2] (a) (1) <2 oR [42

q.a1 (a)(3) be3 —» |42

4.2) (o)  (vp)—> (~q)
5.7 () TAuloLoey

ST (c) TAUTOLDGY

5.7 (e) TAuToLo6Y 5.7(q) NvoT h TAUTOLDGY

5-7(;” ‘TAuToLoey

.25 a (perg) er [(p>g)

A (q—2p)
Tl T/ T T;VTL?];
TIE|F T\TFFE FiTiT
FILE|T | T/ FITIEITIFIE |
FIrlEQ \1;] CFiMElTlfnlE |

pe?q (5 EQUIvALENT To & >¢) A (3 ﬁf)
6‘15f EQUIVALENT

b-30 b Gren C.Nf%‘*(”t(,) CONVERSE Cfv%\-a(»u)o)
INVERSE P—a% CONTRAPOS (TIve p—a%

é. 30 A\ G\vegps “ IF SA™M DD AOT HAVE A Pos. SKia TEST, THEN SAM DID NOT HAve T8
CoNVERSE * IF SAM DID NOT HAVE T8, THew SAM DID MoT HALE A P, SKIN TEST |
INVERSE. T | F SAM RAD R PostTive SKiw Test THEM Shan Haps TB.
CONTRAPoS ITeve . \F SAM RAD T8, THEN SAM~ HAD p Posrmve sxiv TesT
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632 (P~—>z><-9_<"’5\f%]
TI7l7 | 7 DXIXTIX
Tirle | T XX EIX |
?TT T XTK
FATHE | 7 [XIX TIX

(6)T, 1) Mmeavs  (cHAPTeR ¢ SecTionT, PART /)
(6)T, 1) ePIVi~g)  (6T3) (v (v

(6/Tys) [l ve) R Av(ve)

(67T,1) AVB (6 T,9) AV [EIN(~ Y]
(6T 1) GAOVIEBIVEVD] (4,T,8) (~PA (~q)
(6:T1S) (WA)A 8 (¢Tii) A NS

(6T)19) KA [GBIWViveY] (¢.T, 21) P,\CN%)'

(6T, 23) M AVR) (6.1,35) m rD

(6,T,27) A NIEBINVA] (6,7T,29) A ALBA (3]

(¢\T,31) (vB-s(~R) or AIVB

(6T, 33) B.—a A oR  Av (¥B)

(eT.35) [DA(NWI]5A or A u((Np)vw)

6.3 a RS NIT ASUBSET oF B OR B ts NOT A SusseT 6F 4

é~ 3L ¢ T Am _N_QT Gone Teo Phss Lot AND T AM NET Goivé To Dle TRY NG.

(3L e pAY
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(¢,Z,1) (~A)n B (¢,2,3) (vP) A [Batve)]
(é,z,Q (~r)n B (6,2,'7) AN Pv (Ne)]
7-20@) LF [>0, THeN | 18 PostTiwe

7-20(¢) IF |T STARTED RAIvIvG, THER SAM PUT uP THe UMBRELLA

7. 20(€) (F 5Am mAde over #lo,000 , THEN SAM TFILLE IN
LINE /0-b ON THE (nCome TAX RETURW |

7.20 (ﬁ) (F SAm PROvEs A THEOREM , THEY SAM ke Losic

7_20(;/) 0 <&l IF Avd opey IF >0

T-21 (a) (~p) >4 7.2/ (¢ | ("’f)/\('v%)

7-21(e) p3 [((N")-aw)/\ t ]
7. 2| (a) /U(P A E(N(,J)-; (,\,%)])

7-22(00 VALID moous PfonNens

q. 22.¢) [VVALID, INVERSE REAsoming
q.22k) VACID, moous Porepns

7. 22 (q) INVALID, Converse REAsom g

1.22() /vvAaLio, conveese

REASON (Ng
q.22 CK_) VALID, mobus Toctens
9.23 (a) VACID 7-23(<) vaLip
Q.23 (e)vaLw 123 (q) vaup

q. 23[@) INVACIH
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1.24(a) vALIn 724 (c) IvVALID

9.25 ) A—(~8)

A q*‘?s—(CJ A—a(rVB)
B A
M P B CA

T NVERSE ,QGASOA/Wé
9.25 @) A-s(vB)
(~8)>T IVLLoGes Ny
—_— T —
AT
9.2¢6 (b) CoNvVeERSE REASsON (NG

lE SAM HAD TB, THEN SAm HAD A PosiTive SKIv TesT
SAM HAD A PostTive SKIv TesT

- SAMm HAD TB.

1.2¢ (4) mosus Toceens

lE SAM HAD TB) THeEN SAM HAD A PosiTive Skin TEST,
SAM DID NOT HAVE A PosiTive SkIv TesT

o%. SAM DID NOT HAvE TB. -

lo. 12 U?)Q Assume P,'%',r'ARE STATEMENTS THAT REPLACE
. ~p'v ~g / }
& v (ping’)
3 ~(ptng’) !, DEMOREANMS LA
4 o~

19,17, Resp,
hssumesr TRUE For DiRecT fRocy

7—¢3/ MNoBUS To LLENS
(LiNE 3 cCouep HAvE BECN Om\TTEO Anp ~ !
Comeiunes FRor 1,2, mosus Toteens)

70-12 () TNVACIO, DemoNSTRATE UIA TRUTH TASLE
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10-(2 (W) VALID

0. hssume plq] 0] ST ARE STATEMENTS THAT REPLACE pq 5, Resp .

L. p’(——y%’

2. (P/_N(I)_awz ASSUMED TRUE FoR DirecT PRoo £
3. (%/__3’0/).,5/ CSHOuJ w’As’

T (P(”‘{)l)/\[%/—’f’) [, DEFIMITION OF <=

5 plsg’ 4, TRUTH TABLE DEF. oE A

6 %/.;f/ 4, TRUTH —TAgLe DEF. OF 4
T wf .5, moous Porveng

2 o 3,6, modus Poreng

91 wins’ 7,8, TRUTH TABLe DEF OF A

[0.12@) HINT: use TRE FACT THaT ~p /S
EQuUI\vALENT To 'D_B% AT LEAST Tuwice,

1. (&) O .Assume Pj%')rlﬁke STATEMOUTS THAT REPLACe

Pr a7, ResP
L. pl>q’ Assumep TR
2 oloimpt) TRUE For ToupiReeT PROOCF
pr—=>7 CET ANY ConTrRADCTIoN
3. cg’—ar’
4 pov’ [, 3, 5YLLOG s,

5 ~lplopr)tdt 2
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[[.9 Ce) 0. Assume pPiq’,r' ARE STATEMENTS THAT REPLACE p,q,~ RESP

I ~pls [~ 4’ v~ ] Assumed TRUE FoR IMDIREST
Proo E

Pl M%I——? /ur—'
GET AN CONTARAOLCT/ON

3. /\./P'A \r-'

4. ~p' 3, TT DEF, OF A
g \(—' 3, TT DEF .eoF A
C. %, 2,5, Moous TolLewS
1. N%/ v ! I, 4, Mobut PoNENS
3. 3/_.)~r‘ 7, IMPLICATION EQUIVALENCE

“THIS 15 EmvoubH RIVT Fur THiS PrRoBLEAA . THE
STUDENT CAN Fip st |
[2.13 TRUE INSTANCE | A 15 AN EVEN PosiTive (NTEEER

AND Q S ¢€Ss THAN 10 |
FALSE IMSTANCE ¢ 5 s AN EVEN PosITIVE INTESEL

AND & 1s LESS THA 10,

(2,14 (a) YES, 1 15 A PosiTive INTEGeeL [meLies 1 g
A REAL NUMBER

(2. 15 (b) 57 /2.16 (0) FALSE
1. 16 () TRUE 12,16 (€) FhLse
12. /6 (h) TRu€

[3.71 (@) TRUE , THERE I5 A REPLACEMENT ToR K IRoM R
THAT mAKeS A TRUE IMsTAnCE OF “n+7z 10",
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2% (b) FALSE . EVERY REFLACEMENT FOR A« Fhrom R
MAKES A TRuE 1sTance of Mx 45,

13.4 (B)TRUE, THERE [5 A REPLACEMENT For x FROM

[3.13 (@) FALSE. EVERY REPLACEMEVT Fok K FRom R
NAKES A TRUE IWSTANCE of "XER ImpLies xen ",

12.16 (a) TRUE. EVERY REPLACEMENT FoR % FROM THE
UNDERSToo UNIWERSE FoR X A MAKES A TRUFE
INSTANCE OF W KEN IMmPLLES xakn'

13. [9(a)TRue, EVERY REPLACEMENT For % Frpm
THE UNDERSToo N UNWERSE Fop X mMmages A Tgue
INSTANCE oFf W xeqﬁ ImpLies Xen !

13.20 (b) FALSE, THeRe 15 A RePLACemenT For v Feom
TRE UNDERSToOD UNIWERSE Fop v\ THaT MAKES A

TRUE IMSTANCE OF “(ngE AND E"\éc/\} OR A IS

NOT K YAcTop ofF v\']) OR (Cv\gN AND 2 1S A
FACTOR ©F W] and ge g"

4.2 @) TRUE 14.3 (&) TRUE
I4. Y4 (a) TRUE (4.5 () TRUE
4.6 (b) EALSE (4.7 (b) TRUE
[4. 9 (&) FALSE 4.9 @ TRue

4. 10 TRUE



Wi
IS. 6 LET D = THe SET OoF ALL poes

HAeD, % Has FLEAS

1.9 LeT m = THE seT ofF AL MARRIED Mme N |
LET P= THe seT OF ALL PeorLe

VxeM,EgsP& Y

SR £33V Vgal\/, Kt
1515 LeT p =

S The whre OF o

yel\/.

THE S€T pF a1c PEopLE
VxeP, % does NoT Like MATH

IS 17 LeT P=THe seT oF AL PEOPLE
VxeP, H%QP% X LIKes g

15,38 vy e RiVqeR, IF x$0 pun yfo, THew X430,
1524 V' xeR, VyeR, Kry = yrx

5. 3D VxeR) V%:R )(IF 96<14) THeEN 3 %EQ ?‘l«%(g)
Q 15 The SET OF RAT/0MmA

L Numsers
16.17 3,5 XEN avp 2 bR
It .20 ‘v"ggc)@({;p‘ OR % ¢8)
te- A FxeR,JyeR Jeek 5 XYt F 1Y+ 12

6. 2¢ TIM, (M 15 A suBseT oF N AND M#fs) AMD
(YReM, Txem > k>x)
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(17,1,1) PRooF START

Al . Assume e > (5Hou} 3e~5 >Q)
2. 3e > (2 I, MuLTIPLY BY 3

(17,T,3) PRooF START:
A I, hssume (KEB AND K< 75). (SHow Kew)

. KeB [, TRUTR TRBLE DEF, 6F Anp
3 KER AnvD kK D>10 2, DEFINITION OF 8
4. K< 15 |, TRUTH TABLE DEF. OF AND
5. 15< 2] ARVTRMETIC KNOWLEDEE

r GET K IN M, THEN N W To COMPLETE
THE PROOF

(1%, H,2) ProOF START:

A, |. Assume K 15 A REAL NumBER AND
Kk>& (sHow 2K €8)

2. KeR |, TRYTA TpsLe DEFIMITION
oF AND

3. K>¥§ |, TRUTH TpBLE DEF/MITION
OF AND

(1%, B,4) PROOE START :

A, |. ASSUME EVERY REAL NUMBER LESS THAN 30 15
(v E.(SHow EVERY ELemenT OF M 15 INE)

Ay Q. ASSum€é KeM (sHow K 15 tn E)
3 KeR A K&zi 2, DEFINITIon) 0F M

]
L4
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(14, L)) PROCF START:

A, . ASSUME X2 7T (sHow 3%~ <25)
] x/<<€ I, DEFINITION OF T

(9,3) IF x/eT, Then e 7

(19,445) PRoOVE <TART:

Ril.assume (VaeA, x>5) Ao (WreB, % >6)
(sHo Wge B \yaeh 2z+39>2%)
R, . Assume '8’53 (sHow W z¢ A, 0?2_+38’>2<2’>

Py 3. Assume LA (sHow 227397 >25)
H VYV xehA, x> &

5 z2/>5 3,4 INSTANCE OF Y
(20) D, {) PRooF ouTLiNE:?
CsRMoW Hb > —3 /5 ¢5 ) )

Ru L. ASsume Ybs 12 (¢ sHow IS 45 b)
oH

[, TRuTH TASBLE DEF. 0F Awp

(show /545 —a 4b > /2)

A, 6. AsSume 15254 ( sRowd L{b>/1)
ALY

INCTTY-Ee 1$<5b)n(i5¢5b - 4L > (2)

S.10,TT oef
1. Hbs o € /55 | "

I, DEF =3
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(20D, 2)PRoGF START ! Prove Vxe:R,(D>21'x-s‘ «> x£8)
AL Rssume %R (SHow o> axly e x’c 8)
(SHoW O >/ ¢ > /e 8)
Ax 2. Assume o> 2x”’-% (SHow z’z&)
(21, E, 2) oo sTaRT -
Al lLASSUme Bce AD ECcc (sHow BECG)
(5HOW VWxeB ¢ G)
Al 2. Assume KTEE (SHow x’s G)

3. Bc€ [y TRUTH TRBLe DEF. OF Ano
4 V?c‘c‘,B, xeE 3, DEFivITION of <

(22,6,2) PROOF START: (spow Vxe ENT,

Al LASSUME X%e ENT (SHow x’e EUT)
2 X'EE AMD yle-T l, DEFIv ToN oF N

XEEVT)

(23, H,2) PRoOF STaRT - (sHow \/
Rl Assume 2% H-(H-Kk) (s

2 %’ H anp %’ ¢ H-K
Ra. Now STARTY Ay

x€ H-(H-K) zet)
Houw) ® /¢ K)

[, DEFtv \Tion EF =
INDIRECT PRooF of ?




Y22

(24, G, 2) PRoOF ouTLINE
| C)sH)ow Jn(Hak) & (:mrﬂnla))

(sHow ¥xe TA(HOK), e (TORINK)
pl. assume 272 TA(HNK) (SHow XE (:mmm’\)

~
.

(sHow (SNKRYNK < ZMCHGK))
(sHow ¥Yxe (TORINK , x€ TACHOK) )

(24, G, 4 |
()5,:03) Hnd & qS) (sphow Vxe Hn&) xeé)

A, L. kssume x 7 Hnp (SHow x’¢ 45)

<'5H0w e HO¢ ) (sHow Vxe o, K€ Hn¢)

RLTERNMATE wAY ™ SHow Hf)cﬁ AS NO ELEMENTS
BY INDIRECT PROOF,

(25,0, |) PrRooF START:

Al Rssume ASE AvD BeE (SHow Aug geu;—)
(sHow Yxe AUB, X ¢ EUF)

A,2. Assume x’¢ AuB (SHow x’¢ EUF)

3.1t’eA ok x’¢B

(sHoW x’¢ A —>» X’E EUF)
As Y. Case | Assume x ‘€A (SHou) _ -)

®
Ld
-
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(as,6) AU(BNC) € (AuB)N (AUC) s PROOF BY

CASES BUT NoT ProoF BY CASES W THIN
PROGF BY. CcAsSES .

(hue)n (Avc) C AUKB(.‘)C) IS PROOF BY CASES WiThiy
PROOFE BY ChAses

You e MATHEMAT ICAL  DEVELOPMENT MAY Bg

HINDERED |F You ARE Glren mpRe HinT THAN
THiS ¢ |

(26,6, 1) HivT:
S 755
7¢ EUF
THEN You cAN sAY nexT: J xe EUF Ix>5
(27,L,2) PRooF sTART :

Arl. Assume (Ixeh,xe EUF) EC B AvD
FSk (sHow 3 XEA XEBUK)
2 AACA S e cuF |y TRUTH TABLe DEF. OF pup
JUETREAY X2 €UF 2, Le7 huse
4. 2’c EUF 3
5. %’ € or x% F]

Do PRooF gy Chseg

GeET LINES /v THe PROOF THAT




42y
(28, F,3) PROOF sTART

A Assume AP 4vD Acs (SHow B-A cg)

SHOW B-ACB AvD TxeB > x4 B-A)
(sHow B-A Cp)

(SHowW Fxe B> X¢B-ﬁ)

(R |, TRUTH TABLE DEF oOF Amp
7. LET ¢’ A 6, LET RucLe
CeT x’ in B Anmp NoT IN B -A

(29,6, 2 )

.Assume Ac g pnvp ECF (sHou AUE CBUE)
Cstow Ve Aue, XEBUF)

(S How ¥e BUF )
3 Xe A or xe

R, DEF. 0F U

b case | xe A

5. xegB /) Sivce Ac p

& ¥eB ok xe F 5, TRUTH ThsLe DEF, 0F op
. xeBUF 6, DEF oF ¢

3

CASE & x ¢ E |

(29,3, 1) ProoF  START  (SHoly xe A
l. Assume Z2c A (SHow Z2g 8)

R dxe Lo, ]y B=2 x+Y
7. LET x’¢lo]y 2=Q x’+§

)XEB )

[y, DEF. OF A
2, LET RuLE



4as
(29,M,1) PrRooE <TheT:

[ Assume ACB (sHow A-B C AUSB)

(SHow A-Bc< AU A dxE AUB }XEtA‘B)

o A-RC
(show) A-BSAUB | syow VxeA-B, xe Aus)
HAve These LINES W iTH prorer ReAso s

REB A Jy eB> x, ¢4
¥, 2B

(30, K, 2)
A. SHow 4(|)-3 = I(QCI)-—I)

HN-3 =432 L2 (am) = (2 -))

tS A PosiTiye INTEGER Anp
[+ 5 +q+,.o+an-3\ = W (Q'V\-l)‘ ( SHow

148+d+- % (Yenar)-3) :(\M\)(Q (m—:)—;)
l. 14 S+ﬁ‘+'-'°~t(’+h'3)+(‘+(“+'3“3) =

B. hessume ~\(\

F
2 n(an-1) + Hnrei) -5 = ALGEGRA
3. AnT-n & 4na i - 3 = "’
t. AN* 430 4 | = "
S

(n+l)(9\n+l)

6 (ned) (an+a =) =
A (y\-tl) (Q(VH")’"’)

—
—

A\

\\



“42¢

(31,6,2) 28"+ 0(2%)+3(8')+4(8°)+5(5 Jro(3-3u((5)

(31, G,3 ) NeXT MUMBER AFTER 5077, 1§ Slo0g

NEXT Mumser AFTER B9 s BA,,
(31}1) [) $5 %= ’7‘5’ €25  (31,1,3) 4003
(BI)K)QQ sO/ 00O/ (31,K,5) -Cp

(31, m,2) 353,16y |

(31,M,4) loloooltleld . onim,

(31)8):1) l1loo, C‘S'I,CQ)'J\) 3&1'3&5

(31,&,4) looil, (31,9 A1x3Bz= 267D
(31) U, 1) /OIO/O/lw\T’r\ Remawoer /o,

(_31) E) ,) TXE = g(‘)cﬂ)clhb)) (Q\\YQB) (Q,b})(fﬁ,@)) <3'b>/
Cﬁl,q\) (4 b) }

AN ExAmpPrLe oF Y" Coutd PBL€
=3 Ca,2),(q,3), (b,3)}
dom () = §a, b= &

v~ Couep BE
MANYN  oTHEeP THINGS
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(32‘)N)1>> , Is Reap " s 4 FAcTog of "

REFLEXIvE | NoT 5YMMGT€1¢/ TRAMNSI TIve |
NOT AN EfuivAtLeEnce ¢ Y1 A FACTo s

ELATIOMN .
OF ' 1S NOT ANTISYMMETRIC 50 NOT A PAETIAL pracn
11 Avp 1|1
(32,/\/, d) REFLEXIVE, SYMmMeTRIC 'T;QANSIT'H/G/
EQUIVALENCE RELATION . v~ 15 NOT

ANTISYMWMETRIC so

T IS NOUT R PARTIAL ORDER

(32,5, 1, Ok) [2] = ?253 é}
p=3 {1,9\5‘1‘2) 13,561 }

(3;1,5)52) |o> = ? (',I)J(fxs))(g:f_))(,515)}(2)1\))6“3,3’)

62,33)(3113)(9,4))(6,4,))(y,é)l(é,tt)3 ’

(33) &, 2) (sr\qw v“""gc‘w""}: IF €)= $v), THen w:v)
L RSSUME W, v e(=00m1) Auo §w)2fy) (oho

R —QAw?*,3 = - vty

T W= a2

Y. wr= |y 3, Divioe By 3.

5. tw/=/v/

1, ThAKE sgq, Rwi‘ EoTH Sipes
b W10 pup V< [<O J

7 —wz=a=V é,5, DEF. ABS, vALUE
< tyz 7

w w:v)
,) DEF, oF ~F
) SUBTRALT 3



H4a8

(33)+'\ )B SHo W Vé E(—Q’)M)) g ’)LZG'OO)O)—)' ;(’K): 3
(. Assume ;L e (-2,00) (SHouy Txe (-

DO,O)‘)'S;(K}:&)
Ay > -2 /
3 y+a>o0 A
oy, 3
5 'f%jj>o L4
6. — 5’_;'_3 <o 5

7. Le.‘\' x= " , %3

I. *£l=ea,0) 6,7

7 &xs-_-3«‘-a£3(—@)&-;1:3(1§)-1
= yta-a = Y

/0. 3?(8(—-00,0)-}‘;(7@’? 5,9

(33,M,2) LeT $eiyz), MR)=4,5(3)= ¢
6= FWW)=5(s) = §) = fG)= $¢8) = -..
dom()= {1,23,..32 N ran)= 1 (4,03
(33, R0 P)=14, 112,53, 17 £ 323, 1,23,90,37 1231 ]
(33,7,3) PCaY = §4,517]=h, PAN={4, 14,2011,
143, $831 5, #A= ) waca atpn))e Y



| g
(33,R,2) w® (33,R,4) == P(A)

(3% E) 2) TASK FIVE ToThe ()

IF WSO THewN
RETURN (I)
ELSE
ReTurn (& FIVET, The (n-1)

(34,1, ') FIND(2Yy = 5 FIND (7) =(7
(34,L,3) START oF THe AvSwer
TASK POUJGQCN\\ p)

\F P=0 THew
RETURN (1)
ELSE

(34, K,1) START OF THE ANSWER
TASK T OS Max (A, n)

[(F »n > | THenN
RETURN (i)
ELSE -
TF A(NW) > {%(Iv\&XOFMom (A, n-1 )) THeN

RETURN ()
ELsE

¢ o
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(35, 5,2)26:35:24:23 22, @5,:,%) [- 1010105

(35, 3)5) 2595 25:25- a5 (35)3‘)8)‘ '3‘;'5"36"[”3‘533“3@{;286/

| = _5! _ :
(35,M,1) P(s,5) iyl c S é-—<35‘)/\/)4)

: - /
(3571\/)5) P&é/é)—z&%-%_l: . No .P€PIT/T'/'¢7A/5

REC wITH REPITIT1h s
(35,N,7) Pl%,5)
(35,0, 1)) C(36,4)-C(3,4)
(35w, 8) €(¢,3).g +Cle,4)
(35,0, 8,%) /6.3

(35,w,2,4) C(3,2)- [ccao,q)—acov,eﬂ
(35,0,3,a) C(85)



43/

(36,E, 1) MAKE A CHART FoR ALL POSSIBLE
(ASES RAND SWow TRUE FOR EACH CASE.

HAVE CoLumns FOR  x N %'EJ Xf‘(%)oi)
LtY | X+Z | AND (?Cﬂd\.(xf—:g)

CBQJT)\,)OQ Yae B, xx=X
KBGJI)’)C) V?CE/B} %'%/:D

/

(Bégi,i)aB PROVE Vxe B, KAt A=K
AssuME x£B . (SHoW x+ 2= %)
X= X+O IDENTITY, 5 DEF. Boolk. ALG:,

= x+(x-%’) 7 DEF. BooL. ALG.

l.

A.

3

4 = ('}Hx}.('ux’) DISTRIBuTIVITY
4 PEF. BaoL.. ALG.

5 = (wtx)-1 < DeF. BooL. ALG.

A = A+X I0ENTITY, ¢ DEF. Boot.. ALG,

(36,7,9,a) AN ExPRESSION D INVOLVING B Avo
18 IN DISTUNCTIVE MORMAL Form LFF A PostTIvE
INTECER K | A mivTERMS M, Ma,..y Mk IN p D g
sSuchH THAT D: M}VMIVM3VD-:\/MK , (A
MIN TERM (N P AMD 4 15 AN EXPRESSION OF

THE FORM Y A Xy HERE X, 15 EITHER
P ER ~p AND X, ¢5 ECTHER g OR ~G )



| 32,
(26,5,9,¢) (Pr\e(,Ar')VCPMQ.-A'F)v (Frgav)
v ( FA%AF)V(FA'{'\ - )

(3@)3)611‘?') CPI\%A\"') \/(P/\% /\Nl’") \/(P/\N%AY")
VIPA~GA~r) v (~pAng /\V"JV(N,DAN%/\NV-")

(3¢, Ki8,a) A maxreem IN P, P, P S AN
1) ‘2.)3)“‘JPV\

EXPRESSIoN) O©OF THE FOR M

X—,V X'LV¥3 \/"OV’KV\
WHERE , For EAcH x££ 11,2).,nT  x ' [
E 1 THER

fi‘ ok NPA— |
AN EXPreSSION D INVOLVING P,,F.L).,-,P
\

05 IV CONSUWETIVE poemac Form [FF 3 A PosiTive
INTECER K | I MAXTERMS 1, Ma, ..., Mk

B u Poyuney o Suct] TrisT
D = MNMINMNZA coe A M

/N

(3 ¢, I, g')b) (f\-f’v%vr‘jA(zv,sv%v/vr‘)/\(?\/gov,vr),\(PVMBVNFJ

(37,7, 1) <
> ') A
‘\e' \0
& < PATH .
. A-B-C-A -B-C=D~-€-C~-4

) € (5(vCE THERE 15 wo

CONFuSION OVER (HICH EPGES ARE TAKewn
THEY ARE NOT NAMEQ)
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(37,7T,5) X YAB-—+ F G — %
T\
-+ A
<N /N
ya /\F'e
A B

(38, C, 1) G YES fye B0, C g, D,k A,
,uDJQ B, 5, C, /o“

(38’, C, ;Q FOR AN EULER PATH WITH 2 onp

VERTICES  You CAN START AT EITHER OF THE
ODO VERTICES AND YouR . EULER  PATH Must
END AT TRHE OTREA 0LLH VYERTEK.

(3€,C,3,H,)

(3‘8) C.)Lf> @ NO EuLEr PATH

(2%8,F, 1, GQ Ay g, E).,K,B,g}c, h, D, v, A
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b

SASIC

KNOWLE DG E
QUESTIONS

(worth Au5w5&5> -



@ 1

BASIC KNOWLEDGE QUES TIONS
With RAMswWers

@F\PTER D

| WHAT IS RNOTHER NAME For A STATEMENT ?
PRoPOS| TLOMN

2. GWE THE DEF(viTION oF A STATEMENT
THE ExPREssion (S D A SENTENCE, &) A

DECLARATIVE SENTENCE | AND 3)IT IS MEANINGFuL
To RASSIEN ONLY ONE OF THE VALUES TRUE oR EALSE.

CHRAPTER X

3,I5 A STATEMENT PATTERN A STATEMENT? No

#, TS BN WSTANCE OF A STATEMENT PATTERN A
STATEMENMT ? YES

5. NAMWE ERcH TYre OF STATEMENT PATTERN BELowW-

(NP\—%% \MPLICATION (o COMDITIONAL )
NCF"%) NESATION
pV(~q) DisJunNCTION

b. WHAT s A sTATEMENT VARIABLE? A sympor
THAT can BE REPLACED BY ANY STATEME VT,

1. NAME THE ANTECEDENT oF (pve)—>(vw)
e . %

L. WHAT & RANOTHER NAME Fob AN lMPLLcATtou?
COMNDITIONAL ,

9. WHAT (5 ANOTHER MAME FoR CoNCLuS(ou ?
CONSERUENT




Q 2

[8!\5&(, KNOWLEDBE QUESTIONS COUT[NUEDJ

@APreai_?D

lo. TRUE oR FALSE 2 [+[=2000 IMPLIES A<3  (TeyuE)
[[. TRUE 0 FALSE 2  [<A OR 3¢ ¢ (TruE)

(CHAPTER )

[Q. \/(fvcg ——?CNW)
S
To FILL IN COLUMN '5'_, LookK IN CoLummnsg __AND
L ANMND 6

GH APTER 5 )

(3 WHAT 15 A TAUTOLOEY ? A STATEMENMT
PATTERN WHOSE EVERY [USTAMCE [S TRUE .

4 GWE THE DEF(MITION OF P(—}%
(P—?%) A (%ﬁf))
(CRAPTER €D

|5, AN IMPLLCATION S EQUIVALENT To ITS:
. CoNVERSE INUERSE  COUTRAPOSITIVE

6. THE INUVERSE OF (~A)—B s

A>(vBR)
[T. WARAT 15 EQUIVALENT To
~[(~AYV B Pt A NGB

o [~ A)—> 8] (~MYN(~8) or ~(AvB)
¢-h) =3 B ~B)sh orR AVB



Q23

{bf\%lc kNOoWLEPEE QUESTIONS COWTINUED

IR . NESATE : Ev(~F) (~E)AF
|q. NEGATE ! T—(~E) TANE

2.0 . W RATE LN ',FOOO/THEN eco FDEM
|« 15 SUFFLCLENT FoR 3KY

[E 1<2 , THEND 34

CHAPTER B

Rl WRITE W EQUWALENT Form BY
DISTRIBUTIVITY ¢ Pv(% /\r)

(Pva) A (pvY)

22, WWRT DO Yo ™MAKE A TRUTH TRBLE of

10 S€EE IF “YPVEL |5 A VALID ARGUMENT
™~ PATTERM .

LpvgInteg) T p
23 . STATE TRE woous PoNENS ARGUMENT PATTERN

Iv TERMS of THE VARIABLES P ANMD 1 )

P21
000 %‘




QH

e ———

&AS\C KNowW LEDGE QUESTIONS CONT!NUEDJ

A, STATE THE MobuUS TOLLEMS ARGUMENT
PATTERNM IV TEEMS oF THE VARIABLES P /'\/UDCS‘

P9
A

C—H NPTER  [0)

&S. RNow Do Nou START B PIRECT PRooF OF
P> g
NT‘—%%

P

ol U

~—

0. Assume p) %/)r’ ARE STATEMENTS THAT
REPLACE P)g T RESPECTIVELY

l P’—-} N%/

y, s ASSUMED TRUE For DIRECT
A- Nr_a% Proof
> pf (sHow ¢/ TRuE)

CRAPTER Ul

*b. How 0O you <TART AN IMDIRECT PRooF . of
porg
rvr'—‘zc_g

P

o
o

% T NVSWER ON MEXT PAGE




Qs

FBAS[C KNOWLEDGE QUESTONS CONTINUEP

0. A35UmEe P/,%/, r ' ARE STATEMENTS THAT
REPLALE p g |y RESPECTIVELY

[ PQ; N%/

2.~ / hSSUMED TRUE FoR
/b’% [MDIRECT FTRooF.

3. P

. ~ ! (6€T ANY Cou‘rriAmc-rtou)

CUAPTER @

27 GWE AN EXAMPLE OoF AN INSTANCE OF THE
OPEN SENMNTEMCE " X+ < o u ]

T+ < 10O
CHAPTER I3

28, How 1s Vvxel,xeT READT
For EVERY X (W T, K /5 LESS THAN T

29. How s ¥'xeT, x4 DEFWED !

EVERY REPLACEMENT FoR 'k FRomn T
MAKES A TRUE INSTANCE OF "xc 7'

30. Howd 1s Txel > x> READ ?

THERE IS AN X% (N T SucH THAT LS ¥

3. How 18 3 x€T ¥y x>% DEFIVED T

THERE (S A REPLACEMEMT FoR X FRom T
THKT MWAKES A TRVE (NSTANCE OF Uae > g




Qb
@\—\F\PT‘ER;LD

3, T or F ‘v’xak,—:\\&&R }X%‘—' | Fase
Does NET WORK Wwhred O REPLAcSS XK
23 T ok F VxeR)El%eR%x-t%:\ TRUE

WARRTEVER X 18 REPLACED WITH | REPLACE Wi
THE NEGATIWE OF THAT VALUE Pus ome | (L.
REPLACE % WiTH S, y LTH —5+1)

CRAPTER (S

P= ST ofF ALL PEoPLE IN=SET oF Al MATH CoUrSes

3Y. TRANSLATE INTO A PROPERLY QUANTIE/Ep oren
SEVTENCE wTH NO HIDPEN AUANT|E(ERS

@), THERE (S SOME MATH COURSE EVeRyonc Likes
_AVSWER: Exemy\ﬂéef’) Y Likes x

b),E‘uekwao\/ LIKES SoME MATH CouRrse
PNSWER V'« £ P, ES‘EM 3 Kk LIKES Y

35, NEGATE : VzeR, (IF x¢5,THen XEF)
ANSWER: FxeR }(76/\5 AND Kf(:P)

3¢. NEGATE - ng/{)EIaQR} K%f’-—{
ANSWER isz%V%eK Ky F |

@P\PTER [ 7

37. How WERE You TAUGHT To START A PROOF OF
“IF pe & THEN p<T |
ANSWER: A, |. ASSUME ,o.g;& . (sHow p4'7)




Q7
(CRAPTER 13D
2%, Now Were You TAYEHT To START A DIRECT PRoOOF OF

" EVERY ELEMEnT OF E Is AN ELEMENT OF £
ANSWER S A, [, Assume pg€ (SHow) peF)

@H APTER @

39 How (IERE You TAusHT To START A ODIRECT PROOE OF

“\V/,Xﬂ&)x>3“
AUSWER ¢ A, | Assume %% R (SHow x’>3)

40 <:Q7c£A‘ GlvenN

- 'd) Vel Cxé;’rv KEM) GWEN
NAME AN wsTANc,e OF b)'
ANSWER : /¢7- v ox’e M

4. aY x’eA GluenN
D) Ve, Vaeﬁj xty el 6en
A ME AI\) NSTANCE OF b)

ANSWER: \/5553 xtyeT

42, RCCORDING To wWHAT You WERE TAUGHT, WHAT
1S THE F(RST ASSUME AND SHOW 7o PROUE

VEET Vye M (reg< T — xyeB)
AN SWER :
AL Assume X T

(sHoc) Véaﬂ/\ 7‘+¢‘j<7‘97¢355)




Q 3
(Conrter 36>

(3, WHAT ARE THE Two mMAW THINGS THAT MEED
To BE PROVEN To PROVE 695,0, < p

ANswer ) peA —>pc7
L p<] - peh
(CHAPTER 21 )

44, GWE THE DEF/MWITION OF H C KL
ANSWER: Yxe HJ x€ K

@APTeR L)

H5. DEFIV \TIoN oF ANB ., ANSwer : fk(xz:‘] ANDXEB}
He. BY DEFIN ITION | WH

AT 1S THE NEXT Liwe OF Ttic
PROOE  AFTER
N 1’ An(BLC) Gluen
_fl_ﬁs_u_{e_@‘. e A AVD K¢ BUc a) DEF N
497 . BN DEFn LTlo:\J) WHAT 5 THE Vexr Lime OF THe

PRoo £ AFTERL

a) x’e Pul(@nw) GlvenN

Pwswer © x’2P OR x’e QN ), DEE. U

Cunrter a3

4%  BY DEFIVITION | WHAT 1S THE pexT LINE oF THe
PROOF AFTER

a) x’s H—(HUB) Given
ANSwer + x ‘e H s x’f,‘(ﬁue)




Q9
(cnneter a9

49 To PRove Hink= AUB BY THE AKlom Of EXTEMT
PROVE .
ANSWER., HOAKC AVUB AND AUBRB S HNK
(CUAPTER 25)
50 SuPPosE Yow HAVE
a. 1B or TeD

J

GIWEN
b. TeR — ¢ EVW GLUEN
c. Teb —? e EUW Glven

WHRT Che BE covcLuped BY PROOF BM Chgss 7
AusweR ! TeEUW

5(. SuUPPosE Nou HAYE THESE Llmves IM A PROOF 2
a. Te POR GIVEN
b. 8¢ ANB G lven
cC. ¢ W-K Given
NAME A = oTATEmenT THAT THESE LnvES PROVE

ANSWER T F e PARY ke H-K  or Ixet-KrzeMy
52. suPPose Nou HAve THesE Linvegs I~ A PRoof?
- a. /'(,/E)‘\ GweEN
b, La’g.B GlUeN
C, %/{-%/'—‘/0 Gluen
NAME A T sTATEMmenT THAT THese LIvES PROVE

ANSWER? Jyef > H%’:/o oR 3%518* 7/.’3:‘%:/0



QK O
(ChAPTER 21 )

53 NRME B NEXT STATEMENT (M A PROOF, THAT
Follows FROM &  Fac A 5 XEB

Auswer = LeT x’EA > 1€ B
ChLSD ACCEPTABLE >  LET x4 )

4. NAME h NEXT STATEMEMNT IV A PROOF, T HAT
FoLLowS FROM? 3-?6?.#\,3%63 3 %%3%>7

Buswel& : LeT }C/QA - 3%85 ¥ 76’-{-3%5'7

(Cunprer ag)

55, OLWe THe DEFIMITION OF HUK C A-3 .
AnsweRr HUK &€ A-B AMD T x¢ A-B y x¢HuK

(CuapTer 29)
56 fan-3|xero,3) = Juk 5
ANSWER T fax-3 ke il =3d| Txe Toui)> d=ans)

(CHAPTER '5_(3

57 \WHWAT ARE THE STEPS To PROVE :
VPOSV\WQ \v{kee&er N, [4243+ees +p = V(N

X
BY THE PRINCIPLE OF MATHE MNTICAL INDUCTION
Q. ?Rové l= 1)
g

b Assume W (s A PesiTive (NTEEERL ANYD
l'fa—f?)-foo.-(-y\: [\_(_V\_f_'_)

=
(Show 4ad434ee. tint| = C_Vl*l)((w*\%‘!\ )
2




cuaPtee 3 |

58 = NAME For 78 NUMERATION SVsTem >
Sq. MAME For PRASE z NUMERATION SYSTEM ?

6o 2/3, 4 THIS IS CALLED THE

(| MEXT INTEEER  AFTER 9FF,

/3
- Hs

4o AT R —
£3. SuprPos€ Y 15 A ReLaTron oM SET B

CIVE THE DEFMITION oF

&. Y (s REFLexlve ON B.

boov 1s StmmeTrRic OV B,

- v /S TRANSITIVE ON B.

4. & AMNTI- SYmmeTrIc ON §.

e . Foys AR EluivALence R ELATION cwg,.
£

Y MAME A_PARTUIT/ N oF .
1 ( CHAPTER 33 oF £ §I/Q,3j

S  DEEINTON 6F A FumeTion

66 For 5 : > u
Q. How repo
b How peEFNED
c DEF £ s =1
A DEF | THmM S (S5 oNTO (L




30 QuesTrong

67 NAME AN (NEY ITE C.auu-r)q@t_é-. SET 51,1,3)"3:/\, |

6 MNAME AN uE e IMCoUNTRECE Sev, Reals
69 WART (s The Frer INFINITe  oRpmae Nuwa ze
70 WHAT 18 THE FiRST UMvcoursTa VAL Mumpgep 2 Q)

PLE A
7 / NAJ’V\é A SET Wekles & (’_,AQ‘DIN*\(, 7-7 /4 G’ééfﬁTéQ

THAN THe CARDIAL Ty oF THE s&r of REAL AR)
ARPTER 3
730 For Tue

R 7w

TASK BéLoc\)v W PAT
TAsK WHAT (n)

S WHAT ()

75 FORMULA Fop QCS‘,).) (l-&.sca )(5)) 2 How

JCRAPTER. 39 RERS

76. FOR BOOLEAN ALGEBRA JB
O Vxy,2eB, x+(y-2)= _
b. ¥xe8 zc+7¢/'= —
C Vxe B, XK =——0
Ad- VxeB, xtl =—_
77 Guwe the duad &G VM%&BJ X'('Kf{]) SXtOo




201 OQWESTIONS

7. BWE AN ERANPLE 0F A MWWTEAM (v Pigir

7%. GIVE AN EXAMPLe O0F AN EXPRESSION N p,%
IN DISTUNCTWE MORMAL FoRMM —

0 As TAWeHT v CLASS, To GET M DISTULTIVE
Nokmat. FORM [N P,%\F

(TrP) V (rag) =
(Cordn(__ D)v{eapal )

26. GWUE AN EXAMPLE OF A MAXTERM (N P90

R|)] Glve AN EXAMPLE o0 F AN Expgesszow (N P g
(N CONIUNCTIVE NORMAL FoRrM |

YA AS TAUGHT |V CLASS y TO GET [N CovIunmcTIVE
NoeMAL FORM | p,e{’,r

(PVIIA (rPviv) =
((pvg) v ( ))'\(("'PW)V(N))

CCHAPTER 37 ) Vi
¥B. FoR THe GRAPH AT
A V
THE RIGHT, NAME A 6
AN elg = e,

V. 3 .Cs

Y Tor TwE y

0 TREE AT THE RigqT vV
THE RpoT (5 Vo - /

) NAME A set oF SIBLINGS

2) NAME A CHILD oF V.

3) NAME THE PARENT

Vy

of V‘3
8 WHRAT 5 ANV ACNCLLIC
GRAPH 7 v
W BRAT s TReE DeEFv Lon )

oF A TREE



| MAT 301 (QLLGSTLOM__S}

37. ‘TR DNERSA LS

P .
PREOADER \‘~ 
TNORDER MN\ \
| ok @\

PosST ORDE A \

[

Be. TS THERE AN EyLen

PATW ForR TRE
6{2'\“’.\ AT THE RISHT  Lwry?

XC. ~AME THRE
WA MILToN VRS cNeLs
For THE GRAHR AT
TRE RLGWT |

(CwAPTER. 33

qo. Ao ELLER pATH FoR GRAPH G 15 A PATH

THAT _

Tep GRAPH, RN EULER PATH

9. FoR A CoNMNEC
HAS How many OPD VERTICES ?,

1
s A CYCLE THAT - L




TRUTH GEMS

THE ANSWER
IS IN
THE BACK OF
THE BOOK



TE- !

TQU\TH G E M

o e o oo e AL a8 P :

BE ll\/ THE wlu_ OF Gop rora
i WHAT ~Nou Do \

e e et e P

A (Rom 1532 ‘H"\OT L YV\Q,\a ngme
“(—o \{D(,L u)\‘\’\/\ g % bg The LdlLL OF GO])

i Sy, }
Sram—rna——

and May be vefreshed +o<a efﬂ«er
wit\A \éou ~

5. I Come To You in the Wit oF GOD

w T Qj and we will have re?mshmj

Wat

C Bemi W\ “\'\z\e, Wikt OF Gob Takwn
This course ang %aﬁ?\/\%u\\g
wlsa(tg S*u&étnﬂ Nou WIL\ Q\w[,\

D. (RE®R ) }L}.) For %ou ho\)e he&Q OQ ”
@Y\&ur‘av\(‘,& So 'H!\Od’ Og"k'ar %oq hOJ\}fi
&OY\& -H’\,EJ Ld(LZ_ OF GOO \,OUL W\Q\&

L e

te.cewe The Promme\
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?\\UISDON\J |
A, _UNSDO-.M' IS.THE PRINCIPAC

THING § TREREFORE GET WisDom. AND (N
ARLL Noul GETTING, GET UNDERSTANDING

B DEFINITIONS'

[ KNoWLEDGE © FACTS GAINED
INFORMATION

K. UMNDERSTANDING - \WAY A FACT 1¢
A FACT .

3. Wisbom ' BEWG LED .BY THE SPIRIT
KNow NG WHAT To Do AT ANY MOMENT

C . PRAY For wisoom IN FA(THI'

IF ANY oF Nou LACKS Wispom, LET Him
AsSK OF oD, wHo GWES To ALl LIBERALLY

AND WITRouwT REPROACH) AND IT wilLe BE
GLVEN KHim
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TRUTH GEM
} BEGIN J

{

0 G TD. o all Tt T

BEGAN heotia (h; Ko and ‘fe_dct\. h

_B. “Hn&a%a./\ He BeEsAn —+,

Teacl b% the seq "
C For a 'f‘as{’\ _'J[_o_ b@_ C(CCOMPtlS\/\QQ).
You mus’& BEG (M . |
D BEGINMINGS :
|. BEGIN 1p sel yaarse{{ as &
ga.\'\'\'\%mﬂ \ Cdoog mati 3—{‘(/(&@#’\7(‘

A See changes vou need to make,
| QV\.&; 556//‘/-.: O N "f’ﬁ.gg@. C{,\qha'és..—-

3. See awnl \ earn BE& MM INGS

of A\ Sk conk P/IO‘O-\QVV\ +UPQS
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TRUTR GEM
FPRESS ON

A (PLP 3212 NUT THAT I HAvE ALREADY

ATTARINED ... BUT T PRESS oM, THAT T

MAY LAY Hocrd oF “THAT FoR WwHicH CHRIST
SESUS HAS ALso LAWD Hold ofF me

E. LI\KE A DIsTANCE RunNER OR
CRUIse CovTROL

| CoONSTANCY , STE RDFAS‘T-N-GS_{ [ " Goop
2. PARTIENMCE Powerp WoRDS

Q. PRESS OM QNCLE DoNveE wiTH A
Goop  ATT(TUDE (NOT AT LAST mque:)

D. M o THAT Vo Doll\Jo_T BECoME
 SLUGEISH (LAZY), BUT IMITATE THose

WHO THRoUGH FAITH AND PATIENCE
IV HERIT THE PRomisES




TS -5 |
TRUTH GEm
S
(COMPLETE ZT\

A mo bem% conftident of
s \/era hn ’(\/\cﬁ He w\(\o has

BEGUN & Good) Work tn vou will
CDMPLErE _'[_T L/LV&L ‘Hl\e/ d.()dj Og

3Q5u5 Clhrist.

B THINGS G0d BEGAN & (M iH1s WILL Gab
Guves ABLLLITY AND PrRovisioNn To COMPLETE
|| SEE THESE THINES THROUGH To THE EMD,

L VICTORY (& SWEET

C. THERE CAN BE BARRIERS TO BREAK
THROUGH AT THE EMD,
(. LIKE A TAPE AT THE €uDp oF A RACE,
2. LIKE TRHE Soumn0 BARR(ER,
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[BE EsTABLisHeD |
| ﬂ\ And \et The beauly oF the

Lord our God be upon us and
ES‘H\BL.Lst\ the Wark N OuUr hand s %or us

BR. Be @5'\’(;\0\\5\\&9 v The
BEGIN - PRESS ON — COMPLETE IT c%clc
NXor worK\V\S P‘(‘o\o\QMj

C Be a‘ja\o\l;\/\ag W\Kv\ow\v\j how To
work cerlaia P(\o\g(gry\ —hd{DLS |

D. Hebrews 55+ab\15((\e8 = Koon 'ﬁ/\wxci\s
b/Lou%\J o 1 con’&aoverﬂh\e e,LLJffaV\ce_ Like

I Your h(lj’(l,l_t +o QCU*\/\?(A\L\\/) SJ((LQU
L. \{Dui‘_a\‘l'lﬁa’_ o Work Qe.--f:‘q'\'v\\ problem ’ijpes |
_E To learn beller how To be ESTABLISHED

((Ts 549D Tn +ighfeousness Yoo

" sha\\ be ESTABLISHED
A . LUe, (}Jll‘ le(lf\f\ C)‘g ‘-l(&\'\(g[QOUSV\Q,Q‘S
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RIGHTEOUSNES§

T ———

A(BEB 9233 0) For He Wil Sinish the work
and et Tt s\\or’k ‘W RVGHT Eous NEss K

B. RlGHTEouSNESSZ R\GRT sTAND IV G
wrth GoD BY FAITH .

ondl be g%ounc@ W P\\W\ Y\B'\Y

hav\w% m% OV N \m%h’kaousv\essj w\mg\,\
15 Svrom The \QbJ but ThaX wh icla 1S
’\‘\r\rou W O Sath oW C\M‘»s Hr\e

v\o\\fﬁeeusvxess whn s - Srom Gob)
\Dzﬂ 'Q(MJY\'\ |

C. BEING IN THE WILL OF GoD FoR WHAT
You Do, IN RIGHT STANDING wiITH 601)
THERE 18§ GREAT LIBERTY AND SPEEDuID
N WAKT vou. PO ( R\GHTEQus MEgs i e
ENNANCED ACCE LERATED LEAR/UWG)
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\R\GHTEOMSN €8S - SHALD/\/T]

| (RIGHT S TAVDIV &)
P\_IS 3;1 1] THE work oF RleHTEOUSNESS
Wikl BE PEACE ( SHACLom - NoTHIVG

MLSSING /\)OLHWGOB)QOKEN COMPLETCNESS
HEALTH PROSPERLTY SﬁFCT\z’ PEACC)

B. THE SHALOM LEAQM(NG ENMVIR N MENVT
EAc’c\cR & STubenT AT PEACE AS.

THAEY TEACH , STUdY  TAKE TeESTS, &
GRADE PAPERS

C “LET RIGHTEOUSNESS WORK. TFoR \/0(,(
(Eo TANLOR)

D. -SPEEDu_P BY LEARUWC; INN A STATE
OF SHALomwm o
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TRUTH Gg/v\

O

[RlGHTEOUSNESS -—-801’)07

.

A PR, 2% 21 THE LUICKGD FLEE WHEN Np

ONE PURSUES BUT THe RLGHTEDLLS ARE
ASs Bolb As A LioN

AMoNG BEASTS AND DOES NoT TURN
AWAY FRom ANY ;

C LEARNING IS SLOWED Powwn BY

WPy, TIMibLY TURNING AWAY RO M
SOME MATH PROBLEMS

D. LEARNING SPEEDUP BY BoLbLy

(IN ACCORDANCE WITH YoUR RIGHTEOUS

NATURE ) TAKING ON THINGS c)/\J
\{ULLR PPI'H'\ P\.!_\J__D C)VGRCOMU\J@

E NEXT Bouwess /wb HumauT‘l
NoT CoMNTRADLCTARY ,



TG -to
TRUTH Cem

A e i e e

ﬁzlea-rgouswess 2 Bowd & Hump e

——————————

A . m He 6365u3> HumBrep

H\msaﬁ o 8 bﬁCQW\Q @ke&l-&vx’ﬁ.

B. (Tames 136-T70) ", ,G. Gol) teq i<t The

Proud, bJl¥ %\ves race o the Homsre "

. —_—
ThevreYore Submtt 15 Go0 |
C. HUmMILITY © 35, Golls waa no L ﬁow\ 0N

Udéus ‘

D_ SOMQJ P(\Ol/)[@ﬂkﬁ rk —‘t—q{j\eé _“bOLQN_V\Q'Ss

——

to solve . A Taloe \/\um\\\"’ta &b};ng

Con Cause SOMR ONne To leMP @ux QV\Q

be Aefegtel.
. There 1s o &"Q{e_rémce JOG*WQQ’\

bollness and aq e SSLOWN
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TRUTR G EMm

FAITH - No rgm

" Do NOT BE AFRALID, onLY

N\

RELIEVE < HAVE EFAITH

B FEAR IS HAVING MoRE FALTH IV THE

PoweR OF THE DEVIL To Do HARM THAN
THE PowerR OF GoD TO Do 00D, Phiyp Derber

C. FRITR 1S LIKE Pu-TTWC% T v DRlUE)
DouBT 'S LIKE PUTT (NG T IM I\J€UTRP.L_}
FEAR L4 LikE PUTTING IT (M REUERSE
UNBELLEF IS LIKE PUTTING IT (N PAPE.

Tohn Pacl
D. R-Emubo NoT BE OVERCOME BY

EVIL, BUT OVERCOME EvVIL WITH 6000,
GooD OVERCOMES EVIL S© DO MoT FEAR.

u

E. FEAR ATTRACTS THE FEARED THWWG. FAITH
16 THE SUPERNATURAL CDMMECTLON TRAT
RECEWES THE OVERCOMING BoQD ~ THE THING
BELIEVED FoR oo MATH UMDERS TANDING
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(GRRCE

A . CE’{%JY_ 4 1om Rz each one

haS’ V’G/Cf—‘\\/d) A _C_SET) W\\V\\S-\'e_r ﬁ"l‘o
one another as qood stewarls of
He manSold GRACE o5 Gol .., 1t
QWY 0 Ne wangters et b do F as
Lt The Mf whidn Gol Su,op(.tes.,,

5. DEEINITION: GRACE - Godls QM@
iifj to live anl %unéjcor\ m the
%L'H«—S (lvx& Cat\fv\gl\g 3 _

C  Oyace 15 par—\Y O‘Q 60&{5. Su)aehy\dffumﬂ
Prou'tsmn- o do exce\\e,v\ﬂt) W het Gol
has callel us to do -

D. (@98 And Gol 1s able To mate
all GRACE aboaund toward Vou thot |

\/OU, 'a\wmjs .\'\Q\)Mﬂ o\ Su%\t\@v\c%

8% o\ _H/\ iv\qs ) MCLH have an aba.v\&an@/
Sor e\f@,\/\a ﬂoo& wo rl
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TRUTH GeEM

st

[EEACG  orke EFFECTWEL\/ &

P‘.@\:‘Ys O‘Qm ... when they
Shu) Thet the Obp&\ Sov the, \
URCUmcUm e\ s el \QQQ beewn Qommfﬁ&@
To me .. Sor Ve Who... Worgep
EFFECTWELY 10 me Toward +he Gev\%&ﬁs)

-__/‘-‘—_

oo When DG s C&Phab, and Johw ..,

pEPcetv&& the GRACE hat had beewn
quen To me.-

B. H GRP\CE FU L PEIQSDN WORKS EFFECTKUGL\/

C. ORACET GoD's ABILITY GIFT To Live Alp
FUNCTION IV THE GIFTS AND CALLINGS

D, Bewe IN BGob's Wite For TAKING THIS
COURSE, TRERE 15 GRACE (SUPERNATURAL

ABILITY To WoRk EFFECTIVELY ) FoR oy
To Do 50 WELL T CAV RBE SEEN,
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TROTH GEm

TDoLATRY T

A CoL. 3:5b ) ... PUT To DEATH Nour

MEMBERS wmd\ ARE ON THE EARTH : FORNUCATION

UNCLE:\NNESS PASSION, EVIL DESIRE, AND
QOVETEouSNEss JWHLCR \s 1DOLATRY

B. IDOLS: PEopPLE WOoRSHIPPED IMAGES OF

THINGS THAT PARE MoTHING (ICM% S‘b

co UVE Know THAT AN Lboc XS Mo’Tﬂw@

C. MANY Peoric CoveT THE /MAGE OF

Beve EDLLCATEO) BUT THERE

/S Mo REALIT‘/
MoTHING To Back UP THE

IN\AGG

D. SO0ME WANT O WORK v groups AMD GET
A GRoup GRADE (WHEM IN TRUTH THEN Do NOT
KNow 1T | oR wWRyTe A PAPER oN FEELWVGES
AbouT MATH RATHER THAN Do mATH  THEY

ARE CONTENT W ITH THE GKRDE THE !MAGE
(THe wo:,) Even THousH THey DO NOT KNOG .

E. vRom{ZT IN5:31) ... Keep YouRSELE

FRoM Do LS |

[ DESIRE To KMNOW THE MATH
DESIRE Top 136 ABLE To OBIECTIVELY
DEMON STRATE THAT You EnOW.]
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TRUTH GEM

—t

(DlSClPLH\)E J |

A ale\ fiﬂ For GOQ hag V\O"J(%M
us & 6/54&% o% *lmn@f\—td) b({f o

power awd love awl DdisciPLve

8. The unfisciplined have problems
withh matla .

C. Re%u/la/\ Sj‘eacpvd S’tué)cj (\V\ wscham)

PAQA}Q‘L\S) not us’/f & (ot\c] ?(urv\k\j
The V\\i\m bﬁ%r@ the test

D Nouw w—\\\ \(\a\/Q, +o Keep \‘leakmj

| ide s to<t on A iscipling und il you
Pass g | |

E . for The QMms-'haQ\) D»tscnﬂl_wg 1S

———
—_

a faudt ot Lhat we are qiven

Gifts wiust be Teceved
Gkt must ba (_Q_g_‘(“'huc{fw\
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| MEDITATE

A PS1: BUT Wis DELieHT |9 IN THE LA W
OF THE LORD AND IN His LAW HE

hr\EDITATesEk DAY AND NIGHT .

¥ PONDERS BY TALXWNG To Himee | F

B. WHAT NYouw ARE v the WILL oF Gos 7o
LEARN cAN pC MEDITATED .

C. PicR A DEFINITION, THEOREM, OR PROBLE py
bERIWATION .

l. CREW oN T WoRD For

Lo ok B S€EKU\/6
ONDBERSTAD Ing
L SPEAK T buUT SO You CAN HEAR T

3. WRITE IT Down oyer ANVD over
4. REView |+
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TRUTH GEM

MAGNLFY THE SolLuTionv AMD NeoT THE
PROB LEM

e b s et

A (Ps 3Y: 37 OH, MAGNIFY THE LoD WITH ME
AND LET us E&ALT S NAME TOGETHER

B. FoCus ON WHAT You SEE€ s TRUE AmD
GooD AND CAM Be DoNE , DO THAT. The

PROBLEM SHR(VNKS . SEE SOMETH(MNG ELSE
TWURT | TRUE AND 600D AMD CAN BE DonNE |

Do TRKT . THE PRoBLeEM SHRINKS  PRESS
ON DoING TH(IS UNTIL THE PRoBLEM IS GONE !

C.(PR 3:27) Do NOT WITHHOLD Goop Elom THoSE
To WHoM \T IS DUE, WHEN |T |s (v THE
Pow ER OF NouR QRAND To Db So.

D (TAMES Y- (9D THEREFORE To HIM WHo Knows

To Do GooD AND Does NOT Do IT ,TO Him
U - NV VA
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[LI'ITLE BY CLITTLE J

H.QEO&T. 7:@ AND TTRE LORD NouRr GOD LulLL

DRIve ouUuT THoseE NATIODNS RBEForEe YoUu
LITTLE B\/ LUTTLE ; NOU Wittt BE UNABLE

To pesTrRoY THem AT once  (Ex 23:29) LesT
THE LAND BECOME DESOLATE AUDJ LEST THe

BEASTS OF THE Y IELD Become Too MUMEROUS
FoR NOU .

B LEARNING MARTHEMATICS S LIKE POSSESSNE
NEW TERRITORY . You Musr Do IT LITTLE
By LITTLE AND GeT ESTABLISHED W
CuLTszTé PATROLNGUNRD THAT GA(/VCD

WISDOMN\ KNO W LEDGEN UNDERSTAMND NG

. T0TRN To LERARN ALL P\TtOUCE) Vou R,
MIND 15 STRETCHED Too THIN (LAND BECOMES

DesoLKTE ) NOU PRE UNRBLE To PATROL\GUARD

AGRAWST THe BEASTS OF THE Fiewd (conFusion
ATTEMPTS | LacK oF RemeMBcramuce FeAR
oF A HERD OF QuesTiovs ComivGe AT \/0(,(
ON h TEST )

O. Do NOT WALT UNTIL RIGHT BEF0R€ ThE
TEST To TkY To LEARN DAYS oF WORK

WLISDOM: LIITLE BY LITTLE
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TRUTHR Gem

,.J

BE é,%EHDFAsT I Homew ok

e e e o e

e T T rrT e st

A . I CoR 1S: H%\)THGREFORG) MY BELoven
BRETHREN BE STCADFAST /MMOUABLE)

PRESREIPRR Y

ALWLANS P\BOUND (NG IN THE WorRk oF
THE LorRp, Knowwé THAT Your LABOR

1S NOoT IN VAIN IN THE LoRD

B BEING IV THE WiLL OF Gob BY TAKING

THIS COURSE MEANS NYouw ARE Domwg THE
LORD , ... 90... BE S
LIDoRK OF THE ) 2& STEADFAST

C . DLSTRP\CT/OUS) Lowé&R PRIDRITY THIMNGS

wict TRY To ThAke You AWAY FRonn
RLWAYS RABoONDING (N STUDY ... BE SeT

—
—

po }\_)E;r @_G-_Q&__O_\{g;_b . WotD FAST AnD STUDY

D T HAVE i{f THE Lorp ALW AYS

Be For € ME 5 BECAUSE HE /5 AT MY RIGHT
HAND E SHALL. NoT BE MoveEd.
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TRUTH GEm

) PRAOR\TIZ € {

e

R\(MEH_@_._S_B) I Am Doiwé A GREAT WORK

<o THAT T CAMNOT ComME pownN ., LHY SHoulb
THE WORK CEASE WHILE T Lgﬁue (T AND
GO Dowp To YOU 7

B. HAve Gob's PRIDRITICS For \ouer (FE
CLEAR DECLDC—.D) ~5€—T) ESTABLISHED . A
DWINE ORDER. WHENMN SomETHWNE Comes up
For N DECISION) DLSCERN WHAT CATEGoRY

T 14 v AnvD THE DECISION AAS ALEE'%Y
Reen MADE |

C. Bewe (M Gob's LILL FoOR TAKINE THLS
CouRsE MEANS THIS CoOURSE (S A HicH
PRLOR&T\/) So REGULAR MNONDISTRACTED
STudY Time (5 A HisH PRLO/QITY)SO...
Do nvoT LEAUVE IT AND G0 DOWNMN To
Do A LESSER P&zoRtT\/,



ECRY
TTRUTH GEM

f OVERCOME j

A (T INSTY ) Foe WHATEVER LS BoRN OF 6oD

OVERCOMES THE WORLD , AND THIS 15 THE
VicToRY THAT HAS OVERCOMmE THE WORLY—

OUR FACTH,

B. Bewe IN THE WILL OF 60D For TAKING THS
COURSE , AND HEnCE Doimwe A GREAT wofe(() You
wict Be come ABANST To TRYN To SToP,
HINDER ) 6 R HARASS ThE woRk OF RESCULAR
STubY — OVERCOME | T WITH SUPERNATURAL
HeL P

C w8 A BoLD, MONTIMID | STRoy 6 AND
COURAGEDOUS INVER. MAN —SA NO AND
RESIST AND OVERCOME THe ©PPoOS TN

D. m «o. TRHAT HE WoulLd GRAMT You,

ACcoRDING TO THE RICHES OF His GLoRy To BE
STRENGTHENED WITH MIGHT THRouGH Hts
SPIRIT (W THE INNER MAN =
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IDECLS[OMS VS, OTSGMFIADT[“[

fi. (s \Fl:__BQb) ... NEVERTHELESS NOT WHAT

T WwlLlL, BUT WHAT You WLl .

B WHEN WHAT LS CALLED A DECISION IS
Presevten T NYou (Like To START STUDYING
ON Do SOMETH(NG ELSE - OR - TO KEEP STUDVINGE
LONGER OR STDP ). WHAT LS THE BASIS

FoR NOUR DECISION 7 ... NOUR Own LNDERSTAMDNG?
Youp PLERSURES ?

C (PR3:5-6) TRusT Id THE LORD W |TH ALL YOUR

HEART AMD LEAN NOT oM YoUR OWM UMDER -
STANDING ; IN ALL NOUR. WAY¥S ACKMNOWLEDGE
Him AND \7&5 SHALL Duu;c'l‘ Your PATHS

————

D. INSTEAD OF DECISION TIME ITS
OTSGWVFIADT Time - QPPorTUN(TY

Jo Seex _GOD'S Q_)“-‘—, Fivp ITJf\_ND
Do ;L/_T,

E'CFP‘ET ot MT@ 60 SEEK AND Yowu

Wikl FIND.
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ED/\\/:D AND GOLIATH

FPART
[ BEFORE GOLIATH'S DEFEAT samuec 14

cos THEY WERE DISMAYED ANMND GREATLY AFRAID

(3. PROPER BATTLE ATTtTuDE_:Cf%?m_ [7: 43 b

coo DAUVID HURRIED AND RAN TOWARD THE
ARMY TO MEET THE PHILISTINEG .

C. AFTER GoLiaTh's BEFEAT 1 (T SAM 1 T25(b)

o AND WHEN THE PHILISTINES SAW THAT
THER CHAMPON WAS DEAD THEY FLED.

D. TRE LOSS OF ONE S0oLDIER N THE PRILISTINE
ARMY CAUSED A MAJOR REUVERSAL ~ FROM TAUNTING
To FLECING .,. A REASON:YOW DEFEAT AN ENEMYS
MDST POUERFUL. WEAPON , THE (R STRENGTH 15 GOME:
WHAT THEY TRUSTED IN WAS 6oNE, THEY FLEE ,

E. BY NoW Youw RNE HAD VICTORY ovER SOME DOF THE
MmoesT POWERFul PROBLEMS (AN THE COURSE , SOME OF
INT(MIDATIONS STRONGEST WEAPONS — FEAR OF
HARD mATH PROBLEMS AND PAST EXPERIENCE OF
DIFFICULTY Lo TH HARD MATH PROBLEMS ) Hhs BEEN
oveRcome ., THIS ENEMN IS FLEEING ,., PURSUE
oo PLUNDER cuoiTH COMTIMUED DiscipLive & CLARITY

JFPUUDEEEISIENNE Y

F. PARTS OF I'SHMH: 52,53 ) Now THE MEN OF TSRAEL
AND JUDAR ,,, PURSUED » «+ AND THEY PLONMDERED
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—
ST e 1

;ﬁo\i H\J RESPO/\J%(BIUT\/

8. His LORD 3SAID TO HIN\ " WELL Do;\)ej

Goop AND FAITHFUL SERVANT - \lou WERE
FAITREUL. OVER A FEW THINGS '.E WLl MAKE
Nou RULER OVER MANY TH[N65 . ENTER |NTO
TAE 3J0Y OF NouR LoRD |

B IT TRAKES RESPONSIBILITY To BE Good (N
MATH

C. RESPONSIBILITY IS A Good wWoRrD

D. WHEN Godb PrRomoOTES You AFTER LonG
FAITHFUL SERVICE To moRe RCSPOUSIB{L!TV
GoD 5 JoYFul. AT HAVINGE TOMEONE GOOD
AUD FATMHFuL OVER WHAT GoD CARES VERY
Muct FoR
[[ WE RARE To ENTER INTo His J0Y

2. 1T IS CoMMANMDED.,

3. oD MAKES Nou RULER, S0 THRouweH
HiM Mol ARE ABLE.

E. MANY OF You HRVE BEEN Good ANMD FAITHFu,
STUDENTS FOR YEARS § NoU HAVE Been
PROMOTED To THIS CLASS 5 ENTER (W7o His goy.

THIS CLASS 1S AlLSo A PROVING GROUND
FoR FuRTHER PPRomMoTioN BY 60D,
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| ]How SPIRIT BAPTISM IMPLIES BoLDMstj

A (RCTS 4231b) ... THEY LeRe ALL Fucen

wiTH THeE HolY SPIRIT AND SPoke THe
WorRD OF Goo (LWITH BoLpMNESS

B . Recare (PRABIIB) ., THE RIGHTEous Arc

As BolLD AS A LionN |

C . You NNEED GREAT BoldwEss To WoRK
SomE MATH PROBLEMS

RieHTeous NEsS BocbnESS + Holy sPIpIT
POWER BOLPUESS = SOLUED PROBLEMS
[N TH(S Coukse

D JEesus ToLO HIS DISCIPLES To WAIT
UNTIL THE RECEWED POWER FRoM opn
HiGH UNTIL THEY WENT OUT TO W (TMESS

E. WHATEVER WE Do N His wiLL THS
BoLDNESS g AVAILABLE

FLEN-(35 ) ... Hoco mucH mgg_e WiLL,

YOUR HEAVENLY FATHER GIVE THE Holy
SPIRIT Tlo THoSE Lo Ask Him |
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PRSPPI e e T e o e e ot et e = .3 B e v s e . ————

FoR EVERY PRoBLEM , THERE 15 f |
PROBLEM, OBLITERATING REVE LAT/ON |
THAT OBLITERATES THE PROBLEM

i
vi

Y Y B Tttt e e —erm {

A.(BCTS 9:3 0 AS HE JoURNEYED HE CAME ned
DAMASCUS, AND SUDDENLY A LIGHT SHowE

ARDUMD Hira FRopm HEAVEA. .. (GAL (233 (E
Wi FORMERLN PERSECUTED US MNow PREACHES
THE FALTH wHicH HE ONCE TRIED TB DESTROY
B. PAUL HAD A GREAT PROBLEM . HE WANTED
CHEISTIANS JAILED, EVEN HAD A PART |M A

STOMING , HE GoT A REVELAT/ON ., THAT
PROBLEM (IAS ©B8(ITELATED.

R

C. FoR €verY PRoBLEM A PERSON HAS

THERE /5 A PRomise OF GoD THAT
OBLITERATES THE PRoBLEM .

D. IE—"{_)—E?-:—[:L{ ... BY WHICH WRAVE BEEN Given

To US EXCEEDMELY GREAT AMD PRECIoUS
PROMtS&S)THAT THRoueH THESE You MAY
BE PARTAKERS OF THE DIvivE MATURE

HAVING ESCAPED THE CORRUPTION THAT
/1S (N THE GORLD THroucH [usT.
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e :

hLEnﬁ\Rr\J FRom THE CLEAR
CLEARLY DD

B :SOSH.\\:ISQ) AS THE LORD CommpAndep

Moses His SERVANT, So MOSES COMMANDE
JosHUA | AND So JoSHUA DD,

B. WREN H\RED THE FIRST THWG Downe USUALLY IS
TRAINING |

C. THERE IS5 A MAIOR NEED FoR PEoPLE Tp BE
TAUGHT CLEARLY FRom THos€ wHo sec CLEARLY

AND FoR THE TAUSHT ONES To FAITHFuLLY
Do IT |IN TUNE AND [N Focus

D.(Rom 12210 00) Love Does No HARM .. |

'(HP\RN\ GENERNLLY COMES FROM NoT DOWG |
A JoB WELL, THE WAY You HAVE BEEwm TRA/A/GQ)

T . LIYE (5 NOoT ALL SUBTECTIVE Worp PROBLEMS,

MUCH OF IT 15 LEARMING FRom THose oiHo
SEE CLEARLY AND Donve [T.

t. SEEE THe CLEAR opnES AND [ EAR
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LQ_P‘J:,UNG & DESTIVY g

ﬂ , s T\\Q, QAQ&S 0% AOM‘ uvx&e.ri\qngwj
Q,V\\lz&\du\e,Q Yl Now W any Kwnow whal

s the \(\OPQ (l.e_.&?ﬁt(v\tyv Og RHis callion

B_(:Smk\g\\pwp)”ﬂ\e, cﬂ\_‘i‘j o the oo |
The &e,s‘{'tmj s To \oe Sodfilled ww Tued o&Sice
Grawr 15 +he F/L.ovmlov\ to S;uﬂ;l“ ND wA
Q;\u\) Lu\‘k\l\\»’\ awd \33 \OQLv\j Mo Your Caﬁgmf

C. ExamPLE " Pur\ oS; MY caﬂw\a W T be

aC Ma‘k\/\ ‘{'QALJ/\QF' . Pour\ a4 W\UJ &Qiﬁl\/\g
o to O alke it plamt L Swee T have
Avsweadd the call - Haexe 15 Y 5

S;LW o .
culf = Colleqe sTullewt

S v laa e,xcwip\e_f
&Q.fhvva - X':YV\Clesm %rqﬂe - &?
D Nou Con answer Hhe cet@ anQ WA

?U&%JJ\Q YouA ﬂed<n3 QJaLLS(th)

E@ T press Fworl The Czsoaﬁ
Sen the Pnize, C&%&lg) K the LUfUUMQ

Caﬂ 64“ 608 Q(Mﬂ‘;q Jesu s
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X ESTABuSHEDQV \

A ,(ﬁ'r 5:0) But ™ ay the God of
al\ c\rage, who called US 4 Hig

éﬂ{'QJ'r\QJQ Ca[m* bj Cf/\r\zi _SQSLLS)
tor yow Whave suffered a whi[e)

per{e(;t) EE,TAB"’SH\ ST/\&«AQT\'\QV\)
oand settle You.

B . Eafablisk - brawgb\t lV¢0 mcom’fr-oue_r-f'/b(g

oxistance -
C. Be establishe |n EAQ[M
| semeslers — You hawve 5pent
A - PflodeJS E{;ﬁ y ME:—T’:&X“‘
3 mout'vxi Frada . ° Mo\ redezmn Yoo
D. We 0 Thvougln '
usg So Muc@\ 'f"o et
+the end —the caocd . Do nst Jpse [t cfﬁ\ezo

(Do net throw awaw, a letke ?{V\MQL ust

To (cave Q feou) winudes écul
8 Y g ho
ajjgx‘is(g}ﬁ semesla — YoU Cam pack Qf_‘t’:}

E.Q?% ook o Yourselves Hhot
do nel [ose those Things Het ce cua:é}:a,o

Sor, bt Hhat we mad roc prye
reward . J e et

"l%ziffs well
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P

Heb @ z’l;:S‘[‘ABLlSHeO 4\

A.

DO Not B& CARRLED ABouT (ol
\V ARIDWS A/\m STRANGE DocTR(ueEs |

FOR (T 18 Goob THAT The HE-RRT
cc@miaider GRACE,
NoT wieth EpoDS WhHicth Have

NOoT PROFITED Those WHo HAve

Reenvn cccubled W iTH THeMm,

B. OUR HEARTS FEED ON TEAWMINGS
(CDoCTRINE) | Some PROF(T. SOomeE Dou'r'

C. WE ARE v A CERTA(W SENSE, WALKIVG
TEACOWGS |

[ THOSE THAT HARM RRE L(KE PARAS TES
TUHAT Do NOT PROV(T - -

. THE c~'rr21wc.€ OF PROF(TABLE TeAcH(NGS
ChAW “pe-wopMm® A REE PERSOV FROM
PARAS (1€ TEACHNES + CAusE You TO
PRO¥F (T,
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fBE STRONG AUD OF Goad COURAGE X % ¢ /
H u b S& 0 W —
. e e (\JOV\% and % CVO (’,ou/\aei/q, Josip l:éﬁ/ IX/ )

R. There ar ‘H\m(vﬁ thed come viey) Qs
Vers hoal o dio  Hadk with GoQ Mw\j
L 4 ‘\d@k)\.dgLL Cawn CQn but You have

S TRONG AND  OF §_q_0_13 COURAGE | (
C. Vo Qo okt look o $lo @ppwot Dot
hegst &m% {‘\/\.LIDQ)I \ch@x v\,}i\
T’Q\QV\xW\% on whet Nou e w ﬂ'\m(m”

G Wey To gt JMM7+

Y@u Can be command ) To
have ot !l

Pl

L Cavv\vvmml S]O'UL BE STRoNG M/J)
o Goon Cou,QAgg/

NeT™ prs- ggg,m?ﬁ%é‘sb
B EN ~ Furpeen




TG-32 |
DliCOLLRAGCM’c?N‘“ lS Ncﬂ‘ A/\) OF’T/@M

L

.
/gc-; STRING  AMD VERY CourAGeny Toan 117

Dis- CQU&?&%&(‘ Té REWF\TA({Q AWFW fﬁ?fa‘r&ﬂéﬁ S
_EN - Couase - TO INCREASE COURNG &

//}a

B. [F You KNOW AND BELLEVE THE RIGHT
THINGS  pud Do MoT WAWER THERE ARE
NO GMUMDS Fopr AL5¢0¢MA6C»M€W(

5

5
¢
§

fjé._[!lf\[,g ﬁgﬂ%

C. WHEN Youw Kivow) Nou_ [4AUNE
[. TRREVOCABLE ACCESS To wispom
X TRREvocABLE ACcESS To GRACE

5 L RREVOCAGLE RIGHT STANDING w (TH Gop
H TRREVOCABLE  FpRGV/ENCSS Accres

THCRE ARE VD GROUMS For  discogtheemas

\J\ .
@ D5 coYRAGEMENT  SLows Down) LEARM NG

& Now THANMKS Fe T eI L
Lotdo ALWAYS EEADS LS (N TR M PH
/N CHRIST f;} (ﬁé‘: WAL }*

F.oTIS 4 4a ME W A e T AL, Mo& B&E @Jﬁé@uﬁﬁaé@)
TILL HE HAS ESTABLISHED TusTcE v THE EARTH
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GODD - PACED LEARNMINVG

T st
emmmamsm—

NoT SELE-PACED LEAANMIVG

h. (M‘!' e';zq-) IF ANYONE DeEsRes To ComeE AFTER
W\E' LET Him Dewny HIMSE;LE* AND THAKE wp

H (s Q\ass AND M

B . SELF 'wcu. WA NT To S‘TO;’P AND HAVE PirzzA

| pammtm—————

C . SELF witL DEc € \ve ITSELF DUE To Homneep
Foe. SELF-ESTEEM |

N ONE STUuDY THE U.S. CAME [ar LAST
(N MATH SCORES | BUT TFIRST (N How THeEY
FELT ABouT MATH |

D. HuUNBER Tp BE GOOL~ ESTEECMED )

..'

Gop ~PACED EMPOWERED BY GRACE

ﬂﬂ“’w
==




TG-3¢ | |
GRACE-BooSTED CARRYING YOUR OWN LmOA.\D
VS,
PARA LY 2D DEPENDENCLE

[
—

B (TN 5:7-8 Parls )SIR, T HAVE No oNE TO PUT mE

IN THE Pool .- TESUS SAID
UP NYouR BED AND UJAL.t\

To Him, RISE "TRKE

B (K- HRGIN) SOME CONSIDER THEMSELVES HELPLESS
DEPENDENT 6N OTHER PEOPLE AND Do NoT REALIZE
THERE 1S TRANSFORMATIONAL WORD THAT CAN
TRANS FoR M THEM To WHERE THEY CcAwv Do T .

Thed THINK THEY CANNOT LEARN UWITHOWT AN INDIVIDUAL

_ TuToR OR GROUP WORK. LUHAT 15 NEEDED |5 To HEAR

RELIEVE AND Follow THE RIGHT WIisDoM WORYD
AND EMPOWERED B\/ GRACE TREY Do \T THEMSELF

C. CHL bt 2? BEAR ONE ANOTHER'S BURDENS.. B
EACH onvE SHALL BeAR HK own LoAD.

G\WE THE RIGHT wispom WwoRD THAT FREES
OoF HARMING DEPENDENCE, WHEN You ARE TO

Do [T GRACE Rb00STED, NoT DEPENDENT 0N
ODTHERS | |

THEN 'THERE /S wOoRK Nou ARE MADE To Da
AS A SOuRCE, MoT A DRAIM ; Dot
HELPING OTHERS
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Jour HEART
| To KeEEP REnG A Goon STUDCNT

GUARD

A (PR y:33)'KEES Yoo R

HEART (r(TH ALL

OILLC—;ENCE FOR QLCT OF IT SPRING THE
/1SS UES 6F LIFE .

B. GUARD A6 AWNST EnviroumenTs of
[ EXCESSwE TALKIvG (IAMES (- lq)'
Q. NEGATIVE TALK

3 . DISCOURAGING ThLE

. FAITHEULNESS
2. EXcell ernce

3. LILSE DitieEn L
4. WORDE OF GHSDOM  AND LlFG

D. T IS FROM Yoar HEART THAT THE Fpc

To DD AND Excgd.  Come FRom.

E.@ Look To \/UuASEL\/ESJ-'THAT b €

Do NeT LOSE THosE THINGS W E WORKED Fom
But THAT WE MAY RECEWE A FoLL REw AR p

J
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HIGHER NATURE EDwcATIoA)

A (Soin 2:23) AvD HE (Tesus) sAd To THEM, “You 4re

From BewnentH; I AM FRom ABove | You RRE OF THIS
LORLD 5 T AM NOT of THIS woagp

B. SEsuUS WAS NOT SPEAK(NG ABOUT DLREchouALLy
UP O0R DoWN, BuUT ‘ARout MAT%RCS

C. MANY EduUcATIOMAL IDEAS COME F’R,OM THE
REALM oF MAN'S Wisbom AMD PAPPEAL T

THE Lower MATURE ( Excuses, wHY You

CAV'T LEARN |, DLAMING OTHERS | LOWERED
EXPEeCTATIONS ) |

D. TRUE HIEHER EDUWCATION Appeacs 10
C THE WIGHER NATURE WAYS OF THE MosT HIGH
- (FATHEOL MESS PlLieencE, tiisbom, Mo Excycce
Success, VIcTORY, OVERCoMInG, CouRAs E/
CHALLENGE | DominvigN oF MATERIAL To BE
LERRNED | Ltspom (N STuQY HA.BFFS) |

}
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TINMOST BEWG COMPATIBILTY TEACHWE
AND LEARN WG

e
oz,

qTRcTs 17:28RA) © FoR N HIM WE LWE
AuD MIUE AND HAVE ouR BEING.

B SEck AND Fwd TEACHWE\LEARRNWG

METHODS N ACCORDANCE T° THE WAY
You ARE To BE

C TRles PRE To BE RIGHT VAN R

Your INMOST BEING,
7> "... SEEK, AND Nou WILL )

D,
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i RN

j JusT AS TEACHMG\LEMN MG

A. <f“;$'N A ,""7&) BUT THE ANOINTING WHICH You

HAVE RECEIVED FROM Him RBIDES IN You,
AND You Do NOT NEED THAT ANYoNE TEAC,H
Nou 3 BUT RS THE SAME ANDINTING

TEACHES You C@MC@RNW@ ALL THINGS, AN D
IS TRUE, AND IS NoT A LLE, AND 3@‘*"{‘ ﬂs

T HAS TAM,(:?HT Y@{i ‘Y{)u {,uii,.L ﬁ%iﬂg N H

8 AS (AT THE T/ME) You ARE TAUGHT

SOMETHING ©00D, YOU IMMEDIATELY DO
T TusT AS (1IN LIKE MANNER) TO THE

wWhY YoU "UERE TAUGHT . You WiLL ARIDE
( DLIELL) IN THE FLow OF THE TEACHER .

(¢ To DELAY Dowe Hoiv\ewoﬁt: OR O
ATTEMPT DovG T DIFFERENTLY THAMN
TAUGHT CAN KEEP Now FRom ABIOIMG
IN THE CouRSE Frow AMD TRUTH
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MAGNLIFY TRE SolLuTion AMD NeT THE J

PROBLEM

H.Q"S'B%f 3 ) O, MAGMIFY THE LorD WITH ME
AND LET UsS EXALT NS NAME TOGE.TﬁEQ

B. FoCus ON WHAT Nou seé 1S TRUE AND -
Good AND CAM BE DoNE , Do TRAT, THe
PROBLEM SHRIVKS . SEE SOMETHING ElLse
TRRT |5 TRUE AND G0OD AND CAN BE DonNE
Do TRAT . THE PRoBLEM SHRINKS PRESS
ON DowG THIS UNTIL THE PRoBLEM 15 GONE !/

C_.DO NOT WIiTH HoLp G@DD F,e@m THOSE

To WHoM LT IS5 DUE | WREN | T s (v THE
POWER OF NouUR QAND T Db So.

D{SAMES 4: 7)) THEREFORE To HIM WHo Knows
To Do GooD AND Does NOT Do FTHyTO0 Him

1T 15 SN .
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| /
| ONE
NOT DIS-INTEGRATED

L

H,ETHESS 57@ NoW maY THE QopD o©F PEACE
HIMSELE SANCTIEY Nouw COMPLETELY | AND MAY
NOuR L HOLE SPLRCT\ Soutl , AMD Booy RE .

PRESERYED BLAMELESS AT THE CominvGg OF
OUR. LoRp Tesus CHRIST.

B.(MK :a39 ) nir THE FIRST OF ALL THE COMMANDMEUT

IS HEAR |0 TSRAEL, THE LORD OuR GOD, THE (o0£D

C. Nou ARE ONE WHen ouT OF Love of coo
Hfou Focus sSPRIT | Souc JAND BodY on THE

GOD - LED TASK AT HAwWD

» - THS CLAsS | v TH (S
COYRSE, NOW

MNoT:Bory HERE AND MIND E(scpele
NoT:BoDY AMD MIND HERE | BuT

HEART NoT (v (1T o PIs-(vTesrarep
NOT SABSEMT M THE BadY BUT
WITH US (M SPRIT

D. De&sire AND ADMIRE PEW 6 ONE,
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e

[RIGHT - SOAKED Lo RDs [

N (PR.9: 66,2 D FROM THE BPEN NG OF MY LIPS
oIt COME RIGHT THNGS ... PLL THE WORDS

o
———

OF MW MouTH ARE WITH RIGHT EOUSN ESS
NoTH (NG CRooked ©OR PERVERSE /S5 LN THEN

B WORDS ARE LIKE CONTAINERS | SPONGESTHEY
CARRY. THMES IN THEM.

Cc. THE EMVIRONMEYT (5 10 BE PERMEARTED
LTH RGHT - SPogeN BN ONE WHo SAK |
RIGHT WORDS [0ALsD W ITH UND ERSTANDIVEG

p———n

N, To LEARN You HEAR THE RISHT woRrLS
FROM THE RIGHT PERSON | SPEAKING THEM
RIGHTLM SOAKED WITH UNDEAITAND (NS

E Nou KeEP REPEATING THE RIEHT (WORDS
UMTIL THES] GET SO0 AKED Wit UNDERSTANLING
RS ALTERNKATIVE. .\ LISTENING TO THE
CANFUSED SAY COUFUSLON SDAKED WORLS
UNTIL Un DERSTANDING COMES < GRERTLY
SLows dewn) LEARNING -

¥ TREAT CopFusionN FoR THE RATTLESNAKE (T &,

&. 6ET UNDERSTANDING B BEING PER MEATED
W TE RIGHT SoAKED WOADS
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USE YoUR IRREVOCARLE GIFT

H.@PET 45@ RS EACH oNE HAS Recelved A

GLFT . M (sTER T TO ONE ANOTHER AS Good
STEWARDS OF THE MANLFOLD GRACE OF GoOO

5 For THE GIFTS AND CALUNG OF Gop

ARE IRREVOCRBLE

C. EACH OF US HAS AN IRREVOCABLE GIFT

[ IT 1S To BE LsEd To HELp UsS AND OTHEN
2. 1T IS

IRREVOCABLE sO THAT Vou Cawn

HAUE GREAT CoMNEdeEncE AT TimE oOF
NEED ,TTHE OIFT Wil pe THERE 70

B(ESS

WHEN Yo DIsCERN YouR CALUNG AMD
GIFTS

. HonoR THE CALL AND GIFTS — Doas'T DESAE
SOME OTHER .

2 USE EACH GIFT BY GRACE To FULF/LL
THE CALL.

E. BEWG [N THE WILL OF 60D

| FOR Bewe Here
BE SURE THERE /S A GET You HAUE THAT

Gop witt GRACE FOR You 7o USE TO
SUCCEED  (iTH ToY




